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B HEGEBEERATGF Sentence Frames and Useful Sentences

O The follows

fil4) « The path of a projectile follows a parabolic trajectory under the influence of gravity.

FEEDIHFZET - AR 2RISR ETEIT -

O Let’s take a closer look at

%4 - Let’s take a closer look at the definition of a parabola.
R E I — M IPIRAE R -

©® To derive , We use

fil4) : To derive the equation of a parabola, we use the definition “a parabola is a curve generated
by a moving point such that its distance from a fixed point is equal to its distance from a
fixed-line.”
Ry T HEESAR A T R2 = BAFIEE R E SR | 4R 2 H—(ERERE Bhin A= pAy 4 -
A {E BRI — {18 ] & REHYEEEE R E ] — R E B SRR | -

O® However, we are mainly concerned with

fi4) - However, in our high school curriculum, the symmetric axes of parabolas we are mainly
concerned with are either parallel or perpendicular to the coordinate axes.
PRI > AR E T ERAR T - Pl 3 RRE )& o s b S B AR P TR
H o

® In fact, we can achieve by

#1457 : In fact, we can achieve the desired result by applying the concept of translation.

FE L BT LB BEA PRI SACGERIFTR 2RISR -
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B RIEEFERE Explanation of Problems

8 A »
I.  Definition of the parabola
You learned the properties of quadratic functions ( f (X) =ax® +bx+c ) in grade 10. The graphs

of these quadratic functions are parabolas. In our daily lives, parabolas can be observed being

applied in various fields. The following are some examples.

1. Projectile Motion

The path of a projectile (throwing an object or launching a rocket) follows a parabolic
trajectory under the influence of gravity (E5/7). Engineers and physicists use the equations

of parabolas to predict and analyze the motion of projectiles.

2. Building Design

Some architectural structures, such as the L'Oceanografic, incorporate parabolic shapes for

both aesthetic and structural reasons.

L'Oceanografic  (https:/en.wikipedia.org/wiki/L%270ceanogr%C3%A0fict)

3. Telescope Mirrors

The mirrors in reflecting telescopes are often shaped as segments of a parabola. This shape
allows incoming parallel light rays to gather at a single point, improving the quality of the

image.

From the examples above, you can see that we use parabolas in many different fields. How are
they used? They use the definition and properties of the parabola. Let’s take a closer look at the

definition of a parabola.

3 3RS AREE R TR E R B
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Definition of the parabola

A parabola is a curve where any point is at an equal distance from:

1. afixed point (focus), and

2. afixed straight line (directrix) (This straight line won’t pass through the focus.)

directrix  y

[ e

P is a point on the parabola.

F is the focus of the parabola.

L is the directrix of the parabola.

Focus F

Parabola

<key>

(1) Axis of symmetry:
The line passes through the focus F' and perpendicular to the

directrix L.

(2) Vertex: (point " on the graph)

The intersection of the parabola and its axis of symmetry.

(3) Focal length: (distance VF )

The focal length is the distance between the vertex and the focus

of the parabola.
(4) Chords: (segment AB, CD, GH )

A chord of a parabola refers to the line segment that connects two

distinct points on the parabola.

(5) Focal chord (CD, GH ) and focal diameter:
A focal chord is the chord that passes through the focus. The

focal diameter is the segment that passes through the focus and

is perpendicular to the axis of symmetry.

4 R Y e A BN D R
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Il. Equation of a parabola

The equation of a parabola can help us solve many more complex problems. We use the
definition to derive the equation of a circle C:(x—h)®+(y—k)*>=r® (This circle is centered at
(h,k) and has a radius of ). To derive the equation of a parabola, we use the definition “a
parabola is a curve generated by a point moving such that its distance from a fixed point is equal
to its distance from a fixed line.” Let’s take a look at the following example.

Example 1
Use the definition of a parabola to find the equation of a parabola with focus F(1,1) and

directrix L:x+Yy+3=0.

<illustration>

Let the point P(X,Yy) be the point on the parabola, by definition, we have:

| x+y+3|

Jx=1? +(y-1) —— (PF=d(P.L)

Square both sides, and we get: X* —2xy + y* —10x—10y —5= 0,

This is the equation of a parabola with a symmetric axis not parallel with the coordinate axes.
However, in our high school curriculum, the symmetric axes of parabolas we are mainly
concerned with are either parallel or perpendicular to the horizontal axis. Let’s discuss this in

more detail.

After reviewing the above example, you may wonder if there is a general method for solving
quadratic equations and what commonalities exist among them. Let’s take a look at the

explanatory example together.

Example 2
Find the equation of the parabola with focus F(0,c), c#0 and directrix L:y=-cC

<illustration>
Let P(x,y) be the point on the parabola, by definition, we have:

d(P,L)=PF

Then we use the distance formula to get:

d(P,L) = y+c|=/Xx>+(y—c)> =PF

> FOOEEARSETRE TR EERR G
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Square both sides, and we have:

(y+c)’ =x*+(y—c)’

Then we can simplify it to get the final result:
2 _
X =4cy .
Conversely, if a point P(x,y) satisfies the equation X* =4cy, then the point P lies on the

parabola. Xx* =4cy is a parabola with the y-axis as the axis of symmetry. Now, what if the

parabola has the y-axis as the axis of symmetry? Let’s look at the next example.

Example 3
Find the equation of the parabola with focus F(c,0), c#0 and directrix L:X=-C

<illustration>

We can use the same process as in Example 2.

Let point P(X,y) be the point on the parabola, so by definition we have:
d(P,L)=PF
Then we use the distance formula to get:

d(P,L) = x+c|=(x—x)? + y* = PF

Square both sides, and we have:
(x+C€)* =(x—C)* +y?

Then we can simplify it to get the final result:

2 _
y _4cx‘

0 FOOEEARSETRE TR EERR G
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With the examples above, we can draw the following table:

Equation Vertex Symmetric axis Focal length
(0,0 y-axis |c]
¢ > 0(concave upward) ¢ <0 (concave downward)
b2 y
X2 = 4cy i o L_\_

S [ S L -

Equation Vertex Symmetric axis Focal length
(0,0) x-axis |c|
¢ > 0(concave to the right) ¢ <0 (concave to the left)

L y

v
y? =4cx wr‘
X X

In fact, if we already have the vertex (0,0) and symmetric axis (y=0 or x=0) of a parabola,

we only need to know the focal length and the direction of opening, then we can write the

equation of the parabola. Let’s try some more examples.

Now, we know how to find a parabola’s equation when the parabola has a vertex at the origin
and symmetry to one of the coordinate axes. What if the vertex of our parabola is not at the origin,
and the symmetry axis is not the x-axis or the y-axis? In fact, we can achieve the desired result
by applying the concept of translation, like what we learned in the operations on linear functions,
quadratic functions, circles, and cubic functions. Using the same method, we can determine the

equation we need. Let’s try the following examples:

! BYOREAR EERE TR R
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Example 4
Given a parabola T',:x* =4cy (c#0), translating ', along the vector V= (-2,3) results in

anew parabola I',. Find the following:
(1) the vertex of T,
(2) the equation of T,

<illustration>
(1) The vertex of T, is (0,0).All the points on I, move along the vector V=(-2,3), so
the vertex of I', is (0,0)+(-2,3)=(-2,3)

The equation of T', is (Xx+2)° =4c(y—3)

w EEEENGEE o

pIE—
st A IPIERAVE K B P IERATEEER -

(3L ) Given the parabola with focus F(1, 1) and directrix L:y = x + 2. Find:
(1) the function of the symmetric axis,
(2) the vertex of the parabola,
(3) the focal length of the parabola.

(30 SGEMPIRRAVERRE F(1,1) FEER Ly =x+2> 5K
(1) ESFEhEy 2= (2) IPIERATTERL (3) IPaRAIEERE

Teacher: Now, let’s try to see how we can use the definition of a parabola to determine its
equation and various components. Can anyone tell me what conditions we have
already grasped in this question?

Student: The focus and the directrix.

Teacher: Very good. Where should we start?

Student: Find the line that passes through the focus F(1,1) and perpendicular to the

directrix L:y=Xx+2. Hence this line has gradient (slope) -1.

8 FOOEEARSETRE TR EERR G



Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

R
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Well done! Actually, this is the symmetric axis of the parabola. The equation of this
axis is L':(y—1) =—(x—1). The answer to the first question is: y=-x+2. How
about the next question?

We should find the intersection of the symmetric axis and the directrix. This
intersection is  A(0, 2) . The vertex of the parabola is the midpoint between A(0, 2)

and the focus F(1,1). So, the vertex of the parabola is V (w E) (— —)

Good job. How about the focal length of the parabola?
To find the focal length of the parabola, we should find the distance between the

vertex and the focus. It is VF .

Yes, to find the distance VF we’ll use the distance formula:
= \/ (1—%) +(1- ) = \/% % = % I hope everyone finds this question

easy, Next, you can practice on your own.

Okay, no problem!
BAF IS GEE - AT P P4 1Y € FEK PSR AUTHRE 22 2% - (TEEL ~ 5
BE -~ EREEE ) HitE AR T x SR » o SRRV
VIR TR AEBAEHYERAT PG SR 5REE - FTLME S —EE PRIt A g X
KREIPIRETITHES o SFREE A PIEREE © B AL T RN RRIE ?
PPISRHTEEREEAAE LR -
IEELF > FIELEYRAEBH2R0E 2
A ER F(LL) HEBLEG Liy=x+2 TEANVELS - HRL:y=x+21
FEERy 1 ARV ESRFER -1 -
23 0 IERLE PSR E R - EEEREY TR L (Y- =—(x-1)
KOEEEHTE > S —EVER TRy =—x+2  Hi T~ —Elg ?
BRSBTS E SR A SCRE - B (ERCR S A0, 2) » LI ISR AT THERL S
Bk A0, 2) BLEERE F (1,1) By RE o PRIEE AT RIP ) SR THRE A Ky

V(E ﬂ') (_ _)

R4F - FRIEE & PSR Y FERE S EEEE 2
R MR ARy TR E BBy PR R (S TERL S IR S HIHRL A0, 2) HY

BERE) » EEEVF o

FYOBEABEIRETRELY (ES

VY

TRkt 23
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Tl 0 SRR BFERER A VF ABERE - B AR AR

g

VF = \/(1——) +(1- ) —\/% j f R LS R

RS - (MR 2RI AT IE CaE S LS -
B SiEED > (A RE |

IR
st A GRS BRI SR Y B ACE FOR TR

(3£ ) In the coordinate plane, a straight line passes through F(1,0) and intersects
I':y? =4x at two points P and Q. P is on the upper-half plane (the y-coordinate of

point P is positive.) Given that 3PF = 5Q_F , find the x-coordinate of point P.

(H32) FEAAREETE b 3G F (L 0) I ELACHIYIAR T y* = 4x 1A P~ Q Wikt » Hrp P
£ PRSP (PEGE) y AAFERTE ) » HERKISPF =5QF » stoRk P BEA x 4445 -

Teacher: This question is slightly more challenging compared to the previous one. Let’s all
read the question together and identify which conditions we can use.

Student: In the coordinate plane...

Teacher: Okay, what conditions do we already have?

Student: The equation of the parabola, a fixed point F(1,0) on the plane and the proportion
of the intersections (BE = 5Q_F ).
Teacher: With these conditions, we know that the directrix of the parabolais L:X=-1, and

for PF:QF =5:3, let PF =5k and QF =3k . What should we do next?
Student: For d(P,L)=PF =5k, we know that the x coordinate of point P is 5k —1.

For d(Q,L)=QF =3k, we know that the x coordinate of point O is 3k —1.

10 BT AREE RS TR TR
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Teacher: Good, like in the figure, y

we can apply the formula for internal division.

3(5k —1) +5(3k —1) 1. so, kzé. ‘ P
8 15
We have the x coordinate of point P is
5x§—1:§, (0] F(1,0)
15 3

(The x coordinate of point O is 3x % -1= g J)

If the ratio of PF, (? changes in the problem, g1

we can still get the result by adjusting the preceding numbers accordingly. The key
to this question lies in being able to use the fact that ' is the focus of the parabola
and can deduce the directrix through the given equation of the parabola. With this

information, the question can be solved.

RN S AR O T R R DR R B — 2 SR A S AR H s —
o AEE FATARLEE BT DAGE FH AR -

B EAREPELL.

2 R BH T E&LEE T RAIIREE R ?

B4 sa iR - —(EEIERE (PI4RAVERRE) F(1,0) - DU SR B4R
SR AL B (% 3PF =5QF -

R 2HY > MR BT - MIREEE SR ARG TR Lix=-1 - IS
1A PF : QF =5:3 » F{PTa] LL{5a% PF =5k DU QF =3k © 32 F 2R FRAFT 0] DAL

B2
B (P, L) = PF =5k - FRAIE P 85 x 47887 5k -1

PRBsd(Q,L) = QF =3k » FAHIE O BhAY x AofE By 3k —1 -

1 BYBE AR EE RS TRAN EE SR F
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s R4 AE T~ HEEYEE AR ,}’
B Ta] AMIH AN T BEA R -
3(5k —1) +5(3k —1)

8

8
:l k:— o
PRI I

s . _ 8 5
B0 P BT x AR Ex ——1== ¢ -
15 3 O\ [ F(1,0)
3 m

8
mE x B 3x o 1= -
(QWify x A 3x 1=« )

AR E % PF, QF AYLLAI > Fofi 223
R R T DS S 5 - x=—1
ERENIRARAER o EER IS LARIE F kS e S8t « 3 B AT DS A &
(G TR M AR T DS AR A T )

w EREE/ BRIEEE o

plEE—
st A SR I E R AR E AR -

(L) In a situation where there is only a tape measure and no ladder, measure the height of

a parabolic arch. It is known that the vertical line passing through the highest point of

the parabola is the axis of symmetry. Persons A and B measured the width of the arch

. . 3
at the bottom with a tape measure to be 6 meters, and at a height of 3 meters above

the bottom, the width is 5 meters. Using the data above, calculate the height of the arch

to be meters. Express your answer in its simplest fraction.

(30 ERERRIGAHTRIBEE T - BEE— PP S - SR
ARLUBE A = BEHI S TSR R YT - B - ZW A DU ROASHEFT RSN S 6 &

R ELBEEED ARSI 5 AR - FIFE S Bs T BP0 B

AR (bR ED
(92 FFERHBEETERE 7)

12 BEEABERRETRLP RN F
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Teacher: The following is a word problem with a lengthy description. Please read through the
question first.

Student: In a situation where...

Teacher: This is a measurement problem in real life where we need to measure the height of
a parabolic arch. We can make assumptions and utilize a coordinate-based approach
for this.

Student: Ah... this seems a bit challenging. Where can we start?

Teacher: To start, we can assume the center of the imaginary arch at the bottom as the origin
of the coordinate axis. So, the coordinates of the right bottom point of the arc are

A(3,0), and the left bottom point of the arc are: B(—3,0) . What are the coordinates
of the top left and top right points? (g meters above the bottom.)

Student: The top left is C(_?5 , g) and the top right: D(g , g) )

Teacher: Well done. Since the parabola is concave downward, let the equation of the parabola
be:y=ax’+b.

Student: Then we substitute the known coordinates into the equation to solve for the equation.

We can substitute the coordinates of points A(3,0) and C(_75 , g) we got earlier.

0=9a+b a=-— E
Teacher: Wonderful. Now we have the simultaneous equations< 3 25 b = 5::1.
—=—a+
b=—
2 4 11
. . , 54 .
So, the equation of the parabolais: Y= BT X°+ ITh Since the center of the arch at

the bottom is the origin, we simply substitute X=0 to find the corresponding y

value, which represents the height of the arch.

Student: The height of the arch is % meters.

Teacher: Correct. In problems like this, all students need more practice in making

assumptions. Everyone should make good use of the properties of parabolas and the

origin.

13 B AR RS TR E R
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Af B A3,0)  ZEIEHDIBEALE By B(=3,0) © FBEE/E B4 L (2 B AL
W (PEMEEEHD > ARWHIH)
o = o2 3. = p2 3.
2k JERAR C(5L3) LA DELY)
R RAT o B (AR — (VT T R R - HePTRT R (e
VIRHTTRER R ¢ y=ax +b -
B A BFEHEC AR B A AR TR BT AT DA Rt AG3,.0)
vec=2 3y
BRI C(— ) A
0=9a+b a:—2
il KHET  RUCRITSSIBIIER S (3 25 =4 o
2 4 b=—

11
ﬁuiﬁm%ﬁﬁﬁﬁ%wﬁ%%+%’ﬁ%&ﬁﬁﬁﬁﬁﬁﬁﬁ’%uﬁ
FIRZE X =0 LA FrEHiEn y Est RHPIn S T -

A g 2 AR -
Bk 3G SRR R R TR R S IS T R - IR AT
o A R -
14
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(3£37) Let A(1,0), B(b,0) be two points on the coordinate plane and b >1. If there is a
point P on the parabola T":y® =4x such that AABP is an equilateral triangle, find
b=

(H132) 3% AL 0), B(b,0) R Lt FAIRIES - Hftb>1 - FiPaR iy’ =4x LA —
Bh P 1S AABP Fy—IE=AJF - Al b= °
(92 FFEELEEHEITRE 3 )

Teacher: This question is also from the same year’s entrance exam. Unlike the previous one,
this one provides us with the equation of the parabola in advance. As long as we
make good use of the given conditions, it shouldn’t be difficult to solve the problem.
How can we get started?

Student: Since point P is on the parabola, we can assume that the coordinates of point P are
P(a%2a) , and AABP is an equilateral triangle. How can we make this
assumption?

Teacher: Since AABP is an equilateral triangle and AB lies on the x-axis, we have the
following:

1. PA=AB = (a?-1)?+4a%=(b-1)>2...(*)

2. Point P’s x-coordinate is the average of the x-coordinates of points 4 and B.

_ H— (**)

= a’
2

Plug (**) into (*) then we get: (bTJr1 —1)2 + 4.b%1 =(b _1)2

So, 30*-14b-5=0 = (b—5)(3b+1)=0.

There are two possibilities. Are both of these correct, or is only one of them correct?

Student: The condition given in the problem is that b>1,so for b=5 and b= L , We can

only accept the result b=5.

15 BUPBREHBEFRETRIP (BT E



N TR T R R T P fo EEA

@

#

1B

B 38 ol

a

Teacher: Well done! In problems like this, where there are given conditions or constraints, it’s
important to remember to substitute the answers back into the original equations to
confirm whether the results we’ve obtained fall within the specified range. Skipping
this step can often lead to extra solutions being included. You must pay special
attention to this.

Student: No problem!

BT BRI - (RS A TR R
TRMBRIT I ISR L S R TR SR S e
FHHE IR - BT LR RA T I8 2

| B PAEISE BRI P BSHIALEE P(a,2a) » HEMAABP

 EES . R T R ?

HHT R 0 EERAF T B A4BP B—(HIES AT - T HGE 4B 1

x L > FPTRT LI DL RRORR ¢

1. PA=AB = (a’-1)?+4a%=(b-1)>...(*)

2. B P Ay x AAEREL A SRS B (Y x AU EIE = a° = bT“---(**)

%%@Wﬁ@a%ﬁ%ﬁ%ﬁAﬁwiwmmw@@(%?—W+¢?§em—w

ERIIE ¢ 30 —15b-5=0 = (b—5)(3b+1) =0
s A W E ATRERYAE - 22 W (EREET 2 IERERYS ? 202 HA Hfh—EE
HY ? Foft e ?

B EEEETER T b> 1 PR E W (EfEb =5 IR b= —% o FAM A AT AR

b =52 IERERY -

LR ST | EERAGEREBRFFET - &K EERE - HIE 7 EEEE
BAEEER—E - BRERMPORESRIE R E T AT & H s e iy #ER
#ill - R D TE—S  BEEGZEH-EATENEE > FAEM—EZR5 0T

o
=

B APIHT o AR |
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Introduction

S

PR E AR ERVEY - S2EfEEry TRl EP R DR
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m 7@2% Vocabulary
XEBRIE RS LETENFER
¥ th3 B¥ thi
ellipse LEIE] vertex (8] © vertices) JEE
focus (1FELJE © foci) =LA horizontal KR
center FHL) vertical = {1
major axis FREH parametric S
minor axis yeL rotation i
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O To figure out , we have to find

54 - To figure out point P, we have to find point P" first.
BT fEEL P o FRTESAREIRL P o

® Applying , we obtain

{5i%s) : Applying the distance formula, we obtain /(x — ¢)2 + )2 + /(x + ¢)? + 12 = 2a.

FIFAEEEE AT TS G o2 + 2+ Gt T2 =2a -

(3] is centered at

4] : The ellipse is centered at the origin.
IRl O E RS

O Plugin for

2 2
47 : Plug in G, g) for equation /) :x? +% =1

X . x2 2
i (5. %) RART MeT+5 =1,

273

18 B OERE TR RS TR R
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B RIEEFERE Explanation of Problems

o A ®
[ Definition of an Ellipse |
Recall that a circle is the set of all points where the distance from a fixed point is a constant.

Similarly, an ellipse is the set of all points where the sum of the distances from two fixed points

is a constant.

Definition of the Ellipse
An ellipse is the set of all points P(x, y) in a plane, the sum of whose distances from two

distinct fixed points, F1 and F», is constant 2a, where 2a > F|F,.

That is

P
PF, + PF, = 2a
Then F and F3 are called foci.

Note: A circle is also an ellipse, where the foci are at the same point, which is the center of the

circle.

We can draw an ellipse using a piece of cardboard, two thumbtacks, a pencil, and a piece of
string. Place the thumbtacks in the cardboard to form the foci of the ellipse. Cut a piece of string
longer than the distance between the two thumbtacks. The length of the string represents the
constant in the definition. When the ends of the string are fastened to the thumbtacks and the

string 1s pulled tight with a pencil, the path traced by the pencil is an ellipse.

19 BB EEERET RN EERNRT



O (T RETRT 2 ERET fo EMALERBHETRL

Consider two points, F'1 and F>, as the centers of concentric circles with radii 1, 2, 3,4, 5, 6, and
7, as shown in the figure. All the black dots satisfy the condition that the sum of distances from
each black dot to F; and from the same black dot to F» is 8. We can construct more concentric

circles to create additional black dots, enabling us to sketch a smoother curve, which is an ellipse.

The midpoint of the foci is the center O of the ellipse. The line through the foci intersects the
ellipse at two points 4 and B. The chord joining 4 and B is the major axis. The line perpendicular
bisector of the major axis intersects the ellipse at two points C and D. The chord joining C and

D is the minor axis of the ellipse. The points 4, B, C, and D are called vertices of the ellipse.
C

Key features of an ellipse:

(1) A Center: The midpoint of E is called the center. Let E be 2c,then O_F1 = O_F2 =cC.

(2) Vertices: The line FF, intersects the ellipse at the two points 4 and B, which are called

vertices. The perpendicular bisector of FF, intersects the ellipse at two points C and D,

which are also called vertices. So, there are four vertices of an ellipse.

20 BRSSP EFRETREIP (EERET F



OV KT T T R R P o EHIK

21

@
b

EHBHMEAFRL

-~
3

(3) A Major Axis: AB is called the major axis, and its length is 2a. The illustration is as
follows: Since point 4 is on the ellipse, /‘\_l:1+/4\_l:2 =20 . Also,
A+ AF, = (RO + OF ) + A7,
_70-+(OF, + AF,) =240
Thus, AO=aq , and likewise BO=a.

Therefore, center O is the midpoint of major axis AB , and the major axis of length AB

1S 2a.

[
L2

(4) A Minor Axis: CD is called the minor axis, and its
length is denoted as 2b, where b= CO=DO satisfies

b* =a* —c. The illustration is as follows:

Since point C is on the ellipse, C_/:1 + C_/"2 =20.

Also, CD is the perpendicular bisector of FF, , then

CF,=CF,=a.
In other words, the hypotenuse in the right triangle OCF; is a, as shown in the figure.
Using Pythagoras’ theorem, we have CO=+a*-c* , and similarly, DO=+a*-¢ .

Therefore, center O is the midpoint of the minor axis cD. And, b= CO=DO , this gives a minor

axis of length CD, whichis 2b, and which satisfies o =b*+¢>.

Properties of an Ellipse
Let F1 and F> be the foci of the ellipse, and the sum of the distances between any point
and the two foci is a constant.

Let O be the center, AB be the major axis, and cD

be the minor axis, as shown in the figure to the right. a
b

(1) Center O is the midpoint of FF, , the major axis B p

AB , and minor axis D.
(2) The major axis of length AB is 2a.
(3) When the minor axis of length CD is 2b and

F.F, is 2c,the constants a, b, and c satisfy the equation a’*=b"+c°.
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[Equations of an Ellipse Centered at the Origin|
Based on the definition and properties of an ellipse, we can derive the standard equation of
an ellipse centered at the origin with the foci on the x-axis and y-axis.
(1) Horizontal Major Axis
Given the major axis of length as 2a and minor axis as 2b, we determine ¢ using the
equation o’ =b’+c*. This gives the values for the foci and provides one and only one
equation of the ellipse. b
To derive the equation of the ellipse centered at the origin
with a horizontal major axis, we consider the ellipse in

the figure with the points listed below.

Center: (0,0) Vertices: (0,0) and (0,%b) Foci:

(£c,0)

Let P (x,y) be any point on the ellipse, then the sum of the distances between P (x,y ) and

the two fociis 2a. That is P_/:1 + P_/:2 =2a . Applying the distance formula, we have

\/(x—c)z +y’ +\/(x+c)2 +y* =2a.
After subtracting «/ (x+ c)2 +y?> from both sides, we get
\/(x—c)2 +y’ =20—\/(X+C)2 +y’.

Square and expand, and then we get

(x2—2cx+c2)+y2 =40’ —40,/(x+c)2+y2 +(x2 +2cx+c2)+y2.

Reduce it, and we get

a«/(x+c)2 +y’ =a’ +cx.

Again, square and expand it, and we get
a’x’ +2a°cx+a’c® +a’y’ =a” +2a’°cx + x>

Reduce and regroup it, we get

(c/2 —cz)x2 +a’y? =012(0/2 —cz).
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From the equation @’ =b>+c’ =b’=a’ —c’
It means that the equation of the ellipse is
b’x* +a’y’ =a’bh’.

Dividing a’b” on both sides, we get

(2) Vertical Major Axis
To derive the equation of the ellipse centered at the origin with

the vertical major axis, we consider the ellipse in the figure with

the points listed below.

Center: (0,0) Vertices: (ib,O) and (O,ia) Foci:

(0,£c)
We would obtain a similar equation in the derivation by starting with a vertical major axis.
2 2
X
F + y—z =1
a

As shown in the figure, a and b still represent the half-lengths of the major and minor axes,

respectively.

A summary of these results is given below.

Standard Equation of an Ellipse Centered at the Origin
Below is the standard form of the equation of an ellipse with its center at the origin and

major and minor axes of lengths 2a and 2b, respectively. This is where 0<b<a.

by
C(0,b)

—+-=—=1 | The major axis is horizontal.

A 4 - }
Fi(~¢,0) Afa,0)

D(0. —b)
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by
(0, a)

—+==1 The major axis is vertical. . gy
b2 aZ B(=b,0 A(b.0

D0, —a

The foci lie on the major axis, ¢ units from the center, with

c=a’-b".

[Standard Equation of the Ellipse]

If the center of the ellipse is any point (h,k), and the major axis is either horizontal or

vertical, we can vertically and horizontally shift the graph of the ellipse centered at the origin.

Consider shifting an ellipse centered at the origin with a v
XZ yZ
horizontal major axis, [}, : — +°5 =1, by / units to the right
a b _ (k)
and by k units up. i
That is, replace x with x — 4 and y with y — k, which means k units

2 2

the equation [, :— +§ =1 is transformed to
a

, x—h) (y—k)
NS N

- -

Meanwhile, the center of the new ellipse I is (h,k), and

the fociare (h+c,k) and (h—c,k).
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Similarly, by shifting the ellipse centered at the origin with e

. . . X .
a vertical major axis, [, :—+ y_z =1, by /4 units to the
b

right and & units up, we get the new equation:

) k)

2 2

+

Y p? a’

A summary of the standard form of an ellipse is given

below.

1.

(h, k)

——t -8

Standard Equation of an Ellipse
Below is the standard form of the equation of an ellipse with center (h,k) and major and

minor axes of lengths 2a and 2b, respectively. This is where O<b<a.

The major axis is

C(h,k+b)

—+ = 1 - |
a’ b’ horizontal. B(h—a.k) Flh—ck)  (hk) © Rkt ek Ah+a,k)
(x—h)z (y—k)z The major axis is
— 1 B(h - b, k A(h + b
b a’ vertical.

=ad-b.

The foci lie on the major axis, ¢ units from the center, with
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[Applications of an Ellipse]

(1) Parametric Equation of an Ellipse
Let P(x,y) beapointoncircle C:x*+y*=r> (r>0),and the terminal side of © passes
through point P . Using the definition of trigonometric functions, we have

Plreos, raind)

cosezi, sing=7Y (0<6<2m)
r r

which can be rewritten as:

X =rcos0 ‘ 0
{ (0<0<2m),

y=rsin®

as shown in the figure.

Thus, every point on the circle can be represented as (x,y)=(rcos8,rsin8) Conversely,

every point that can be represented as (r cos G,rsine) lies on the circle. This form is called

a parametric equation which is different from a rectangular equation, and the angle © is

called a parameter.

Parametric Equations of a Circle

o o 0 . _ 2 _ 2 _ 2 .
The parametric equation of a circle C: (X h) +( y k) res

x—h=rcos0
) (0<06<2m),
y—k=rsin® ™

] X=h+rcosB
rewritten as ) (0<L06<2m).
y=k+rsin®
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Applying the parametric equation of a circle derives the parametric equation of an ellipse.

x—h) (y—k)
Let P(x,y) be a point on the ellipse I':( = ) + (ybz ) =1, and point P satisfies the

x—hY (y—kY x—h y—k
equation [ :( j _{y 5 j =1. So, point ( 'yT) lies on the unit circle, and
a a

according to the parametric equation of a circle we get

x=h =c0s0, y—_k:sine (0<B6<2m),
a b
rewritten as
x—h=acos0
) (0<6<2m).
y—k=>bsinB

Thus, every point on the ellipse can be represented as (x,y)=(h+acos8,k+bsin@) .

Conversely, every point that can be represented as (h+acos6,k +bsin8) lies on the ellipse.

It is called the parametric equation of an ellipse and the angle © is called as parameter.

A summary of foregoing results is given below.

Parametric Equations of an Ellipse
x—hY (y—kY
(x=h)"  (v=k)

The parametric equation of an ellipse " T =1 1s
X—h=acos0 ) x=h+acosb
] (0<0<2m), rewritten as ) (0<0<2m).
y—k=bsinB y=k+bsinB

Note that, the angle © of the given point on the ellipse P(acos6,bsin®) is not the angle

between OP and the x-axis.
2 2

Take ellipse I :X—2+§:1 for example, the ellipse [ intersects with large circle
a

C,:x*+y*=d’ andsmall circle C,:x*+y’=b" at vertices of the major and minor axes, as

shown in the right figure. Let P, and P, intersect with the terminal sides of © and two

circles, and we have the parametric equation of circles

P,(acosB,asin®) and P,(bcosB,bsind).
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Now, construct a vertical line and horizontal line which pass through P, and P,

respectively. The intersection of the two lines is P(acos6,bsin6).

Y

Py lacosd, asind)

Ps(bcosl, bsipd) !

(2) Horizontal and Vertical Stretches of an Ellipse

Recall that stretching point P(s,t) horizontally by a factor p (p>0) and vertically by a
factor ¢ (g >0) results in the new point Q(x,y), which is
{x =ps
y=qt
In general, stretching a graph horizontally by a factor p and vertically by a factor ¢ results

in a new graph, which is

x—>£ and y—>X.

P q
XZ yZ 2 yZ
Thus, stretching — + 5 =1 and E = =1 horizontally by a factor p and vertically by
a

a factor ¢ results in new equations of ellipse, which gives

2 2 2 2
SHHNERG
p—2+Z—2=1 and %Jrq—zzl.

a a
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(3) Rotation of an Ellipse

Recall that using the rotation matrix to transform point P(x,y) by anangle 6
counterclockwise around the origin results in the equation of new point P'(x’,y’) and
original point P(x,y):

x' cos® —sinB || x

{y’} :Line cosB }{y} '

2 2

For instance, rotate the ellipse I : X? + yT =1 by i

45° counterclockwise around the origin. Let P(s,t)

be any point on the original ellipse I, and P'(x,y) ol A rog

be the point on the new ellipse " that is rotated by

45° counterclockwise around the origin, as shown in

the figure. Using the rotation matrix, we get
1
x| [cos45° —sind5°|s| |\~

y | sin45°  cos45° ||t |

By rewriting and reducing, we get

1
)
NA

ol

1 1] 1
S LHS sk
NN NN 2

.. t ..
Substituting (s,t) for I, we get % +1 =1. Thus, this gives

—X+y)

—

2

(&) (G

2 1

3
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Expanding and simplifying it, we have

X +2xy+y° +x2—2xy+y2

=1=3x>—2xy+3y* =4
4 2 4

2 2

Therefore, rotating ellipse [ : X? + yT =1 by 45° counterclockwise around the origin, we

obtain the new ellipse [":3x> —2xy +3y> =4.

w EEEENBEE o

BlE—
st ¢ EAEERY TR > SR HE TR -

(JL ) Write the equation for the given ellipse that satisfies the following conditions.
Foci: F1(4, 0) and F2(—4 , 0); length of the major axis: 10.

(HF30) K MHIBRFRIMEE TR - RS F1(4, 0) B2 Fa(—4,0) > REIER 10 -

Teacher:

As shown in the figure, it’s a horizontal ellipse centered at the origin. Given that
2a =10 and 2¢ = F|F, =8, we get a=5 and ¢ = 4. How can we find the
value of b?

Student: Using the definition of an ellipse a* = b + ¢2, we get b = 3.

Teacher:

2 2
By applying the standard equation of an ellipse z—z + Z_z = 1, what can we get?

Student:

2 2
The equation of an ellipse is ;—5 + y; =1.
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ERi

AT » EIEEEIR EETE x & b > B0 BB - i E T > E
Bk 2a=102c=F F, =8 FfLL a=5 & c =4 FMIELAEH b Z1H ?
B HEENES A=+ B bh=3

i BB S +5 = 1 BIRITRTLUEE ?

b

2
Bk HOTREE S4i=1-

plIEE—
st ¢ AESCE B ER R OR R EP RS ITER

(£37) Find the vertices and foci of the ellipse 4x% + 3% + 16x + 2y + 13 = 0.

(tPS2) SKAEE 40 + )7 + 16x + 2y + 13 = 0 HYTERRELEREAE -

Teacher: Completing the squares, what can we get?

Student: 4x? +3* + 16x+2y+13 =0
54+ +D+ 0P +20+1) =4
4@ +2)?2+@G+1)?2 =4

Teacher: And, dividing both sides by 4, we get...

2 2
By using the standard equation (XTZZ L4 (V;l )

=1,weget a=2 and b=1.
Student:

Teacher: And the center is...

Student: It is a vertical ellipse centered at (-2, — 1).

Using the definition of the ellipse a? = b* + ¢2, we obtain ¢ = /3.
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Teacher:

As the figure shows, we can find the vertices and foci, which are...?
Student: Vertices: (=3, — 1), (=1, — 1), (=2,1),and (=2, — 3).
Foci: (—2, -1+ \/§) and (—2, —-1- \/3)
Ehh 0 FMEECTE - AAERMTEEEE?
B A+ +16x+2y+13=0
54+ 4+ + 0P +20+1) =4
>4(x+2)*+ @+ 1) =4
A A& > MERER 41552

sk Rt O O o g a=2 R b=1-

T Hep LA R

R ffss—EE > BEPL (<2, -1
TEBEINTES @ = b + 2 » 1341 c= V3 -

T AT R R bR BT AT LA TR R B AL

BEC TEEE (=3, — 1)~ (=1, — 1)~ (=2,1) H (-2, —3)
R (=2, —1+3) B (-2, —1-+3) -
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pIRE=
st ¢ ASEA R 2B n] DU — L 2 AT -

2 2
(37 ) Given that P is a point on ellipse % + % = 1, find the maximum and minimum

distances from point P to line L:x +y = 4.

(30) BRI PBAHEE ©—+ L= 1 BB R PESEIES Lix+y =4 HUBENES

AR (HEL R IME -

Teacher: NN

’
Mazimu L7
¢

o~

Applying the parametric equation of an ellipse, let point P be
(\/gcosﬁ,sinﬁ), 0<6<2m.

By using the distance formula

8

3

|ax0+by0+c|

Va2 +b? ’

we get the distance from point P to line L 1s...?

d(P, L) =

Student: Pluggingin a =1, b=1, ¢ = —4, x, = V3 cos 6, and Y,=sin 0, then we get

|ax0+by0+c| _ |1~\/§0059+1-sin9—4| _ |\/§cos€)+sin9—4|

Va2 +1? ViZ+? V2

Teacher: To simplify the expression, we apply angle sum formula for sine

d(P, L) =

sin(a + ) = sinacos B + cos a sin .
Simplify the expression

Student: V3 cos O+sin 6—4|

AP, L) = s =v§|§cos0+%sme—z|.

We can plug in the angle sum formula for sine by a = g, S = 0, and this gives

d(P,L) = \/§|gcos¢9+%sin0—2| = \/§|sin(73—r+0) —2|.
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Teacher: To figure out the range of d(P, L), we can use the range of sin #, which is
—1<sinfd < 1.
Student: It yields

—1<sinf <1
=>1s|sin(§+9)—2|s3
= V2 < V2|sin(3+0) - 2| <3v2.

Student: Therefore, we know that the distance from point P to line L has maximum 3+/2;

minimum V2.

S - P

p
Mazimum,”
‘

p‘\

HIAEER 28 > £ PBLE (V3cosf,sind), 0<6 <2n
IS B4R AVEERE A

|ax0+by0+c|

d(P,L) =

3 P BLEEHE L VEERER ?
B4 RAa=1-b=1~c=—4~xy=+3cos0 & yy=sin @ » FFHFE

2 +b?

d(P L) — |ax0+by0+c| |1 V3 cos O+1-sin H— 4| |\/§cos€)+sin9—4| .

Va2 +? ViZe? e
L ABREREN 2R - FAFTRTLLE AR S IR
sin(a + ) = sinacos f+ cosasinf e
{EfZ 1% -
[V3cos +sin6-4| _

d(P, L) = =

RABEIEZRE a=1 K& =0 5F]

d(P,L) = \/§|gcost9+%sin0—2| = \/§|sin(;—r+0) —

Ehl : (EH] sind HYHEEE -1 <sin0 <1 3% d(P,L) HYHHE -

34
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B —1<sinf<1
=>1s|sin(;5+9)—2|s3
=>\/§S\/§|sin(§+0)—2|s3\/_°
B B BRSSP BEEIE AR L 0VFERE > S A 3V2 5 B/ME 1 V2

IRE
S ¢ AR B (R i 1R By T RE S -

(LX) Givenellipse I} : sz + TyZ = 1 centered at the origin, stretch it horizontally with factor

2 and vertically with factor 3 obtaining a new ellipse 7. Find the equation of ellipse
1.
x2 2 N S e SN[ R
(30 EXEEIE I+ = =1 DUEES O Fyrbts » 1y x Sl R4 2 % S y
3

4

TR (FREE 3 5 0 FREIEE] 1 0 SKEEE] I Ay 5FEsC -

Teacher: y

Let point (x,y) be any point lying on ellipse 7. From the question we know that

point (x,y) is stretched from point G, )3—}) lying on ellipse 7.
2 2
Student: Plugging in (;—C, g) for equation /7 :% + % = 1, we obtain
A2 N2
OGNS
I;5: 3 + . 1.

Teacher: Simplify it, and get the standard equation.
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It gives
Student:
uden ({)2 2)2
2 3
I,: — =1
273ty
X1y
> — -4 —.—=1
4 3 9 4
2P
ﬁa{'g—l
Teacher:

2 2

fo EMABEHBIFED L

Hence, the equation of an ellipse 7 is Z+L=1.

12 36
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X

x2 2
e ) (5.2) A D+ =104

273 4
¥\ 2 y2
B, 0.
My 4=
D GRS
B4 15
x\2 y2
0.6 _
I 3 + 4 =1
1 y21
> — -4+ —.—=1
4 3 9 4
X2 y2_
Al -

2 2
HiEEl I, (R I s f—z + 3y—6 =1-
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(Z£3Z ) The moon orbits the Earth in an elliptical path with the center of the Earth at one focus,
as shown in the figure. The major and minor axes of the orbit have lengths of 768,800
kilometers and 767,641 kilometers, respectively. Find the greatest and least distances

(the apogee and perigee) from the Earth’s center to the moon’s center.

(FF30) AZERBEE DB Ry SRR HIREIE] - HfuaRREHR F 768,800 A H © F#i
K5 767,641 LY HL o SK H BRI ATHIES K s BRI ER A EEHE -

]
SEHES ~— —— EHES

PerigeT_/ \Apogee

Teacher: Begin by solving for @ and b. Given that 2a = 768,800 and 2b = 767,641, find a
and b.

Student: a = 384,400 and b = 383,820.5.

Teacher: Now, using these values and the definition of an ellipse, we can solve for c.

Student: 5
c=+vVa*—b" = 21,099.

Teacher: Perfect! So, the greatest distance between the center of the Earth and the center of
the moon is...

Student: a + ¢ = 405,499 kilometers.

Teacher: and the least distance is...

Student: a — ¢ = 363,301 kilometers.

Zhl - HEHARE 20 = 768,800 ~ FH# 256 = 767,641 > FTLAAFIAI LK a f2 b
ZfE -
B2/ 1 g =384,400 K7 b =383,820.5°
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Spm o M a BR b ABEIER K ¢ °

B4 c=va? — b ~ 21,099 -

EHR - REF o BTDLUH SEfe s i B ER A R Ry 2
B T g4 ¢~ 405,499 NEH o

EHT - H SRR B R A RERE Ry
B4 a—c~363301 NH -

HIRE—
tHA BRI R e e AR

(L) In the coordinate plane, let I' be a vertical ellipse centered at the origin.
Rotating ellipse I' by an angle 8 (0 < 8 < m) counterclockwise around the origin

produces the new ellipse I'":40x> 4+ 4y/5xy + 41y*> = 180. The point (_;?)

lying on ellipse I'" is one of the two points that is the greatest distance from the center.

(1) Find the length of the major axis of ellipse I

(2) Find the line equation where minor axis of ellipse I'" lies and the length of the

minor axis of ellipse I".

(3) Given that P is a point on the ellipse I'. Rotating point P results in point P’ lying
on the x-axis, and the x-coordinate of point P’ is greater than 0, find the
coordinates of point P.
(Fp30) P HE B 8 T RO ERE ERETEE v B EAYHEE -
CEAIE R R R e 0 /3 (Hp0 < 6 <m) FySRMESERR ' SREGEE

5 2\/5 ! o W [ = = 0
—322) B T B R —

(1) M58 I SRR E 7 (LRRAEHRE)

() &K T FEFTERT BT IE P & -

(3) CHIEN LEY—BE P &HILIEEEE R8P YEAE x B L HP B x
AR 0 o oK P OBEHIAAE -

I 400 + 43xy + 41)% = 180 8 (

(112 FEIFREH)
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Teacher: Question 1. As shown in the figure, we use the distance formula to find the major
axis of length 2a = 20R.

Student:

R = (=2) + (25) =5, 20R=2a= 245

3

Teacher: Question 2. To find the line equation, there are two elements we need to know,
which are...?

Student: The slope of the line and any point on the line.

Teacher: Right, and we know that the minor axis passes through...
Student: The origin.

Teacher: And, the minor axis is perpendicular to...

Student: The major axis. The product of two slopes is —1.

Teacher: Perfect! Then, how can we find the slope of the major axis.

Student: The slope of the major axis is exactly the slope of O_R, which is

25
— — 3 _ 2
Mmajor = MR = =5 = _E-
3
Since we know that my,jor X Mminer = —1, this gives

1

Mpyinor = —

|

M b

Sl

Mmajor =

5
Teacher: Find the line equation that passes through the origin with the slope %

Student: The equation of the minor axis is y—0 = g x—-0=y= gx.
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Teacher:

As shown in the figure, we use the system of equations,
I'":40x> + 4/5xy + 41y = 180 and y= ?x, to find the intersects 4 and B.

V3 :>(x,y)=i(3, 6)'

Student: 40x% + 4\/§xy + 41y2 = 180 4 45
Solve 376
y=Sx

Teacher: By applying the distance formula, we get the length of minor axis is

=2 [ () =+

6
A
Teacher: . - r
]
£
o
As shown in the figure, there is a right triangle, and we can find the matrix of
rotation.
5
: 3 5 2 . 5
Student Yes, we can find tan 6 = % = g, cosf = > and sin@ = %

L'.)|

Teacher: To figure out point P, we have to find point P first.

Student: We can use the system of the equation:

2 2
{40x + 4/5xy 4+ 4% = 180 _,

i =+ % (P' is the positive one.)

So, the coordinates of point P (% , O).

Teacher: By substituting the values for the rotation matrix

B AEEARE TR HERRE
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Student:

Teacher:

Student:

FE TR B ERT P o HEASEHBHES L

=[50 ST = =130 sl
, what can we get?

2 5
b=] s [%Zl:[—%

- 2

< |

=3 P(\/E, —?)

2
3
Wonderful! Now, we’ve solved the question. Also, we can use a rotation matrix to

find the original equation of the ellipse, which can prove the answers.

2. V5
' XT3V
Plug in [;] = [3/3 32 for the equation of ellipse I'": 4 0x + 4+/5xy + 41> =
~X+zy
3 3

180.
After simplifying, we get the equation of the original ellipse I'.

2 2
2 A5 2 V5 O\ (V5 2 V52
40<§x—7y> +4\/§<§x—Ty><?x+§y>+41<?x+§y = 180
4 0 45 s 25, 1 243
$40<§X —Txy+9y> 4\/_<Tx —§Xy—T )
5, 45 4
) _ - 12 ) =
+41 <9x + 9 xy+9y> 180
160 +40 +205 ,  —160v5 —4V5+ 164V4 200 —40 + 164
= X~ + xy + Y
9 9 9
= 180
405 , 324, oo x2+y2 1
> — —yF = = —=
g TGS 17"
by
2y I
R(—,
)
X
o

R 1 AR o FIFIRERE AR ATA] - BEiR Sy 20 = 20R -
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A -
g
4 -
g
4 -
g
4 ¢

B

B

REFF 35 2 gy @ fo EMALEHBAEAD

P 2
: ﬁz\/(_g) +<23£> =+5°20R =2a =25

IR 2 > ZOREARTTRER - F et IR (E (- 2

PERIREGR EE—%h -

V2 > HRE E AT - R A R RS
JRG

i BB . ?

Rl > FRCAMMIRRERAESR R —1 -

R | AR T P B R Bl R 2
EOHRPRELE OR MREE
2V5
3 _ 2
Mmajor moRr = __5 - _ﬁ
3
R Mmajor X Mpinor 1 ﬁﬁ‘Lj\
I 1 A5
Mminor Mngior - ~ i 7
Vs

- OKESTREFUEEFE HRER o

LB AT -0 = S (- 0) 5y = T

Y=

QAR - FORACHE A B2 B > M A] LU 5 i2eH

I“’:40x2+4\/§xy+41y2 =180 Bl yzgxo

40x% + 4/5xp +41)? = 180
fi2 5 B ) =£(5. )

y=x
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ERi

ER

B

EH

O el

Eh

R 2 UFgy @ % EEIASEHBIFI DN

FBERE A IR S E R E B 4B = 2 () (‘M ) —4-

6
by
r

WIEFR - Bl DUEE A = AP ARG E R s -
: NS 2 V5

© HAPIEF] tanf ==+ cosf == Bl sinf=2-

252 3 3
TREE P o IR KEL P e
FIFHHR Iz TF24E -
{40x +4V5xy +41y7 = 180 _
y=0
FRLL  HCEEAsE R P(5.0) -
ek EAHE O AR AR -
cosH - sm _[cos@ sinf][x
[ ] sind  cos6 [Y] = [V] B [— sin@ cos 9] [y]
s AT SN 2

Irg V5]

= +— (B P'HUE »)

=>P<\/_ -£>

JEEL | BAERMERRLFTAE R » 28000 - oIt a] DU iesEpE K e
ﬁ?ﬂ‘iﬁi@ﬁﬁ?%ﬁ °

%H ﬁ/\%ﬁwglﬂfm I'":40x% 4+ 45xy + 41)% = 180

{effitz @Zfiﬂﬁﬁu{#ﬂﬁﬁﬁﬁﬂ’ﬂﬁ%ﬁ%ﬁ r-

r"s v ﬁig’é’?fé’% ?I§ [ /};;,_ipl I;Ih‘nzﬁtrﬂL ’I



RTRE TR TR ERT T b EMIASERBHERL

-~
3

2 2
; 2 W5 2 5\ (V5 2 V52
B 40(sx—— W5lzx——y||=—x+= 41(=—x+=y) =1
= 0<3x 3y> + \/§<3x 3y><3x+3y>+ 3x+3y 80
4, 45 5 25 1 2V5
40(=x? ———xp+=)* | + 45| —x2 ——xy — —)?
= <9x 9xy+9y>+ \/_<9x 9xy 9y
5 W5 4
.2 - 12 ) =
+41<9x + 9 xy+9y> 180
160 +40 +205 , —160v5—4V5+ 164V4 200 —40 + 164
= x° + xy + y
9 9 9
=180
405 324 ¥ y?
— 2+ =1 —+=1
= 9x+ 9y 80$4+5

45
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Br= MK

Hyperbolas

Z1tMEHER T E SiaEEAR
B AJS Introduction

IR A SR AT E FBR4G - K M SRV EIP LG TR - i — D RraR e dh SR B
FTATR » AR AR TS T RE R R

M 3% Vocabulary

XIEREERNBIE TSN HE

¥ th3 E¥F thi

hyperbola B4R conjugate axis Sas: o) i
foci (B2 © focus) FERE standard form FEAE S
concentric circles EUNE orientation Ji1E
branch A d asymptote AT 4R
center =TI approach BT
vertices (BEE : vertex) TE®BE infinity fEES K
transverse axis =L
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O Using , we obtain

2 2

y

4]« Using a similar procedure, we obtain the equation el +==1

a

2 2

R 773 ﬁﬂf‘ﬁﬂ%@?ﬂﬁﬁﬁ%—%+§=l .

® A summary of is given below.

4] © A summary of the standard form of the hyperbola is given below.
ARaS A SRR -

(3) are centered at

%) « The equations of the hyperbola are centered at the origin.
R ORAY O -

® From , it follows that

#4] : From this standard form, it follows that the center is the origin.

TEAEAE UG 0 B[R
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B RIEEFERE Explanation of Problems

o A ®

[ The Definition of a Hyperbola |

The definition of a hyperbola is similar to that of an ellipse. In the previous chapter, we learned
that the definition of an ellipse is that the sum of the distances between the foci and a point on
the ellipse is constant. If we replace “sum” with “difference”, then it becomes the definition of a
hyperbola, which is that the absolute value of the difference of the distances between the foci

and a point on the hyperbola is constant.

The definition of a Hyperbola

A hyperbola is the set of all points P(X, y) in a plane. The absolute value of the
difference of the distances from two distinct fixed points, F, and

F,, is constant 2a, where 0<2a< I% . That is

|PF, —PF,|=2a,

then F, and F, are called foci (singular focus).

Consider two points, F, and F,, as the centers of concentric circles with radii 1, 2, 3, 4, 5, 6,

and 7, as shown in the figure. All the black dots satisfy the condition that the absolute value of

the difference of distances from each black dot to F, and from the same black dot to F, 1is 2.

We can construct more concentric circles to create additional black dots, enabling us to sketch a

smoother curve, which is a hyperbola.
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As shown in the figure, the graph of a hyperbola has two disconnected parts (branches). The
hyperbola is symmetrical both vertically (up and down) and horizontally (left and right); its

midpoint of the foci is called the center.

In this figure, £, and F, are the foci of a hyperbola. The absolute value

of the difference of the distances from any point on the hyperbola to the

two foci 1s 2a.

Key features of a hyperbola:

(1) A Center: The midpoint of Iﬁ is called the center. Let Iﬁ be 2c,then O_I-'1 = O_I-'2 =cC.

(2) Vertices: The two points A and B are the intersections that the line FF, through the foci

intersects the hyperbola.

(3) A Transverse Axis: The line segment AB connecting the vertices is the transverse axis, as

illustrated below. Since point 4 lies on the hyperbola, AF, —AF, =2a. Also,

A, AF, = (A0 +0F ) AF,
= A_O+(07F1 —A_Fl) (O 1s the midpoint of the foci, so 07/-'2 = OiF1 )
= AO+0A=20A
(4) A Conjugate Axis: The conjugate axis of a hyperbola is the line
segment CD with the midpoint at the center O, and is the

perpendicular bisector of the transverse axis The length of CD is

2b, which satisfies the equation ¢® =a’ +b’, as shown in the figure.
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Properties of the Hyperbola
Let F1 and F> be the foci of the hyperbola, and the absolute
value of the difference of the distances from any point on the

hyperbola to the two foci is constant 2a.

Let O be the center, AB be the transverse axis, and CD be

the conjugate axis, as shown in the figure.

(4) The center O is the midpoint of lﬁ , the transverse axis AB, and the conjugate axis

CcD.

(5) The transverse axis of the length AB is 2a.

(6) When the conjugate axis of the length CD is 2b and /% is 2c, the constants a,

b, and c satisfy the equation ¢’ =a’+b’.

[ The Equations of a Hyperbola Centered at the Origin |

Based on the definition and properties of a hyperbola, we can derive its standard equation

centered at the origin with the foci on the x-axis or y-axis.

(1) A Horizontal Transverse Axis
Given a hyperbola centered at the origin with a horizontal transverse axis, and transverse and
conjugate axes of lengths 2a and 2b, respectively. Determining ¢
using the equation ¢® =a” +b’, this gives the values for the foci and
provides one and only one equation of the hyperbola. To derive the

equation of the hyperbola centered at the origin, we can consider the F,

hyperbola with the foci F,(c,0) and F,(-c,0), as shown in the

figure. Moreover, ¢’ =a’+b’.
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Let P(x, y) be any point on the hyperbola for which the absolute value of the difference

of the distances from two foci is 2a. That is,

\/(x—c)z +y’ —\/(x+c)2 +y’ =420

which, after expanding and regrouping, reduces to (C2 -a )X2 —-a’y’ =ad’ (c2 —az)
From the equation

¢’ =a’+b’

=>b=c-d
which implies that the equation of the hyperbola is

v _azyz —a’b

On the contrary, the point (X, y) satisfying the equation lies on the hyperbola.

(2) A Vertical Transverse Axis
Given a hyperbola centered at the origin with a vertical transverse J
axis, and transverse and conjugate axes of lengths 2a and 2b,

respectively. To derive the equation of the hyperbola centered at

the origin, we can consider the hyperbola with the foci Fl(O,c)

G
pa

and F,(0,—c), as shown in the figure. Using a similar procedure,

we would obtain the equation
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A summary of these results is given below.

The Standard Equation of a Hyperbola Centered at the Origin

The standard form of the equation of a hyperbola centered at the origin is

Equations Orientations Graphs
2 2 .. .
XV 4 The transverse axis is horizontal.
2 2
a b
2 2 .. .
XY g The transverse axis is vertical.
b* d

The vertices are a units from the center, and the foci are ¢ units from the center. Moreover,

=ad’+b’.

(3) The Asymptotes of a Hyperbola

The graph of a hyperbola consists of two disconnected branches, 1 L
each of which extends indefinitely outward. As the branches of P
the hyperbola extend outward, they approach but never actually x
touch certain straight lines called asymptotes. As a point P lying o

on the hyperbola moves away from the center along one of its

branches, the distance between P and the line L approaches zero. Therefore, the line L is one

of the asymptotes of the hyperbola.

To derive the equations of the two asymptotes, consider the hyperbola centered at the origin

2 2

with a horizontal transverse axis, - % =1, as illustrated below.

e
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2
. . X .
Rewrite the equation as y =1b, ’—2 —1. As x becomes larger and larger, approaching
a

2
y=b, | ~1~b
a
X x| b ¢ x>
y=—b | ~1x—b[=-2x. y==b|=-1
a a a

As shown in the figure, the blue curve approaches the red line.

infinity, then

2
b =bh, |21
X2y, y=b,"5

a

a

On the other hand, when x approaches negative infinity, then

b 2
f
x2 X b 2 0
y=-b /__1z—b—:—x. S
a’ al a y==b a’ ]

As shown in the figure, the blue curve approaches the red line.

XZ

y=b,|—-1=b

aZ

2 2
b L
Hence, we know that the hyperbola X—Z —% =1 has two asymptotes y==t—x, which is
a a
bx+ay=0 and bx—ay=0.
We would obtain the same result for a hyperbola with a vertical transverse axis. the hyperbola
X2 yZ

_F+?:1 has two asymptotes y:i%x,which is ax—by=0 and ax+by=0.

Every hyperbola has two asymptotes that intersect at the center of the hyperbola. The

asymptotes pass through the vertices of a rectangle of dimensions 2a by 2b, with its center

at the origin.
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The Asymptotes of a Hyperbola Centered at the Origin
The equations of the asymptotes of a hyperbola are
Equations | Asymptotes | Orientations Graphs
2 2
X = i ¥
?—%=1 bx+ay=0 | A horizontal Ly:bx+ay=0 1t L;:bx—ay=0
and transverse axis
b
bx—ay=0 = X
0
_X_2+y_2_1 ax—by=0 | A vertical L,:ax+by=0 5 L:ax—by=0
b
and transverse axis
d|
ax+by=0 o x
[ The Standard Equation of a Hyperbola |
If the center of the hyperbola is any point (h,k ) , and the Y
transverse axis is either horizontal or vertical, we can shift the h.k
graph of the hyperbola centered at the origin with a horizontal
\
or vertical transverse axis. Consider shifting a hyperbola o PR ) ¥
o . . O
centered at the origin with a horizontal transverse axis, \
X2 y2
Py =1, by moving /4 units to the right and by & units up.

54
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2 2

That is, replace x with x — 4 and y with y — k, which means the equation X—Z—?zl is
a

2 2
transformed to (X_Zh) _ ;zk) =1. Meanwhile, the center of the new hyperbola is (h,k), its
a

foci are (h+c,k) and (h—c,k), and the equation of asymptotes are b(x—h)—a(y—k)=0

and b(x—h)+a(y—-k)=0.

Similarly, by shifting the hyperbola centered at the origin with a vertical transverse axis,

2 2
—% + y_z =1, by moving 4 units to the right and & units up, we would obtain the new equation:
2 2
(x=h)" , (y=K)
Ty e t

A summary of the standard form of the hyperbola is given below.

The Standard Equation of a Hyperbola

The standard form of the equation of a hyperbola is

Equations Orientations Graphs
2 2 The transverse axis is Ly:b(x—h)—a(y—k)=0
(h) k)
a b’ horizontal.

Fy(h=c, k)| YNNF (h+c,k)

L,:b(x=h)+a(y—k)=0

L,:b(y=k)=a(x—h)=0

2 2 The transverse axis is
(x=h)" (v=k)
— > + 3 = 1 ) Fl(h, '+C)
b a vertical.

a @

(h, b

SN

L,:b(y—k)+a(x—h)=0

The vertices are a units from the center, and the foci are ¢ units from the center. Moreover,

A =ad’+b’.
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(ZE3Z ) Write an equation for the given hyperbola that satisfies the following conditions.

Foci: F,(5,0) and F,(—5,0); the length of the transverse axis: 6.
(32 K MRy EEdhgR JTRE=C -
FERERy F1(5,0) 81 F(=5,0) > Hffif /&6 -

Teacher:

X
£,(5,0)

As shown in the figure, it’s a horizontal hyperbola centered at the origin. Given that
20=6 and 2c=FF, =10, weget a=3 and c=5.How can we find the value of

b?
Student: Using the definition of the hyperbola ¢ =a” +b*, we get b=4.

) 2 2
Teacher: By applying the standard equation of a hyperbola%—é =1, what can we get?

. 2 2
Student: The equation of the hyperbola is %_i’_6 =1

EH

X
£,(5,0)

BT > AEEE AR EAE x dh > B B R - i E A
i R2a=6 > 2c=FF, =10 > F{lla=3Kc=5 - F(FISEAEER b {5 ?
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B BfEEERC =" +b > 5b=4 -

LA - %E@ﬁ&zﬁﬁzﬁn%—%ﬂ s LR AT LA 2

XZ 2

B HRERUR 3—;—6=1 .

pIRE—
SR ¢ AEGCE e dh Ry TR UK HEP RIS TR

2 2
(L) Find the vertices and foci of the hyperbola T—6 — y; =1.

2 2
(30 SRR =~ = 1 HTER B AP -

Teacher: 2 2

Rewrite the equation as z—z - §_2 = 1. We can get the value of g and b.

Student: We obtain ¢ =4 and b = 3, and it’s a horizontal hyperbola centered at the origin.
Teacher: Using the definition of the hyperbola ¢? = a? + b, what can we get?
Student: We obtain ¢ = 5.

Teacher: ¥

As shown in the figure, we can find the vertices and foci. What are they?
Student: v/ertices: (4,0) and (—4,0).
Foci: (5,0) and (-5, 0).

R testmon S— 5= 1 RITTDUSE o B b A -

B RUEE] a=4 b =3 HEERGINTL RIS - B x 8
T RERRGRIIES & =+ b7 RMIETLLEE 2
B IRER c=5 -

> R KT TR E RN

e

B
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VEBIET IR, e - FR{PTE] DA B TEES B AL BE AL -
FRE T TEEE : (4,0) K (—4,0).

BE (5,0 K (=50 -

plE=

St AREGRE A AR AR TR UL o — (8 SRR ORIV ER AR TRER -

(3137 ) Find the equation of the hyperbola whose asymptotes are 4x + 3y = 0 and
4x — 3y = 0, with one of the foci at (0, 5).

(HP0) SRR TREA Sy dx+3y =0 B 4x—3y =0 HHEP—EERR(0, 5) HIE
&R TR -

Teacher: y
(0,5)

4x=3y=0 | 4x+3y=0

In the figure shown, what can we get?

Student: It’s a vertical hyperbola centered at the origin and c=5.

Teacher: . 2y
FAT Use the standard equation —%+y 1. The asymptotes are ax—by=0 and

a

ax+by =0. What can we get?

Student: Comparing the coefficients, we can let a=4k and b=3k. So, we can obtain the

PSR EFRE TR RS



-~
3

KT INEFFRT R ENLT P o HEAYBEHBHE AL

2 2

equation of the hyperbola, which is X LY

(3K (ak)"
Teacher: Using the definition of the hyperbola ¢® =a” +b*, what can we get?
Student: ¢ =(4k)"+(3k)" =25k* =25. This gives k’=1.

Teacher: By plugging in k*>=1 into the equation, we can get the solution.
y plugging q g

2 2

Student: The equation of the hyperbola is _x? +L

16
I y

(0,5)

4x=3y=0 | 4x+3y=0

T K EAARAE > TR A2 2
B SR s (0,0) 0 HE#IE y L > c=5 -

E R R —Z—j+§:1  EHEWTSOTIER R ax—by =08
ax-+by =0 - FFTETLUEE 2

B LRI 0= ak R b=3k - EISERIATITIZRE — =1

Sl EORIR R ARTE S - RIS E 2

g o =(8k) +(3k) =25k =25 » fR{5K =1 «

Bl k=1 AR AT REIEZE -

B a@%@@a@ﬁ%ﬁ%—%%:l '
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(#£32) Find the vertices, foci and asymptotes of the hyperbola 4x* —9y” —8x+36y +4=0.

(H30) SKEEHN4R 4x* —9y” —8x +36y +4 =0 HITERL - FEREAEEBLITTAR T2 -

Teacher: After completing the squares, what can we get?
4(x* —2x+1) =907 — 4y +4) = =36
=4x—-1)?-9(—-2)=-36

x—1)? —2)?
LS 32) +@22) _

T her: . A AV AYV)
cachet By using the standard equation — (xb—f) + =h"

Student:

1

— = 1, what can we get?
a

Student: e get @ =2 and b = 3, and it is a vertical hyperbola with the center at (1, 2).

Using the definition of the hyperbola ¢ = a* + b*, we obtain ¢ = V13.

ot
S

Teacher:

2/1.2)

N

In the figure shown, we can find the vertices, foci and asymptotes. What are they?

Student: vsertices: (1,4) and (1,0).
Foci: (1,2 ++V13) and (1,2 —V13).
Asymptotes: 3(y —2) —2(x—1) =0 and 3(y —2) + 2(x — 1) = 0, which is
2x—3y+4=0and 2x+3y—-8=0.

ERN . MRECTE » RRERFIEREITE?
BA T 4 —2x+ 1) —90% — 4y +4) = —36
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x-1? (-2
_X32 + 2

il AT - S+ = 1 Y 2

=1

B4 A a=2 B b=3> AEERGETOE (1,2) 0 EEEAT y e

PRI 2 =+ b 5 c=+/13.

B
2111.2)
3
TRCTB TR0 R b - B oy LSS TEE: « A R 4 T Rt -
B

COTEE:  (1,4) R (1,0) -
femi ¢ (1,2+413) 2 (1,2-413) -

HTaR R ¢ 3(y-2)-2(x—-1)=0843(y-2)+2(x—-1)=0 > HI2x-3y+4=0

Ei12x+3y—-8=0 -

o BT EFRE TR EFREF
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(ZE3Z ) Two microphones, 1 mile apart, record an explosion. Microphone A receives the sound

2 seconds before microphone B. Where did the explosion might occur? (Assume sound

travels at 1100 feet per second.)

(FP32) FHEE 1 FLEAYRIEZ R ECs,: T —JORNERVEE S - Z00E A RS E B 2 70
WEIREE - SRNE R RE S AR AL 7 B & AR 1100 B RIAYRIE (E4 -

62

Teacher: !
4000
3000
2000
dy ,",:
|lz”|,/ | X
2000 2000 3000
—1000
—2000
We know that the explosion took place 1100 X 2 = 2200 feet farther from B than
from A. The locus of all points that are 2200 feet closer to A than to B is one branch
of the hyperbola. As shown in the figure, let the hyperbola be...
Student: Let the hyperbola be centered at the origin with a vertical transverse axis. Its form
XZ yZ
is —2—le where 20=2200=0=1100.
Teacher: Because 2¢ = 1 mile = 5280 feet, we obtain ¢ = 2640.
Student: sing the definition of the hyperbola ¢ =a® +b?, it follows that
b*=c*-d’
=2640% —1100° .
=5759600
Teacher: So, the explosion happened on...
Student: Somewhere on the right branch of the hyperbola. Its equation is
2 P2
1210000 5759600
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4000 -+

3000

| o I
T T

—2000 2000 3000

—1000

~2000 +

FHRE B A - @ EEE AR BEFEEE B CLEERE A 2221100 x 2 = 2200 HLR -
iEEEE A LEEEEE B 2T 2200 FYATA B BT A B i 4R Y —S7 o 2OEFTR o
A ] DAG EE R AR ...
B4 - < — - . e yz_
ﬂxﬁﬁz¢u%m®’Eﬁﬂﬁy%LOXEﬁ%ﬁ&ﬂ%w?—F—b
Y 2a=2200=a=1100 -
FEN Y WA 2c=1%EH =5280 3K > A[15 ¢ = 2640 -
sytzﬁﬂ%%%ﬁmﬁ%8=fﬁfﬁﬁ%
bZ — C2 _az
=2640% -1100%
=5759600
ZHR FTDL o JBNESSAESE. .
L R eI A TR HOiREs
2 2

x y _
1210000 5759600
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(Z£3Z ) Which of the following conics have a focus that is also the focus of a parabola

¥ = 2x?
2 2 2 )
My=(x=3) -3 @ +3=1 () P+L=1
(4) 8x* — 87 =1 5) 42— 47 = 1
(Hp30) SR FHIpEL eI h 2 h4R - HAEEE (2 —) SR »* = 20 AEEL?
2 2 2 )
(y=(x=3) -3 @ T+5=1 3 P+L=1
4) 8x* — 872 =1 (5) 4 —dy? = 1

(1O7TAERHEER12)

Teacher: Rewrite the equation y? = 2x in standard form, and compare it with (y — k)? =
4e(x — h).

Student: 11 ows that the vertex of the parabola (y —0)? =4 x %(x —0) is at the origin

1
ith ¢ = —.
W c 3

Teacher:

Vertex

| o]

(0,0)

. 1. .. .
So, the parabola opens to the right, because ¢ = S i positive, as shown in the

figure.

Student: The focus of the parabola is G, O).
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2
Teacher: (1) Rewrite y = ( — %) —i in standard form, and compare it with

(x —h)? =4c(y — k).
2
Student: It shows that the vertex of parabola ( — %) =4 X i(y + i) is at G, - i) with

Teacher:

)
(x —=<)” Y+ —
P y

1 1
Vertex _
ertex (2 4}

1. iy .
So, the parabola opens upward, because ¢ = , Ispositive, as shown in the figure.

Student: The focus of the parabola is G , O).

2 2 2 2
Teacher: (2) Rewrite the equation —+ = =1 in standard form - + % =1.
3

Student: From this standard form, it follows that the center is the origin. The major axis is

f 2
vertical, a =2, b = 13, and ¢ = 22 -3 =1.

Teacher: by

Focus Center Focus

(-1,0) (0/0) (1,0)

In the figure shown, the foci are...

Student: The foci are (1,0) and (—1,0).
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Teacher: Rewrite (3) the equation x* + = =1 instandard form - + ey
5l

Student: From this standard form, it follows that the center is the origin. The major axis is

2
vertical, a=1, b= ﬁ, and ¢ = 1% — (ﬁ) 1.
2 2 2

Teacher: by

Focus

1
(5-0)

In the figure shown, the foci are...

Student: The foci are G,O) and (_l 0)'

2 2
Teacher: (4) Rewrite the equation 8x2 — 8)2 = 1 in standard form —— — —— =
1 132
) )
Student: From this standard form, it follows that the center is the origin. The x*-term is

positive, so the transverse axis is horizontal.

Also, we obtain a=b=- and c:\/( ! )2+(2+/§)2:l

243 72

Teacher: d

>

In the figure shown, the foci are...

Student: The foci are G, 0) and (—%, 0)'

'I' h . - - 2 2 . x2 y2
cacher. (5) Rewrite the equation 4x* — 4y =1 in standard form — —— = 1.

NN
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Student: From this standard form, it follows that the center is the origin. The x*-term is
positive, so the transverse axis is horizontal.

1 1

Also, we obtain @ = b = % and ¢ = (—)2 + (5)2 =%

2

Teacher: y

-

As shown in the figure, the foci are...

Student: The foci are (%,0) and (—%,O).

Teacher: So, the correct selections are (1)(3)(4).

M5 Y =20 BEEERQ - 07 = e — DIALEEBHEE -

NI>—‘

HPIERATEEE R (v — 0)* = 4 % 5 (x—O) IR R0 > H ¢ =

i
Ry ¢ =5 BiE » BRI 8 AR -
s

PR (5.0) -
LA () ey = (x—1) 1 AEES (- 1) = 4y — ) UELLEAE -

s st (v - ) = 4xi(v+) mEmn (-1 B e=1

FUOREGBREARETREY
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Focus (% ,0)

e (2,

FE ¢ = BIE > FAGHOE L BT -
PR (5.0) -

B ) sy 24221 mis G4 D=1

B R EH RO RS BHE L =2 =13

He=2>=V3 =1-
Al - b

Focus Center Focus

(=1,0) (010) (1,0)

YRR > B
BUR o BEELE (1,0) R (-1,0) ¢
AT () w0+ L= e S L=

<z>
S S B BAE b a= 1 =2

2

R

2
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.I‘l 1,
A
1 1

Focus Focus

Center

(_%'0) (0,0) (%-0)

b *

=

SIEIFTT - S8R .
en (3.0) & (-3.0) -

(4)

/=<

S x2
x 3
(35

y2

-5

o

Egﬂijcxnnﬁmﬁﬁnqﬂpb\

ng_r‘%ﬁ/% \EP/EJ\%J;?\A%E ° sz IE%_—LE ’ ?%%D'Ei‘$ﬁi%x $EE s S\ﬂi?ﬂaﬁ a = b —

n 7 o= () + () =4

SUBIFTT > B
25 (3.0) R (=3.0)

(5) E 47 1 1
G G

e 0 2 B + U S FTE + (RIS x 8 0% a= b =1

2 e ”
—ar = pERER S

)

A 3

3]

w®H

ThREpED

THRT
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Complex Number

BN B AR SR T E AR

B AJ= Introduction

BT R o 8 LB R A sURSR AR — T ZOT 230 ARG e A AV AR th A SR AR SR
RS BRI ERAVER R TR CREE) - Bl et WIURAGER
—ITL - RITEHEGRE SR T2 (A0 +1=0 ~ x* —4=0%) KEHIHE - BEaf

BAEARSR DG » Fof5 (A1 - MR i =1 - SRPIEER - AR

BH—E TR Ry 3++-5 » FFTEILL3+V—5 =3+6i ET -

B @5 Vocabulary

XIEREERNBIE TENFE

¥ thiE BEF thiE
quadratic equation | —ZXJ7f£3 | polynomial ZIEF
polynomial equation | ZTHF 722 | discriminant H 1=
complex conjugate | FLEHEHEEL system of simultaneous equations | Hi17 5H2(4H )
imaginary number | E¥{ denominator PANSE
complex number ¥i=L 4 repeated root HIR
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B HEGQRBEERTGF Sentence Frames and Useful Sentences

O If , there are

4]« If the expression under the square root is negative, there are no real solutions available.

GV AIRANEVE RS A (270 2 EEEE -

® A combination of and is known as

fil4] © A combination of real numbers and imaginary numbers is known as a complex number.

(] F B ORT BRI I A S e R L

© Let’s start by

4] : Let's start by tackling this basic transformation problem together.
AR MR e D A (A AR AR TR BE G -

(4) makes use of

4] © The division of complex numbers makes use of the formula of the reciprocal of a complex

number.

AR T M EI A S, -

© After , we just need to

4]« After substituting a + bi back into the equation and performing the calculations, we just
need to compare the real and imaginary parts on both sides of the equation to find the
result.

i a + bi REIGEAPASERETRR - Ff A B LR R Sy B NI
# o BET IR ESER T -

[ FURS B EERE TR HERR S
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B RIEEFERE Explanation of Problems

8 RAA »

Complex numbers:

The quadratic equation ax” +bx+c=0 has solutions given by x =

This equation has a discriminant: D =b® —4ac:

Casel |If b*—4ac>0, there are two distinct real roots.

Case2 | If b*—4ac=0, there are two equal real roots.

Case3 | If b®—4ac <0, there are no real roots. (Two imaginary roots)

If the expression under the square root is negative, there are no real solutions available.
For example:
+ _
Solve the equation: Xx*—2x+4=0 = X= # =1++/-3
We got two roots 1++/—3 and 1—+/-3.
Now consider the root 1++/—3, how can we represent “+/—3” in a proper way?

We are going to extend the number system to include +/—1. Since there is no real number that

is squared to be -1, the number +—1 is the imaginary unit, and is represented by the letter

CC 1 9
1.

For example, the sum of real numbers and imaginary numbers are:

1-J=3=1-Bx-1=1-3x/-1=1-3xi=1-f3i

1- \/§i is known as a complex number (15#).

<key> The “unit” imaginary number is: 1. i=+/-1, i?=-1 2.When a>0, J-a= «/ai

<key> The set of all complex numbers is written as C.

3 B AR RS TR E R
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Complex number

For the complex number z=a+bi a,beR.
Re(z)=a is the real part of z. Im(z)=b is the imaginary part of z.

If two complex numbers have the same real part and the same imaginary part, we say these

two complex numbers are equal. For example, a,b,c,d e R, a+bi=c+di<a=c,b=d.

Arithmetic operations with complex number
We’ve learned the arithmetic operations with real numbers. When we expand the number system
to include complex numbers, similar arithmetic rules still apply. Here are the definitions of

complex addition, subtraction, and multiplication: (We’ll talk about the division later.)

Suppose a,b,c,d are real numbers:

(1) Addition: (a+bi)+(c+di)=(a+c)+(b+d)i

(2) Subtraction: (a+bi)—(c+di)=(a—c)+(b—d)i

(3) Multiplication: (a+bi)(c+di)=(ac—bd)+ (ad +bc)i

<key>
When two complex numbers are multiplied by each other, the multiplication process should be

similar to the multiplication of two binomials.

(a+bi)(c+di) =a(c+di)+bi(c+di)
=ac+ adi+bci +bdi
=ac+adi+bci—bd
=(ac—bd) +(ad +bc)i

Properties of complex number arithmetic:

Suppose z,,7,,z, are complex numbers, the following statements hold true:
(1) Commutative property of addition and multiplication: z,+2,=2,+2, 72,=12,2,
(2) Associative property of addition and multiplication:
Z + (Zz + 23) = (21 + Zz) + 25, 21(2223) = (2122)23
(3) Distributive property of multiplication: z,(z,+2,) =272z, +22,

(4) Identity of addition and multiplication: z,+0=0+2z =2, z x1=1xz =12

74 BB EEERET RN EERNRT
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Just like operations with real numbers, we can define exponentiation for complex numbers.

Let n be a positive integer:

"=zxzx..x2,2°=1(z#0).
-

n items

<key>The power of “i”: (for ke Z)

(1) i4k+l:_i_ (2) i4k+2:__l_ (3) i4k+3:__i_ (4) i4k+4:_1

complex conjugates

A complex conjugate of a complex number is another complex number where the real part
remains the same as the original complex number, while the imaginary part is the negative of the
original’s imaginary part. For example, 3+4i and 3-4i are two complex numbers with

opposite imaginary parts.

The complex conjugate of a-+bi (a,beR) is a—bi , and vice versa. We can denote the

complex conjugate with the symbol “  ”, for example, the complex conjugate of a-+bi is
a+bi=a—hi.If we multiply a+bi by its complex conjugate a—bi, we have:
(a+bi)(a—bi)=a®—(bi)* =a’*—i’b® =a* +b?

It is a nonnegative real number. We can use this result to find the reciprocal and division of

complex numbers.

Division of complex numbers

The division of complex numbers makes use of the formula of the reciprocal of a complex

number.
For a complex number z, =a+bi (ab#0), we have the reciprocal of z, as following:

11 1 athi_a Py

z, a+bi a+bi a-bi a+b2

a +b2
For the two complex numbers z =a+bi,z,=c+di (ab=0), we have the division as
following:

1 (c+di)(a—bi)  ac+bd ad —bc

—= : = =(—5)+t(G— i
(a+bi) (a+bi)(a—bi) "a“+b a“+b

% _ (¢ +di)x
Z
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(F0)

(=0

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

According to the rules of i, express the following numbers using i .

(1) J-10 @)fg 3) V-12

RIBIHESR » & NYIRVEH i 01 -
(1) V=10 ) —% 3) J-12

Let’s start by tackling this basic transformation problem together. Based on the
definition of i, how can we express the following numbers using i? How should we
begin?

To find the solution, we have to extract the square root of -1. See what inside the
square root multiplied by -1 is, then replace J-1 with i , and we’re done!

Very good. Now let’s give everyone 1 minute to solve these three problems. Later,
we’ll come back to check everyone’s answer.

(Responding)

Okay. Times up. Let’s check the answers you got. The first one is? The second one

1s? And the last one 1s?

. 1. .
J10i (square root of ten i), EI (square root of one over two i), 2./3i (two

times the square root of three 7).
Good job. Especially for the third one, we need to remember to simplify when
giving the answer. If there is a perfect square under the square root, remember to

extract it. Let’s move on to the next example.
B e — BB S (EARAEIARE - SERIBEEI AVER - LTI
B FR - FAMTATLUETEBHARIE 2
FORMIEENEZ - HeMEIERIE T —1 ook - BERSETHETE
%081 —1 M3 > FHEN-THRAERLL T 7R o BRI AT LASERR T !
FEEAF > BE PRI RS — g 5e pldiE = (TR - FFRAMT— AR R 5

I -
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B2 (FHERE)

EE A L EREE] D RAMTRMERIRATREHERE | R ?HF EHE? =8
& ?

g 0 100 (RREE ) » \Ei (FREE=5y 22— i)~ 2431 (ZHRBE=1)-

ERN S CHES =M > BIMMERE SRR EAER > WRAE VTR
fREfE P RIS FR I - P M4 T~ — (e !

plE_

aRBl ¢ A HEEE SR E SR AR R -
(FL3Z ) Suppose a,beR,if (a—2)+5i =5+ (b+3)i, find the ordered pair (a,b).

(7)) % a,b BEE » 75 (a—2)+5i =5+ (b+3)i * K& (a,b) -

Teacher: In this math problem, we’re going to use the properties of complex numbers and
methods of solving simultaneous equations. Let’s all read together.
Student: Suppose...
Teacher: What simultaneous equations can we derive from the conditions given in the
problem?
Student: (a—2)=5 and 5=(b+3). The real parts and the imaginary parts are equal.
Teacher: Well-done! So, we have (a,b)=(7,2). Sometimes the simultaneous equations set
by the problem are more complex, but we can still use the same method to find the
solution. Next, let’s look at the last problem. It has four arithmetic operations.
EH : FEEEET o RFTE 6 E B E R E DU T — L R AHAY R
TG o AR H e — i |
240 (FHEEH)
LT BB E PSR RCE - 2P A DU R R R L R4 ?
B4 (a-2)=5LLK5=(b+3) - (AENRAHEE Kl —rt—RO7H24 ) BEE
EARE B A -
S ARE - TFTRI LIS E] (a,b) = (7,2) - AR H et E HIlE L 5 I ELReE i -
AHEIAURA T AR T2 R AR - FEERMT—EEERE &
RIZE SRy AN |
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(B3 ) Suppose z, =3+4i, z, =—1+2i, find the following values:

1) z+z, 2) z,-1, 3) 7,2, @)%

(7)) ez, =3+4i, z, =—1+2i HOK Y/ NEE -
(1) z,+z, (2) z,-z, 3) 7,2, (4) ;_1

2

This problem gives us z, =3+4i, z, =—1+2i, and asks us to utilize the rules of

Teacher:
complex number arithmetic to compute the values of the following four expressions.
Shall we start with the first one?

Student: The first one is z, +2z,. We have to add the real parts of the complex numbers

together, add the imaginary parts together, and the same applies for subtraction.
Teacher: Good, so what are the solutions to these problems?

Student: 42772 equals 2+6i and z —z, equals 4+2i.

Teacher: Well-done! How about the next two problems?

Student: For z,z,, we can use the “FOIL” method. (§F) (The distributive law/property)
2,2, = (3+4i)(—=1+2i) =—3+6i —4i +8i° =-3+2i —8=-11+2i.
Teacher: And the last one?

Student: For 4 , we can make use of the formula of reciprocal of a complex number.
ZZ
Teacher: Yes, for 4 3+4'_ - 3+4" % 1 2! _—3-6i 4; 8i° 5-10i _
z, -1+21 -1+21 -1-2i 1-4i 5

We need to simplify the denominator by multiplying by the complex conjugate.

1-2i.

According to the steps above to obtain our final answer. These are the four
arithmetic operations frequently used with complex numbers, and I hope everyone

can understand and use them effectively.

Student: No problem teacher!

% &t “FOIL” method » J2 IS MNEEREOM th e F 2SR S BCERAY U7  AERIIEBRR LARY
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TERY B - (R RS TURER RV ATRE » 73515 First (55—3H) ~ outer (AMHPTE)

inner ( IITE ) ~ last (B ATH ) - HUSVU(E B HYF E 40K FOIL » J5{#[FSZECE B

EET A DIRIB A E BT/ 4 -

Thh . EBETEESAET 2, =3+4, 7, =-1+2i > WEFATF FHEEAI LR E SRR AR

HTFINENIE - BRI —EEETERE 2

B4 BlE 1y +z, - RIS EEEHIRE A ELE E o BN - S s R
TRHHRHBE RIS R AR K @

EHN ARG FTLUERTEINE R E ?

B 72,42, 5 2+61 0 7,—-7,74+2i o

EEN SR o SR T AR RETE 7

B 2z, P LA AR 7 B

2,2, = (3+4i)(~1+2i) = -3+ 6i — 4i +8i* =—3+2i —8=-11+2i
Sl ik REIE ?
Bk j— T ET Lo P A B o e -

2
EHI gy, & 344 344l -1-2i -3-6i-4i-8" 5-10i _
z, -1+2i -1+2i -1-2i 1-4i° 5
BT FeatrE B FRAE o B > NI EALS EmA BRI SR MIRREZ -
FLE IR o AR BRI AES > 7 SRR ] A7 2GR -
A R !

1-2i

g
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(#7) Let a,beRand (a+bi)(2+6i)=-80, then(a,b) =7

(30 #a,b RHEHH (a+bi)(2+6i) =-80 » Hiri*=-1 > A¥H (a,b) =7
(92 FEELNEEFEUARE B )

Teacher: This is a problem from a college entrance exam. We need to utilize the principles of
complex numbers equality and arithmetic operations to solve for the unknowns.
Let’s read through it together and talk about the methods we can use.

Student: Let .... We should multiply the complex numbers and compare the real part and
imaginary part.

Teacher: Very good. The challenge with this question, unlike the previous ones, arises from
the need to solve a system of simultaneous equations to determine the values of a

and b. Our set of simultaneous equations is as follows:

2a—6b=-80

Student: 2a -+ 6ai + 2bi + 6bi’> =—80 = i )
6ai + 2bi =

Teacher: Yes, we can solve the simultaneous equations to get (a,b) =(—4,12).

Once we have those, we’re finished.

Al B EEARFIIAS G - FPT R A EBE A FE B E B IR R R
R8> Pl AR H BUPR( RS — R am A B BT ol AT T~ I |

B2 ik (BREEH) ML REBHIERE - 2RI E B E B B
Jy B SR oy By RIS -

Ehl - JEE L ERELL AT Y AN ERA RS ER > B éﬁzﬂg LAY A — (e 1 5
g (A S M (E — e — 2O fez0) » BB EeiR: > HeffT T LA S H ks

TLTFE4E Ry -

gz 2a+6ai+2bi+6bi’ =-80 = {ZGZi_ftZJ; ;8(?

SET R FRFTE DU E AT T T RRAR AR L AR (a,b) = (—4,12) » ERER Mt
EE}E%E_\
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(L) Let z be a complex number, and let the real part of z be a positive number.

If z2=15-8i,then z="?

(H37) sz B8 Hz (YEEEN ) IR > 45 2° =15-8i » fljz="

Teacher: The last problem needs us to use the properties of complex numbers to find the
values of the equation. Does anyone have any suggestions on how we should tackle
this?

Student: Since z is a complex number, we can start by assuming z to be a+Dbi, and then
substitute it back into the equation to calculate.

Teacher: Great! After substituting back into the equation and performing the calculations, we

just need to compare the real and imaginary parts on both sides of the equation to

find the result.

So (a+bi)* =a® —b*+2abi =15—8i . We have the simultaneous equations:

a’—b*=15...(*)
2ab = -8...(**)

Student:

. Then substitute a = %4 into a®—b*=15.

We have: (b?—1)(b*+16) =0 = b==1. Could there be two possibilities for z?
Teacher: That’s a good point! In this problem, the condition tells us that the real part of z is a

positive number. So, the only possible solution is a=4, b=-1. I encourage

everyone to give it a try and see if you can solve this question on your own.

o

T RS R RIMTERE RS E R TR - B ERETLERE
FrfPIaz a0 T FIE 2

B KRy 2 BEEO BRI z=a+bi - FEHEE(EGERAE R E -

el RG> REDTIRAASERET B o T B L R R i A B S B R Sk T
BURHEERT

B4 L KB (a+bi)? =a® —b® +2abi =15-8i - F{FISE] TR HoRA ¢

{az —b%=15...(*)

¢ > —__4 > 2 w2 _ i
2ab— g, (v TCITIPEAa= R AR -b =15
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polynomial I quadratic equation —ITC K AHEL
equation JiREE repeated root EiR
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Fundamental Theorem of
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cubic equation =R
83 AR S TR S

R



D ORT TR T R E KT P EMAEEHBHAR AL

3

B HEBEQEBEERGF Sentence Frames and Useful Sentences

(1] , and vice versa.

il : When real roots exist, the discriminant is b® —4ac >0, and vice versa.

HEENEER > AHIRIR b*-4ac>0 KRR -

(2 taking into account

5] « Taking into account repeated roots, we’ll find an equation of degree n has n complex

roots

HREFIEM - WFTFHIRE] n THERA n EEEAR -

©® There are such that

4] : There are rational numbers a,b,c such that f (1), f(2), f(3), f(4) sequentially forms

an arithmetic sequence.

FHEAHEE abe (5 (), (2, fQ) f(4) KFPHREEES -

B [EEFE#E Explanation of Problems

«8 :RAA =

How to Solve the Quadratic Equations

With complex numbers, all the quadratic equations of one variable have roots. When the root of
a quadratic equation is an imaginary number, the equation is said to have an imaginary root.
For example, we solve a quadratic equation X°+2x+2=0.

Complete the square:

X*+2x+1=-1
= (x+1)°=-1
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Take the square root of both sides:
= X+1=4i
= X =-1£i
Note that the two imaginary roots of this equation are conjugate complex numbers with each

other. The two imaginary roots are called conjugate imaginary roots.

To solve a general quadratic equation ax®+bx+c=0 where @, b, and c are real numbers and

a =0, you can use the method of completing the square.

2
a(x+£)2—b—+c:0
2a 4da

Move the terms and simplify:

2
a(x + 3)2 = ﬂ
2a 4a
b., b*-4ac
>X+—) ' =—>—
( Za) 43’
Take the square root of both sides:
2
‘ot b . b* —4ac
2a 2a
—b ++/b* - 4ac
= 2a

This important result is known as the quadratic formula.

It is not difficult to see that the positive, negative, or 0 value of b®—4ac affects whether the

two roots are different real roots, conjugate imaginary roots, or repeated roots. Therefore, we

call b?>—4ac the discriminant.

b* —4ac >0 b?—4ac=0 b*—4ac<0
Two distinct real roots. Two equal real roots. Two conjugate imaginary
(repeated roots). roots.

Note that when real roots exist, the discriminant is b?—4ac >0, and vice versa.

Vieta's Formula for Quadratic Equations
The relationship between the roots and the coefficients of the polynomial equations was
discovered by a French mathematician Frangois Viéte. We will only present Vieta’s formula for

quadratic equations.
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For example,
(x=2)(x+3)=0
= X*+(-2+3)x+(-2)x3=0
= x> +1x-6=0
Two roots of (X—2)(x+3)=0 are 2,-3. You can see that the sum of the two roots is the
opposite of the coefficient of x, and the constant term is the product of the two roots.

For a general quadratic equation ax’+bx+c=0 where a, b, and c are both real numbers and
a=0, if the roots of ax’*+bx+c=0 are a, f, then we can factor the equation into

a(x—a)(x— ) =0. Comparing the coefficients of the two equations, we can get
—a(a+p)=b and a(af)=c.Then we can get
c

a+,B=_—b,a,B=
a a

Fundamental Theorem of Algebra

By inventing complex numbers, we know that a quadratic equation must have two complex roots.
Does a cubic equation have exactly three complex roots? For any equation of degree 10, how
many roots will there be? Gauss and Jean-Robert Argand proved the fundamental theorem of

algebra, thereby answering those questions.

Fundamental Theorem of Algebra

Every single-variable polynomial equation must have at least one complex root.

Now let’s return to our question, “Does the cubic equation have exactly three complex roots?”.

According to the fundamental theorem of algebra, the cubic equation f(x)=0 must have at
least one complex root «. So, f(X)=g(X)(X—«), where @(X) is a quadratic polynomial.
Similarly, according to the fundamental theorem of algebra, ¢g(X)=0 must have two complex
root f,7.S0, T(X)=(X—a)(x=L)(x-yp).

The same corollary shows that an equation of degree n has n complex roots if we take into

account repeated roots.

A single-variable, degree polynomial equation with complex coefficients of degree n has n

complex roots (taking into account repeated roots).
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A Pair of Imaginary Roots in A Polynomial Equation with Real Coefficients

We now introduce another important theorem. In the case of polynomial equations with real
coefficients, complex roots always occur in conjugate pairs.

For example, if 2+3i is aroot of a polynomial equation with real coefficients, then its complex

conjugate 2—3i must be another root.

Suppose f(x)=ax"+a X"'+---+ax+a, is a real coefficient polynomial. If z=a+bi

is an imaginary root of f(X)=0 (a,barereal numbersand b=0),thenz=a—bi isalsoa

root of f(x)=0.

Let’s prove the theorem.

Since z is a root of f(x) =0, we have

az'+a, 2" +-+az"+a,=0

=az"+a, 2" ++az+a,=0

n n-1 PO
=az +a,,Z +--+az+a,;=0

:>an(z)n +an_1(z)n_l+~-~+a1(2)+ao =0

So, z isalsoarootof f(x)=0.

Thus, the complex roots of a polynomial equation with real coefficients occur as a conjugate pair.

81 B AR RS TR E R



L ORTNFF R T R KT P o EMIASEHBESL

-~
3

w EEEENBEE s

BlE—

st T IO HI (R B = R FR A E (4

(H£37) Suppose k is a real number and the equation Xx?+2Xx+k =0. Let’s discuss the
pp q

(=0

4
B
4
B
4
B

ERi

88

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

relationship between the two roots of this equation based on the range of k.
2ok RE® o RN X +2x+k =0 et k AVEIEE R IR R R
% e

Let’s calculate the discriminant first. What’s the discriminant of this equation?
From the equation X°+2x+k=0, we have a=1b=2c=k. The discriminant
is b’—4ac=2"-4-1-k=4-4k.
Yes. If the discriminant is positive, what can we get?
If 4—4k ispositive, we get k <1.The equation x*+2x+k =0 has two distinct
1oots.
Good. If the discriminant is zero, what can we get?
If 4—4k is zero, we can get k =1. The equation X*+2x+k=0 has two equal
roots.
Great. If the discriminant is negative, what can we get?
If 4-4k is negative, we get k>1. The equation Xx°+2x+k=0 has two
conjugate imaginary roots.
Well-done!

HeMFeatE—THRIZ - EE TR H =R ?

fEEMETRER X +2x+k=0 > 7f§ a=Llb=2c=k -

HIFIH b* —dac =2 -4-1-k =4-4k -

Y o AFRAFIF R IE - BB EEEE ?

HoA—4k BIE o B k<1 o 5t x2+2x+k=0 ARMHEER -

REF - RHARIA S > WITBESRE ?
#o4-4k BE A k=1 5K X +2x+k=0 ARHEFER -

R - ARHIA S - HFIRER R ?
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B4 3E 44k BE o H] k>1 o HRE X +2x+k=0 ARIHTER
Eh S -

BlE_—

st A HEAEBOE AR E AR B e B S Bl HE TR -

(3537) Suppose a,b are real numbers, and the polynomial equation X°+ax*+bx—4=0

has one root —1+i. Find the value of a,b.
(h3x) 3% ab BE#H > HEHEAHER C+ax+bx-4=0 A5 -1+i 5K
ab AIH -

Teacher: First, we observe the coefficients of this polynomial x*+ax® +bx—4=0. What do
they have in common?

Student: They are all real numbers. So, we know another root is —1—i.

Teacher: Really? But why?

Student: In the case of polynomial equations with real coefficients, complex roots always
occur in conjugate pairs.

Teacher: Very good. So, we now have two roots in this equation. How can we use those roots?

Student: We can get that
(X—(=1+1))(x—(-1—i)) =x* +2x+2 is a factor of x*+ax*+bx—4.

Teacher: Good job! Next, comparing the linear coefficient and the constant term, we can see
that the polynomial can be factored into X +ax® +bx—4 = (x> +2x+2)(x—2) .
Expand the right-hand equation and compare the coefficients. What can we get?

Student: We get a=0,b=-2.

Teacher: Excellent!

EHI D EERMEEEME S ES Crad +bx—4=0 HYGEL - A (R [E 2

240 EMEERER - FrUEMAES—ERE -1-i -

W BRI 2 E R R ?

24 0 NEEAEHRGHENZEATTER - EEIREE L HG AP R -

RN R o BAERMA T EE TR RIER - BTl H S LEARE 7
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a

s BRMEE X=(1+HD))(X—(-1-i) = X2 +2x+2 2 X +ax® +bx—4HyAR -

DO o BRI PR RIAGERIE B - AT LA RIS I A DR Ry

X +ax’ +bx—4 = (X" +2x+2)(x—2) °

A TR U R EEE R B > T DA (7 2

©ORMEE a=0b=-2-
ERi

fRA%E

w ERARE/ BREEE o

BlE—

st | AN R HIRAYIER -

(#32) Consider the polynomial f (x) =3x*+11x* -4, and choose the correct option.

(Multiple choices)

(1) The y-coordinate of the intersection point of the graph and the y-axis is less than 0.
(2) f(X)=0 has 4 real roots.

(3) f(x)=0 has at least one rational root.

(4) f(x)=0 has aroot between 0 and 1.

(5) f(x)=0 hasaroot between 1 and 2.

(t32) FREZHEA F(x)=3x"+11x" -4 > SUSEH IEREATEEH - (%)

90

(D) y="1(x) HVEIEA y BIECREHT y AENFY 0 -
) f(x)=0 74 {HHIE -
3) f(x)=0 =DH—(EFER -
4) f(x)=0 FARMH 0L 1 ZfH -
(S) f(x)=0 F—ARMH 1 EL2 ZfH] -
(109 £2HI#E2 10)
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Teacher: This is a multiple-choice question. Let’s see the first option. What’s the y-coordinate
of the intersection point of the graph y = f(x) and the y-axis? How do we get the
y-coordinate?

Student: We let X =0, and the y-coordinate is f(0) =—4. So, it is less than 0.

Teacher: Good. For the second and the third option, we need to check the roots of f(x)=0.
Can you try to solve the equation?

Student: o il try, 3x*+11C —4=0 implics (x° +4)(3x’—1) =0. Then we get X’ =4

1
or X2=§ We have x=12i or x= +—

B

Teacher: Great. We have two real roots and two imaginary roots but no rational roots. How
about the last two options?

Student: We can easily get that f(X) =0 has a root between 0 and 1.
Teacher: Good job. So, we have to choose (1)(4).

RN B %EL%E'E HTES —EEEE - B y=1f(x) By #schiy y 4
eV ? A AUS v AR 2

Bt Bl x=0 > 55]y 22 f(0)=—4 > ATLUNRO -

LR AREF o BHYSE (AR = (EEEE > MR EmE () =0 AVIR - IREEE U
e fE AR 2

EE 4 Bk - 31X —4=0 S (G +4)BX2-1)=0 - HIFE x*=—4

o, 1 o 1

B X =3 o WfTH x=%2i 5 X=i\/§

R RS - IS T MEERAMRERER - (A EEAEER - 5% miEEEE
ETEREE ?

B4 PRSI f(X)=0 A—MR/i 081 2/ -

ERl AT o BTDATRAMTEE()(4) -

o
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(BL32) Let the polynomial function f(x)=x>+ax*+bx+c, where a,b,c are all rational
numbers. Try to choose the correct options. (Multiple choices)
(1) The graph of the function y= f(x) and the parabola y=x*+100 may not
intersect.
2 If f(O)f()<0<f(0)f(2), then the equation f(X)=0 must have three
distinct real roots.
(3) If 1+3i is a complex root of the equation f(X)=0, then the equation
f(X) =0 has a rational root.
(4) There are rational numbers a,b,c suchthat f (1), f(2), f(3), f(4) sequentially
forms an arithmetic sequence.
(5) There are rational numbers a,b,c suchthat f (1), f(2), f(3), f(4) sequentially

forms a geometric sequence.

(F30) EBIEAKE () =x"+ax® +bx+c » Hit ab,cigRARE - Bl EEDY
B - (%)
(1) s y=f(x) Blas y=x>+100 W@ oI8E 45355,
2 & fOfQ<0<fO)f(2) - HIFE f(x)=0 A =(EHEER
(3) % 1+3i BHER (X)) =0 HUEEHR AFiER f(0)=0 B —EEHEH
(4) FHEEMHE abce #HE fQ), ), fQ), f(Q) KFEFREEES
(5) FHEAHE ab.c #H5 fQ),f2),fQ), f(4) RFEPRELES] -
(110 B2HI%EE 13)

Teacher: The degree of the polynomial function f(x)=x>+ax*+bx+c is 3 and the
coefficients of f(X) are rational numbers. Let’s see the first option. Do the graph

of the function y = f(X) and the parabola y=x*+100 have intersection points?

Student: We can solve a pair of simultaneous equations below to find out.

y=feo @
y = x*+100 @
Teacher: Alright. Let’s do this. Substituting for y in the equation @), what can you get?

Student: f(X)=x*+100.
Teacher: Good. Now rearranging the equation gives f(X)—x*—100=0.
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f (X)—x*—100=0 is a cubic real coefficient equation. So, what is the property of
its root?

Student: A cubic real coefficient equation is with at least one real root.

Teacher: Yes. What will happen to the intersection points of these two graphs?

Student: The two figures must have at least one intersection point.

Teacher: Good job. Then the first option is false. For the second option, what can we get from

f(0)f(2)<0?

Student: From f(0)f (1) <0, we know that f(x)=0 has at least a root between 0 and 1.

Teacher: How about 0< f(0)f(2)?

Student: We know that f(0) and f(2) has the same signs. f(0)f (1) <0 implies f(0)
and f(1) has distinct signs. We get f(1) and f(2) has distinct signs, so

f(x)=0 has at least a root between 1 and 2.

Teacher: Excellent! Since the degree of f(X) is 3, then f(x)=0 has 3 distinct real roots.
The second option is true. For the third option, 1+3i is a complex root of the
equation f(X)=0. Since all coefficients of f(X) are rational numbers, then what
can we get?

Student: Its complex conjugate 1—3i must be another root.
Teacher: Yes. We can deduce that f(x) has two factors
(x—(1+3i))(x—(1-30) = (x¥* —2x +10) .
Factor f(x). What can we get?

C
Student: f(X)= (X2 —2X +1O)(X+E) .

Teacher: Yes. Since C is a rational number, X = _E is rational. The third option is true.

For the fourth option, if the sequence f (1), f(2), f(3), f(4) is an arithmetic
sequence, are (1, (2)),(2, T(2)),(3,T(3)), (4,T(4)) on the same straight line?
Student: Yes. If (1), f(2),f(3),f(4) has equal differences between two consecutive
terms, then (1, (1)), (2, f(2)),(3, f(3)), (4, f(4)) are on the same straight line.
However, the cubic function y= f(X) cannot intersect the straight line at four

different points, so there are no such a,band cC.

Teacher: Good points! Then is the sequence f (1), f(2), f(3), f (4) a geometric sequence?
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

FE TR B ERT P o EMABEHBHR

If the sequence f (1), f(2), f(3), f(4) isageometric sequence, (1, (1)), (2, f(2)),
(3, f(3)), (4, f(4)) are on the graph of an exponential function. Plus, the cubic
function y= f(X) may intersect the exponential function at four different points,
so there may be such a,b and c.

Excellent! Now we try to create a function that matches the description of option 5.
First, we assume that the common ration is 2. What relations can we get?

(@ _ 1@ _f(4)_

fQ @ fE

We get

Good.

Let f()=t and f(X)=(X-1D)(x—2)(x—3)+B(x-1)(x-2)+C(x-1)+D.

Since f(1)=t, f(2)=2t, f(3)=4t, f(4) =8t, then calculate ¢ and the coefficients
B, C, and D.

Weget D=t, C=t, B:%t, t=6.S0 D=6, C=6, B=3.

So we get f(X)=(X-D)(X—2)(x—3)+3(x—-1)(x—2)+6(x—1)+6. Simplify the
function, we get f(x)=x>—3x* +8x.
Good job. Now we created a function that matches the description of option 5. So,

we have to choose (2)(3)(5).

ZIAREL T () =X +ax® +bx+c HYRER 3 - f(X) AUREURA S - K
FoERSE—(EEEH - W y=(x) BERA@YE y=x"+100 FIH0E ?
HAPI T LA T e Ay — B L T R R A 2R

{wuw ®

y=x2+100 @

SPIE o FRAMBALAIE - B y AR @ of » B DUSEIEE 2

f(x) =x*+100 -

A o BEEFHEY iR REEE f () —x*-100=0 - f(x)-x*-100=0 2=
REFBGEGER - FEEHIEETTEMEEE ?
=REFRETEREZDE—EER -

= o i W {EET R AT BhE B FEARIE 2

N & & 7 22/ D —{E AR -

FYOBRE AR ESRETRIL (E

VY

TRkt 23
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ERi

TRAF » AU —(EBETHR S FEHY - $HYEE (&8 > i€ f(0)f (1) <0 » FffIAE
R ?

e TO)F@ <0 - FffRiE f(x)=0 E=DF-EMF 0 R 1 ZHAYR -
B 0<f(O)f(2) HE?
CEMREE f0) () HyTe fO)FM)<0 S F0) M1 fQO) FEIE - Tl

2 OfQ M f(ESE Ll f(0)=0 =DF—@E 1A 2 ZHEEIR -

PO T o R (X)) BYRECR 30N f(X)=0 5 3 (EAFEER - 5

BV IR o BIREE = (EEE - 1431 2 hfEsl f(X) =0 HYEEUR - it
f(x) HYRTAE REENE A > AR MRER (e ?

D THHEIEE 1-3 —E S —EH -
DR o BHEEEARERE (x—@+30)(x—(1-30)) = (x* —2x+10) ©

NG f(X) > BMBEREIE ?

) C
f(x)=(x"—2x +1O)(X+E) °

. By BRS¢ AT T x=—% AT - 5= (HEE S R -

FEREIUMEEEE > MRES 1D, 1), Q). f(4) BFEES] L IQ)
21@2) > G Q) (4f(4) EEER—FRERL?

PER e R fQ), (2, fQ), f(4) EERHEZERERMEE > A @ Q)

(2,1(2) ~ R Q) 4 f(4) ER—FREL L - 2Rl > =T eREC e E LA
AR VUMEA 8L - A fFAEERRYa ~ b ~ ¢ °

DR - ATEE (ARSI R TESE ?
ARSI Q). 12, Q). f(4) BFLEES Al G fD) -~ 21(Q) - G fE)

(4, 1 (4)) AP FERNEIEIY b - thoh » = TR AT A Bt 45 B ek B LU A (5]
FYREASC NI FTREfF(EIEERY a~ b ~ C -

DOV o BAERFIE U AT S B 5 PRy EL - B e MR At

Ry 20 PeffTa] DS EI (2R (e 2

g f(2) (3 f(4)_2

fa fQ f@

D REF S )=t A f(X)=(X-D(X-2)(x—3)+B(x-1)(x—2)+C(x-1)+D -

NA fQ)=t (=2t f(3) =4t f(4) =8t » P&51H « M{x¥ B~C M D-

BB REERETRIP (E N
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g4 A[E D=t » C=t > B:%t ' t=6 - f1LL D=6, C=6, B=3 - AT LA 15

f(X)=(x-D)(x—2)(x—3)+3(Xx—D(x—2) +6(x-1)+6 °
(BEEE f(X)=x*—3x*+8X °
RN S o BAEIRMIRGE RS S WS IR T
FTAFRAMEE (2)3)(5) °
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BN SHENBIELOER
The Polar Form of Complex Numbers and

Their Geometric Interpretation

T EEEAEN B R MREEEM
B FiS Introduction

A ERRE R AT  A MR B IR 2, - R ISR CAN (A AR B SR P R 5
BRI M E A AT A PR BRI =R — (EHE Y n TOGHR -

B % Vocabulary

’-I-HEE TTZ%JHZ%FUE%EH]%

B¥ thiE B¥ thiE
complex plane / Argand diagram EECFH coterminal angle | [E5F4
polar form / modulus-argument form | iz cube root =R
principal argument FHEFA generalized angle | EEFE A
modulus (plural: moduli) T/ [ 18
de Moivre's theorem R EM
nth roots of one / nth roots of unity 1 B9 n KGR

7 RS GBEFRE TR ERR S



-~
3

CTINEF T T R iR T P o EMASEHBRREFRL

B HEBEQEBEERGF Sentence Frames and Useful Sentences

o generalizes

fi4] : For n>3, de Moivre's theorem generalizes this to show that to raise a complex number
to the nth power, the absolute value is raised to the nth power and the argument is

multiplied by n.
B n>3 o RIS EE BT THER - RIIWIREHER Y n 5 > QA
IHERHVEEHEE R n 7 > WREEEAEZR n -

® We stipulate

{54 - We stipulate z° =1.
BIRE’ =1

(3] , which is indeed the case.

fil4) © These roots seem to be evenly distributed on the unit circle, which is indeed the case.

ERERAST A e RALE E > FEMFALE -

® Furthermore,

. . . 2z
#4] - Furthermore, since the angle between any two consecutive roots is —, the nth roots
n

of unity are evenly spaced around the unit circle.

EEAN - E (M (R AR 2 I A ZT” AR 1By n REEIREGEEE
A A

© In general,

#1457 : In general, any non-zero complex number a also has n nth roots.

—RAGER > (ERIEEE B a A (7 KITIR -
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B RIEEFERE Explanation of Problems

8 RAA »

The polar form of complex numbers

We have already learned about the relationship between the rectangular coordinates and the polar

coordinates. If the polar coordinates of point P(a,b) are [r,é’] , then a=rcosd and

b=rsing.
Therefore, the point z=a+Dbi on the complex plane can be transformed into the form:

z=a+bi=rcos@+(rsin@)i=r(cos@+isingd) . We call z=r(cos@+isind) the polar or
modulus-argument form. In this form, r=+/a’+b’ is the absolute value of z or the modulus
of z, denoted by r =|z| =+/a*+b*. Moreover, 6 is the generalized angle whose initial side is

on the real axis and whose final side is on theray OP . @ is called the argument of z. We write

argz=6.1f @ isontheinterval [0,27),then @ is called the principal argument.

Y Im z=a+ bi
P(a, b) fm =1(cos0 +isin0)

For example, the polar form of z=1+1i is:
T .. T
ZZ\/E COS—+1SIN—
(cos 7 2

:\/E(cosgfﬂsing%)

99 BUPBREHBEFRETRIP (BT E
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where V2 is the modulus of z, and % is the principal argument of z.

Usually, when z is written in polar form, we let € be a principal argument.

We stipulate that the polar form of the complex number 0 is O(cos@+isind), its absolute

value is 0, and the argument 6 can be any real number.

A T ow
=\/§(cosz+lsmz)=-~
V2
T
» Re
0 on
4

From the definition of the polar form, we can immediately get that when the two polar forms are
equal, their absolute values are equal, and the arguments are coterminal angles.

Let 2z =r(cosg +ising) and z,=r,(cosb,+ising,) , if z =z, , then r=r, and
6 =0,+2kr,keZ.

The geometric meaning of complex number multiplication

Let z; = ry(cosf; +isinf;) and Zz,=r,(cosé, +isind,), we get:

2,2, =1, (cosg, +ising))-r,(cos b, +isinb,)
=r1,1,((cos g, cos b, —sin g;sinb,) +i(sin &, cos &, + cos g, sin 6,))
=r1,(cos(6, +6,) +isin(g, + 6,))

(the compound-angle formula)

This is the complex number with modulus rr, and argument (€ +6,), so we have the great
result that |Z|:|Zl||22| and argz=argz +argz, ( 2z if necessary, to give the principal

argument).
So, to multiply complex numbers in polar form you multiply their moduli and add their

arguments.
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7,7, = 11y (cos(8, + 6,) +isin(8; + 6,))

Im
A
Z, = 1,(cos6, +isinb,)
z, = 11(cosO; +isinb,)
0.1+6>
0>
01
» Re

If z,+#0, then:

z, r(cos6 +ising,)
7, r,(cosd,+ising,)

(cos@,+ising)) (coséb, —isind,)
.(c0592+isin02)'(cosez—isinez)
(cosd, +ising)(cosb, —isinb,)

1

Ny ||—'—‘ Ny ||—'—‘ Ny ||aq

(cos@, +isind,)(cos(—6,) +isin(-6,))

- :_1((;03(91 —6,)+isin(4,-6,))

2

So, to divide complex numbers in polar form you divide their moduli and subtract their

arguments.
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This gives the following simple geometrical interpretation of multiplication and division.

Im 4
arg(zz,) =argz,+argz, | 9| Z,Z) -
8 / arg(é )=argz,—argz,
7
Im 4 Ima
6 6 6
5 S5 5
it
4 4 4
z z
3 A 3 et i 3 2
7 2
2 2HA 2
argz,
1 — 1 1 F
arg 2, argz ?1 -
0 1 2 3 4Re 0O 1 2 3 4Re 0 1542 3 4 Re
(1) z1and z2 (i1) Multiply z1 by z2 (ii1) divide z1 by 22

De Moivre's Theorem
Let z=r(cos@+isind), we calculate:

=1z
=r(cos@+isin@)r(cosé +isin b)
= r?(cos 26 +isin 26),
’=7z
=r*(cos 20 +isin 20)r(cos @ +isin &)
=r*(cos36 +isin 36),

This shows that by squaring a complex number, the absolute value is squared, and the argument
is multiplied by 2. Also, by cubing a complex number, the absolute value is cubed, and the
argument is multiplied by 3. For n > 3, de Moivre's theorem generalizes this to show that to raise
a complex number to the nth power, the absolute value is raised to the nth power and the
argument is multiplied by n. We can guess that if z=r(cos@+isind) and n is a positive
integer, then: z" =r"(cosnd+isinné).
We will prove the formula by mathematical induction.

(i)  For n=1, 7' =r'(cos(1d)+isin(19)) is true.

(i)  We assume the formula is true for n=k, so we have:

7" = r*(cos(k@) +isin(k6))
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For n=k+1, we get:

7' =72
= r*(cos(k®) +isin(kd))r(cos @ +isin &)
= r**(cos(k@ + 6) +isin(k@ + )
=r**(cos(k +1)@ +isin(k +1)6)

Thus, the formula is true for: n=k+1

By (1), (i1) and the principle of mathematical induction, the formula is true forall n>1,neN.

This is the de Moivre's theorem.

De Moivre's theorem
If z=r(cos@+isind) and n is a positive integer, then: z" =r"(cosn@+isinnd).

If z#0 and n isa positive integer, we stipulate that the —n power ofzis z™" = (—) ,
z

then de Moivre's theorem is true for the integer —n, that is:
2" =r"(cos(—nd) +isin(—nd)) .

This is because:

N 1

: _[r(coseﬂsin 9))

= (% (cos@—isin 19))n
:r_ln(cos(—e)nsin(—e))"

=r""(cos(—nd) +isin(—nd))

In addition, when z=r(cosd+isind) is a non-zero complex number, since
2° =r°(cos08+isin08) =1, we stipulate z° =1, de Moivre's theorem is also true forthe n=0.

So, the theorem holds for all non-zero complex numbers z and for all integers n.

If a nonzero complex number z with its polar form z =r(cos@+isingd) and n isan

integer, then: z" =r"(cosn@-+isinngd).

De Moivre's theorem gives a formula for computing higher powers of complex numbers.
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Now we shall discuss nth roots of one, also often called nth roots of unity.

Nth roots of unity(one)

Suppose N is a positive integer, the root of the equation z"—-1=0 is called the nth root of
unity. According to the fundamental theorem of algebra, it is known that an nth-degree equation
has n complex roots.

(i) For n=2, z2*-1=0=(z+1)(z—1) =0=>z ==1. So, the square roots of unity are: 1,—1

(i) For n=3, 2°-1=0= (z-)(*+z+)=0=1z=1,

~1++/3i —1-+3i

2 2

. So, the cube roots

—1++/3i —1-4/3i
2 )

2

of unity are: 1,

(iii) For n=4,2"-1=0=(2*-)(2*+1) =0= (z-1)(z+1)(z° +1) =0=z=1,-1,i,—i . So,
the 4th roots of unity are: 1,—1,i,—i

We plot these roots on the complex plane like this:

Im Im Im
4 —14+3i 4 it
2 2 -~ - T~
P ~ r ) ~ , ~
I, \\\ I/ ‘.‘.. \\\ // \\‘
1 I 1
—— : 3 - —» L
T o ke o Re wop R
AN // _1+\/§i\~‘:: // o //
~Jd .- -_— ~Jd - ~ 4 -
2 -1
the square root of unity the cubic root of unity the fourth root of unity

These roots seem to be evenly distributed on the unit circle, which is indeed the case.
We return to the nth root of unity.

Suppose N is a positive integer, we are going to find the roots of the equation z"—-1=0.
Assume that the complex number z=r(cos@+isind) is a nth root of unity. Then, by de

Moivre's theorem, we have: z" =r"(cosn@-+isinnd). Since z"-1=0, we know:

r"(cosng+isinnd) =1
=1(cos0+isin0).
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We get:

r'=1
{n0:0+2k7z,keZ
r=1
2k

0=——keZ.
n

Now, the values k =0,1,2,---,n—1 give distinct values of & and for any other value of k, we
can add or subtract an integer multiple of n to reduce to one of these values of 4.
Therefore, the nth roots of unity are the complex numbers:

cosZK—”+isin2k—”,k =0,1,2,---,n-1
n n

Since all the complex roots of unity have absolute value 1, these points lie on the unit circle.

. . . 27
Furthermore, since the angle between any two consecutive roots is —, the complex roots of
n

unity are evenly spaced around the unit circle.

n-1

27 . . 2«7 )
If @w=cos=—=+isin==—, then these n roots can also be written as: 1 m,&° @°,---,®"" and
n n

these roots form the vertices of a regular n-gon with the origin O(0,0) as the center on the

complex plane.

16" roots of unity
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Next, we discuss nth roots of complex numbers.

Nth roots of complex numbers

In general, any non-zero complex number a also has » nth roots. We can find these roots in the
same way.

Assume that complex number z =r(cos@+isind) is an nth root of a.Inother words, z isthe

root of an equation z" =a. Let the polar form of a be a= |a| (cosg+ising) , we get:

r"(cosng +isinnd) =|a|(cos ¢ +isin ¢)

Then:

r"=lal
ne=¢+2kr,keZ

= 4fel

=
gzw,kez
n

We choose: k=0,12,---,n—1
Therefore, the roots z,,z,,---,Z,, of the equation z"=a can be expressed in the following

form:

¢+2kmr . . ¢5+2k7zj
Z :p/a cos———+isin¥—|,k=0,1,2,---,n-1
=4 |( n n

Let’s plot all the roots of z"=a on a complex plane. Since the angle between any two

2r
n

consecutive roots is

,the roots are evenly spaced around the circle with its radius. In other

words, as long as the first root z, is determined, z,,z,---,Z,, form aregular n-sided polygon

with the origin O(0,0) as the center and Zz,,z,---,Z,, as the vertices.
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(L3 ) Write the following complex numbers in polar form:

(i) 1++/3i
(ii) —2i
(30 B MR b Rt
(i) 1++/3i
(i) —2i

Teacher: According to the definition of the polar form, we need to find two things now.
What two things do we need to get?
Student: The modulus and the argument.

Teacher: Yes. What is the modulus of 1+ \/§i ?

Student: The modulus of 1++/3i is: ‘1+ \/§|‘ = \/12+732 =2

Teacher: Good. Draw 1++/3i on the complex plane. Since 1+ J3i lies in the first
quadrant, what is the argument of 1+ J3i 2

Im

3]
24

14

of

Student: From the relationship between sides and angles of a 30-60-90 right triangle, I get
the argument of 1+ \/§i is 60 degrees.

Teacher: Good job. That is, arg (1+ \/§|) :% radians which is also the principal argument

of 1+ \/§i . From the discussion, please write the polar form of 1+ \/§i )

Student: Ok. 1+\/§i:2(cos%+isingj

Teacher: Great. Now let’s follow the same method to address the second example. What is

the modulus of —2i ?

Student: The modulus of —2i is 2.

BOOMEABEFRE TR EEAR F
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Teacher: Yes. What is the argument of —2i ?

Student: Since —2i lies to the left of the origin on the x-axis, the principal argument of
—2i is 7. So,1get the polar form of —2i is 2(cosz+isinz).

Teacher: Excellent!
EHD . MRBEESIER - FIFRIE R ER RS - TRMFRZS 2= 2
B4 EERIfEA -

HER Y o 1+31 B ?
B 1443 1R \1+x/§i\=\/12+ 3’2 -

LT ORAF o N 143 BIEEECEEL - FE 1448 EE R 1443 18
A Ryfal ?

Im
4

2

14

o+,

B R 30-60-90 A = AIUAE ARG » BRIGE] 1+3i HUIEMAR 60 fF -

| - RTEE arg(1+ ﬁi):% U - [RIRF R H A - (e AT 5 -

AW 143 foRE -
Bk o YFAY o 1443 =2(cos%+isin%)

i R o AR EREAY T AR R S & - 21 gD ?

BRE L 20 IREE 2o

HER © By o =21 HIE A 2

AT @i 20 Y x ShEEERYAM Rt 20 EEAZE 7 oo FrIEET
—2i R Ay 2(cosz+ising) o

ERl KT -
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(FL3Z) Let zlzz(cos%Hsin%j and z, :3(cos%+isin%j,ﬁnd:
(1) z,z,

.y L
(i) =
Z,

L 7 = 7 tisinZ - 7 isinZ | st \ :
<¢ﬁ3<%zriﬂmﬁzﬂm%2jﬂ1Q—Sﬁw4+wm4j[£x$ﬁ%512@
2
(i) 2
z

2

Teacher: Recall that multiplying complex numbers in polar form means multiplying their
moduli and adding their arguments. What is the product of z, and z,?

Student: The product z,z, is:

T .. T T .. 7T T 7 .- T

2,2, =2| COS—+isin— [-3| cOS—+isin— | =6 €cOS| —+— [+isin| —+—

12 12 4 4 12 4 12 4
=6(cos%+isin%]=3+3\/§i

) ) o Z
Teacher:  very good. And what is the division of -2 ?

. .. Z, .
Student: The division of % is:
ZZ

T /4
2(cos+|sm] 5

Z 12 12 T 7\ .. (nm =«
— = = —| COS —2—2 +1SIn E—Z
Z 3(cosZ+isian 8 1

:Z(c;os%nsinij=3(ﬁ+i(—in=£—1i

3 6 3\ 2

Teacher: Excellent!

EE BT SERHEB USRI - SRRV E MR e M HiE A -
2, Ml z, HIYFREZATIENE ?

B 7,7, WS
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T .. T T .. T Y/ . . VA
2,2, =2| c0OS—+Iisin— |-3| cos—+isin— | =6/ coS| — +— |+isin| —+—

12 12 4 4 12 4 12 4
:6(cos%+isingj:3+3\/§i o

g AREF - j— 2RI 2

2

T . . T
, 2[coslz+|sm12j 5 - -
B = =—| coS| ——= |[+isin| ——=
12

et
Z 3[cos” +isin 7[) 3
4 4

:%(am€§+iynif)=3(1§+{}1)J=i§—1i

6 3

ERE . OKEET -
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(#£32) On the complex plane, the complex number z is in the first quadrant and satisfies |z|=1

—3+4i_Z3 -3+4i

and , Where i=\/—_1. If the real part of z is a and

A

the imaginary partis b, then a= v b=

(30 fEEECPE L 8% 2 ES—LREWE |2/=1 Dk

—3+4i —3+4i ) . NN .
‘ My =‘ ol s oI e 2 mEEE a - BEEE b
Al a- b= :

(111 3R

Teacher: Since |z|=1, what can we assume z is?

Student: We can assume Zz=cos@+isind, and z°®=cos36+isin39 by de Moivre's

theorem.

Teacher: Good job. We observe the complex numbers ;4| , z,and Z°.

What is the common character among the three numbers?
Student: If we graph them on the complex plane, they are all on the same unit circle, where

the center of this circle is the origin.

Teacher: Very good. If we let w= —3+4i , we know that the distance between @ and 7°
. -3+4i -3+4i
equals the distance between @ and z because: ‘ ] ; -2 ‘

Let P(2),Q(z°),R(w) and draw these three points on the complex plane as

follows:
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R(w) P(z)

> Re
o) J

Then what is the principal argument of @?

)
s

Student: It is clear that the principal argument of @ is 26.
Teacher: Good. Thatis, @ =c0s26+isin26. We get:

00526?:—§
5
sin 29:ﬂ
5
How do we get z?

From the half angle formula and z is in the first quadrant, we get:
Student:
1+cos26

cosf =

() e[

+ - _— —_——

_ 5)_ V5 and: sing [L=59520 _ 5) _2
2 5 2 2 5

Teacher: Bravo!

g BEA [7=1 - BITAILUERE 2 R
B4 0 JMATLUEEE z=cos@+ising - i HREREEFRER > 2° =cos30+isin30 -
B ey - simsenn Yo 2 - SRR

B2 RKMTREMaRiE ‘&%ﬂ?@t R —E AL E L - EfrEL LR
Al o

—3+4i £

EHTC gewenr . gnm i 0="21 Y ‘ —z‘  Fefin

_‘—3+4i

H oo M1 27 ZHEERER o M1 2 Z[HEEE -
2 P(2),Q(2°), R(w) - BAMEEECF R R4g%0E = (E% - 41 FATR
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R((l)) 1 P(Z)

0 > Re
) J

HE 0 B L& AT 2
By o HAOREY > o WTIEME 20 -
RN REF - ELEER »© w=c0s260+isin26 - 1]{5

00529=—§
5

sm29:i
5

z FAUA R EE 2
B4 0 mrAaLarH 2 £ FR > REE

-3
1+(j
cosg— [LHeos20 5) 5 ond
V2 2 5

ERl AT
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(L3 ) On the complex plane, let Z represent the complex conjugate of the complex number

z,and i=+/—1 .Try to choose the correct options. (Multiple choices)
() If z=2i,then: z°=4iz

(2) If a nonzero complex number « satisfies o° =4ia, then |a|=2
(3) If a nonzero complex number « satisfies «®=4ia and let S=ia, then
B =4ip

(4) Among all non-zero complex numbers z satisfying z°=4iz , the smallest

possible principal argument is: %

(5) There are exactly 3 different non-zero complex numbers z such that: z° =4iz

(tpx) WECPE b 5% 2 (AR 2 HEEE 0 B i =V-1 - SUSEHIEREyEEE -
(%)

(1) # z=2i > ] z°=4iz
Q) EIFEWEH o WE o =dia » H |o|=2
() EIBHEY o WE o =4ia A% f=ia I [ =4ip
@) MR 2 =4iz WFTARZEY ¢ B HEERR N TR T
(5) 1o 3 EFARIEEEE 2 e 20 =4iz -
(112 T

Teacher: If z=2i,then whatis z°?
Student: z° =(2i)° =-8i
Teacher: Simplify 4iz

Student: 4iz = 4i-(-2i) =8

Teacher: Is z3=4iz ?

Student: No. The first option is false.
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Teacher: 04 1ok at the second option. If o®=4ia, whatis |a|? To give you a hint, add

absolute values to the left and right sides of the equal sign.

Student: Ok. I get:

‘ag" = ‘4@‘ = |cz|3 = |4i”a‘ = |05|3 = 4‘5‘ . Since |a| = ‘5 a|3 = 4|a| = |05|2 =4

>

So |er|=2. The second option is true.

Teacher: Good job. Next, look at the third option. If S =ia, what is E ?

Student: ,Z’ =la=-la

Teacher: Express f° by a
Student: f° =(ia)® =-ia®

Teacher: Since o®=4ia,then: S°=—ia®=—i(diar) =4a . Express 4if by «.
Student: 4iﬁ =4i(—i) = 4a . So, the third option is true.

Teacher: As for the fourth option, to solve z°=4iz, welet z=2(cos@+ising). So, what

do we get?

Student: Z°=4iz=>(2(cos@+isin 49))3 = 4(cos%+isin%)(z(cose—isin 0))
:>8(00530+|sm3<9):8(cosz+|smaj(cos(—0)+|sm(—¢9))
:cos36?+isin3¢9:cos(%—e}tisin(%—aj

Teacher: So 36 and %—9 are coterminal angles. Then 39:%—¢9+2k7z, keZ
implies 6= % + gﬂ' , keZ.So, what is the smallest possible principal argument?

Student: Itis % when k =0. So, the fourth option is false.

Teacher: Very good. For the last option, we can use the result of the fourth option. What are

the solutions that satisfy z° =4iz?
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Student:

Teacher:

4 -
g
4 -
g

4
B

Eh

Sk
B
4

B

EH

i -

TETEANKT D o HEASEHBHES L

The solutions that satisfy z°=4iz are: ZIZ(COS(%-I-EEJ-HSM(%—F;EJ),

k =0,1,2,3. There are four solutions. So, the fifth option is false.
Excellent! So, we choose (2)(3).

W z=2i - HEE 2 R ?
2° =(2i)*=-8

{LfE 4iz -

diz=4i-(-2i)=8

2% = 4iz E?
AT FEEEE SR -

B - BMTESE ZMEEEE - 1R o =dia || B2 BIR—ERR > £%
sy A AR A RN EEEHE -
{7 - 55 |of|=|4ia|=|af =|4ile|=|of =4|a| - EE|al=|a| - 8

=2 o S (M BEIEIE IR RERY -
(% - BE N ARIMTES =(HEEH - MR p=ia > p ZHE?

B=ia=—ia °
BE2R o =dia > Il p°=—ic® =—i(dia)=4a ° I a KFER 4ip -
4i g = 4i(—i) = da - ﬁﬁu\ﬁkgﬂ@%mlﬂﬁm

BERASEIU(EEETE - Ky TR 2° =4iz > TS z=2(cos@+ising) - FBEAIAET
Ff g 2

.= .. 3 T . . T . .
23:4|z:>(2(c050+|sm0)) :4(cosE+|S|n5j(2(cose—|sm¢9))

o =4fa]= o] =

= 8(c0s30 +isin30) = 8(cos%+isin %j(COS(—e)-F isin(—06))
= €0s30 +isin30 :cos(%—e}risin(%—ej o

AL 30 Al ——0 TE[E S - R1% 30—E—e+2k;r’kez WS 9=§+§7r’

keZ - HlE s N Ry g A E e ?
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MR 2 =4iz HRE Z=2(COS(%+

i o Pt ASE TU(E BRI 2 SEAY -
AWET - FTRAEE2)(3) -

k=0 0% > 2 2 o Frllespu(E g S aue -
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.. EMAXEFBTHRBWHE PO

. IR o BRI —(EEEE - FFTRI UG FISE B BEEAS R < W2 2° = 4iz

k J .. [7[
—7 |+isin| =+
2 8

gﬂD,k:ogzsoﬁEME

BEFRE TR ¥

I;IF,\F%’% ’I



?‘psﬂ’ﬁ/{ﬁ”’?{sﬁ

Bt MR

Discrete Random Variables

Sl =

n 1= Introduction

AT 4 E B R R - T E F R
HE

SfE - PR RS - A iR

M 3% Vocabulary

XIEREERNBIE TSN HE

ISR

EENE > HhbEisE

EMAEFHRBHRPL

SRS

3

#H

Bz th3 BE¥F thiE
trial SREE random phenomenon PEfIH 22
discrete 3 random variable ity 2ok 1
event EF sample space Az
probability mass

RS B rrE probability distribution | HR3AF

function
probability histogram | G B REE | expected value HA(E
variance SR standard deviation =
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B HEGRBEERTGF Sentence Frames and Useful Sentences

(1) is/are classified as

4] : The unpredictable outcomes of each trial can be classified as random phenomena.

FIEABRIAE REATAN - "B a5 -

(2 correspond to

4] + Each sample point in the sample space corresponds to a real number.

BAZER P (B AR T —(EE R -

© list one by one.

4]« Let’s list the possible values one by one.
SR BTREAE —— Bl -

(4) stand for

4] - The height of the vertical line stands for the probability value.
St ELGRI R EAURIERE -
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B RIEEFERE Explanation of Problems

8 iRAA

[Discrete random variables]

Flip a fair coin three times successively to observe which side comes up. The sample space is:
S = {(+l +, +)l (+1 +, _)1 (+| ] +)| (_5 +, +)1 (+1 ] _)’ (_l +, _); (_1 ] +)| (_; ™ _)} . Let X be the number

of heads that appear in the three flips. (+,+,+) corresponds to X =3. (+,+,-), (+,—+), and
(-,+,+) correspondto X =2. (+,—,-),(—+—), and (—,—+)correspond to X =1. On the
other hand, (—,——) correspondsto X =0. Each sample point corresponds to a real number,

so X isarandom variable.

Definition: The meaning of random phenomena
If the outcomes of each trial are unpredictable, this situation can be classified as a random

phenomenon.

Definition: Random variables

A random variable is a function that assigns a value to each outcome in a sample space.

Definition: Discrete random variables

A random variable is discrete if all possible values can be listed one by one.

Definition: Probability mass functions
For a random variable X of the discrete type, the probability P(X =x) is denoted by p(x),

and this function p(x) is called a probability mass function.

In general, a probability mass function has the following properties:

Assuming that the possible values of the discrete random variable are X, X, ..., X, , then its

probability mass function must satisfy the following conditions:
(1) p(x)>0, i=123:---,n

@) Sp0%) = p(%)+ PX,) + pxs) ++ p(x,) =1

i=1

Example 1 will show these properties.
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[Expected values]

Consider tossing an even coin three times. Record the total number of heads, and then repeat the
trial several more times. Let X represent the number of heads from each trial. We know that
X =0, 1, 2, or 3. We can also define a value which can be regarded as the "representative" of

X.

If the probability mass function of the discrete random variable X is listed as follows:

X X1 X2 X. X

pC) | p(x) | pO%) |- pOs) | - p(x,)

Then, the expected value of X is:

1= E(X) = X,P(%) + X, PO) + - X, P%,) = Y X P(X)

i=1

[Variance and Standard deviation]

The expected value x 1is a representative number of a random variable, and the values of the

random variable will be scattered around it. However, the expected value does not tell us whether
the data values cluster together around x or are spread far apart. If there is a larger number, it
means that the data values are spread farther apart from g . Conversely, a smaller number tells

us that the data values are concentrated near . In this case, this variation, or the standard

deviation, can provide information about the spread of X .

The probability mass function of the discrete random variable X is listed as follows:

X X, X, X. X

1 n

p(x) p(%) | p(X,) |- p(%) |- p(x,)

The expected value of X is g, and the variance of X is denotedas o or Var(X).

Itis defined as: o =Var(X) =Y (x — )" p(x) .
i=1

The standard deviation is: o =+o” =,/Var(X) .
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The variance can also be expressed in another way, and the proof is as follows:

07 =Var(X) = Y (x, — )’ Px) = Y6 - 2w+ ) p(x)

= anxlz p(x)— Zﬂzn:xi p(x)+ ﬂzip(xi)

= ixiz P(x) =24 +p = ixfp(xi)—u2 = E(X?)—(E(X))?

EEEENBEE o

pIE—
SiEA | B HHBEMRE R X AURRE BB HEIPROR -

(L2 ) Flip a coin three times in a row. Let X be the number of heads that appear in the
three flips. Find the probability mass function p(x) and sketch the graph of p(x).
The finished graph is known as the “probability histogram.”

() HUEEM— MUY AR 3 X > & X AR Z IEmEE - 50k X ZHREEW
8 p(x) WHABEFRREZR plr) - (HERE SR ElE)

Teacher: As I explained previously, list the possible values of X.
Student: The possible values of X are 0, 1, 2, and 3.
Teacher: What does the probability mass function p(x) stand for?
Student: p(x) stands for the probability of X = x.
It is denoted as P(X = x) where x =0, 1, 2, 3.
Teacher: Find the values of P(0), p(1), p(2), and p(3).
Student: There are 8 possible outcomes in these trials. And they are equally likely.

The sample space is:

S= {(+’+!+)’ (+’+!_)’ (+’ T +)’ (_1+’ +)v (+1_1 _)’ (_’ +, _)’ (_v BBl +)1 (_! ™ _)} .

It shows that p(0) = P(X =0) =, which is the probability of zero heads

occurring in the three flips. Based on the sample space, we can get:

p() = P(X =1)=§, p(2) = P(X =2)=§,and p(3) = P(X =3)=%.
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Student:
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Right! Let’s sketch the probability histogram of P(X). First mark the possible
values 0, 1, 2, and 3 on the x-axis and then draw vertical lines above 0, 1, 2, and 3.
The height of each vertical line should represent the probability value of the
corresponding point.

We mark X=0,1,2,3o0n the x-axis and draw vertical lines above 0, 1, 2, and 3

13 1
respectively. The heights of each vertical line are 3'8'8’ and 3 corresponding

tox = 0,1, 2, and 3, respectively. We have finished drawing the probability

histogram of P(X) as below:
plx)

0.4
0.3
0.2
0.1F |# 8

=T 2 3 ¢

WZAIYERI > FlH X AJRERY{E -

P(X) FTREHYEA 0~ 1~ 213 -

ARE B8 p(x) (AR Ryl 2

p) (UFRE X =x SAENRE - 5l PX=x)> HipfxFRO0-1-2R13-
skt p0) ~ p@) ~ P A p) WIE -

A 8 M ATRERVATR - MR E &% TR ZER B
S={(IE~1E~1F) > (E~1E~ ) (IE~ K~ 1F) (K~1E~1F)- (k-
K~ k) (}i‘ft‘}i)’ (F~ R~ 1E) > (B~ F~ RO -

p(O)=P(X =0)= %‘ET B 3 IR R IE IR - I R AR ZE A AR

I =

p(@) =P(X 1)—— * p(Q)=P(X = 2)—— ' pR)=P(X = =3

20+ BB A TR E R - S Xl X AT 0 1+ 2 F0
3 48 Xl AR  ITEATARIE F T - S R T R
Bl -

HAE Xl _EADREAR X BYAIBE(E 0~ 1~ 2 /13 » H EFTsn E&RHYEE 75
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(L) Roll a fair dice three times in a row, and let X represent the number of outcomes where

you roll a “6.” Find the expected value and variance of X.

(p=0) HEE— AR T 3 K < XRRERH 6 BRAYZE - 50K X VI (E R 5
% -

Teacher: First, we have to figure out the possible values of X and construct a table of the
probability mass function of .X.

Student: The possible values of X are 0, 1, 2 and 3. We have to find the possibilities of
P(X =0),P(X =1),P(X =2)and P(X =3).

Teacher: These three rolls are independent events, which means they are not affected by

previous events. When rolling a dice, the probability of getting a 6 is % and the

probability of not getting a 6 is % Now, what are the values of P(X =0) and

P(X =3)?

Student: When X =0, it means 6 didn’t occur in any of the three rolls. And X =3 means
6 occurred in all three rolls. Since they are independent events, we can calculate the
respective probabilities of P(X =0) and P(X =3) by multiplying the three

probabilities corresponding to these three independent events. So, we get:
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Teacher:

Student:

Teacher:

Student:
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P(X =0) = ()—;iz and P(X =3) = () 216

Next, try to find the values of P(X =1) and P(X =2).

When X =1, it means that a 6 was thrown in one of the three rolls and the other two
outcomes are numbers other than 6. If we present all the cases, they can be indicated
as (6, non-6, non-6), (non-6, 6, non-6), and (non-6, non-6, 6). As a result, we know

that there are 3 possible cases.

_ Similarly, X =2 means that two

1, 5
We thus can get P(X =1) =3x(Z)x (2)?
(X =1 ><(6)><(6) 216

of the three rolls had a 6 and only one outcome is a number other than 6. We can
5 15
x(=)=— .
(6) 216

Fill in the blanks in the following table. And find the expected value and variance

also get: P(X =2) ZSX(%)Z

of X.
X 0 1 2 3
px)
X 0 1 2 3
125 75 15 1
&) 216 216 216 216
We first complete the table above.
Then we calculate the expected value of X.
y:E(X):Ox125+1>< I +2x 1o +3x t 1
216 216 216 216 2

Finally, according to the definition of variance, the variance of X is:

125 5

v __) 216 @ __) 216 G ") 216 12
Ebik WF?%&EH X OJRERE - 658 AR RE & eI -
X OJEEHE R 0, 1, 2 K1 3 > Mo nlet E R ENHER P(X =0) ~
P(X =2)f1P(X =3) -

BT SR BT 3 K B » R R SR e
~%@E@%ﬁﬁ6%%ﬁ$%%’%6ﬁm%$%go
P(X =0)Fl P(X =3) {1 £l ?

o’ —(O——)

P(X =1) -

il
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X =0 (RFEHEH 3 X > 6 BT /IR » X =3AFRE HEH 3 X > 6 BhH
B 3 X lﬁ%ﬁﬂf’ﬁmﬁﬁ%@ AT =B AP ER R A S T]
SR A« P(X =0) (6) 216 1 P(X=3)= () o6

B R P(X =) A1 P(X =2)FY(H -

X =1 AARE RT3 Ko 6 BhtHIR— > HAMRIZRBIE 6 Al - Ilttﬁ =

FEATRERIIE DL « F(FTAIFS p(X =1) HYBEER P(X =1) = 3><(6) = ) 216 °
PRI TTE > X =2 0 (REFRE—FER T 3 R 6 BRI =20 » —HIRAIE 6
ME PR by oy FHEE oy — a3 (i Py 12 .

B T[S (X =2) IR P(X =2) 3><(6) ><(6) 16
RHEMEIE A NYIERAS > oKk X VRS B RIS 5Ly -

FMoese s EYIFRME - FatEH X AVHIEE -

125 75 15 1 1 o S
p= E(X)—Ox216 +1x 216+2><216+3>< 65 B BB E #oK
H X SRR
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(L3 ) Let the random variable X represent the point(s) that occur(s) when throwing an unfair
dice, and let P(X = k) represent the probability of the random variable X = k. The
probability distribution of X is as follows: (note that x and y are unknown
constants).

We also know that the expected value of X is equal to 3.

(1) Find the values of x and y.

(2) Throw the unfair dice twice. What is the probability that the sum of the outcomes
is 37

(130) BePEEE X Tl —(EA AR HERARLE - P(X = k) ForBaidsss X
HUE R k BB - A X AR AU TR © (x ~ y BRI ED

k 1 2 3 4 5 6

P(X =k) X y y X y y

ML X HYEREEERR 3

(1) 5K x~y ZfE -

(2) FHPIEERE TR - sROKBEEA R 3 HYTASE -

(105 FHEHHL)

Teacher: First, we already have the sum of P(X =K) equals 1, as shown in the table above.
Now, write down the first equation.

Student: After adding up all the possible values of P(X =k), the first equation is as
follows: 2x+4y=1.

Teacher: Second, use the definition of expected value that you already learned. Write down
the second equation.
By multiplying each of the possible values X =k by its corresponding probability,
and adding up the results, we get the expected value of X. The second equation
satisfies X+2y+3y+4x+5y+6y=3. It follows that 5x+16y =3.

Solve these two simultaneous equations for x and y.

) 1 1
Student: The solutions are X = § and Y= E
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Teacher: Next, find the probability that the sum is 3 after throwing the dice twice.
Student: There are two possible cases: (1,2) or (2,1). The x coordinate stands for the

outcome at the first throw. And the y coordinate stands for the outcome at the

11 11 1
second throw. So, we get the probability: —xX—+-—x—=

3712 1273 18’

RN BAMZAIATERAY - TYIERIS EHAY P(X =K) HUREERA R 1 > R ATESE—{E 7
FE3 -
B4 0 R P(X =k) AJRERV{ENN4ETE - SE—EJ7RE =00 2x+ 4y =1 -
Fom . BEERBIAZEESR - BSOS ZEDTRER -
B X =k FERTHIENREINE - AISEHIEE -
B EHERME X+2y+3y+4x+5y +6y=3 > 0[E5x+16y=3 °
EEN AR x My BYBEILTREAH -
. 1 1
B ﬁﬁé’ﬁ%x=§ il Y=
RN BERIGE RS I BRIy 3 AU
B4 AWEEATEE > (1,2) 0 (2, 1) » Horp x il ORI —RAVEEEL - y B

I EIVIE IV
FRAME —RAITEH, - BETTEHRR Sxoroxs=r
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(L) In a certain exam, there is a multiple-choice question with only one correct answer.
This question has four possible answers: A, B, C, D. If you answer this question
correctly, you will get 6 points. If you answer the question incorrectly, x points will
be deducted. Assume that a student decides to guess one of the answers randomly. If

the student's expected score on this question is 0, what should the value of x be?

(Fp30) FxFaln > A—aUERESEE - [HEA A~ B~ C - D VU(EEEH » A
{I§§§%IEE€E’\J ES I > w1 6 7 o MESEEE x 47 0 EE S AEIE
SRR BRET—EE  HEEZS AAAIEE AR ER 0 A x /Y
HIERZ/D?

Teacher: First, let the random variable X stand for the points you get. We can construct a table
according to the description above. In this table, the first row shows the possible
values of X and the second row lists each of the probability values corresponding to

its respective value of X.

Student: There are two cases: First, if you are lucky enough to answer this question correctly,
1

you will get 6 points with a probability of P(X =6) = rk On the other hand, if you

answer this question incorrectly, x points will be deducted with a probability of

P(X =-X) =% . The table of this is as follows:

X 6 —X
3
P : :

Teacher: Based on the definition of expected value, let the expected value E(X) equal 0 as

described in the question. What equation does E(X) =0 yield? And solve for X.

1
Student: It yields the equation: E(X)=6x " +(—X) X% =0.We can find X=2.
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Binomial Distributions and Their Applications

ZitmdikEd  ShFElEn

BiS Introduction
A BT M 4E R R e B MR R B - T IE AR B A o] o3 A o S LR M S Y A AR

SIS (EEASR IR - MR GIE I AR -

B % Vocabulary

XEBEBIERBIE TERNE=
E¥F th3 E¥F thiE
binomial random variable | —TEREi&EE Bernoulli trial B2 15k
binomial distribution —IESHE hypothesis testing Bk
geometric distribution - EPariil parameter S8
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O Solving for yields
%4 - Solving for y yields this equation.

ity 2RI RER -

(2) be considered

fil4] © A coin is considered fair if it always comes up heads or tails with equal probabilities when

tossed.
T — R > PR T R WA T AR AR AR R o HI R a5 By N TE AR -
(3) must be true for

%) - The statement P, must be true for all positive integers n.

Rl P ¥HE RS n AT -

(4 be subject to

%4 - The random variable X is subject to a binomial distribution.

MERREE X T E A o
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[Binomial variable and its distribution]
For a random variable X, if all of the following conditions are met:
(1) there are a fixed number of trials;
(2) There are only two mutually exclusive outcomes for each trial, i.e., success or failure;
(3) the probability of success is the same on each trial;
(4) each trial is independent of one another;
then X, the number of success(es), is called a binomial random variable.
Here are two examples of binomial random variables:
(1) number of correct guesses at 30 true-false questions when you randomly guess all
answers;

(2) number of winning tickets when you buy 10 lottery tickets of the same kind.

Definition: Binomial distribution

When an identical random trial is repeated several times, each time there are only two
possibilities: success or failure. The probability of success is p, and each trial is independent
of the others. If X is equal to the number of success(es) in n trials, it is called a binomial
random variable, its probability distribution is called a binomial distribution and it is denoted as
X ~B(n,p),where n and p (0< p<1) are its parameters.

If the above trial is done only once, it is called a Bernoulli trial. For a Bernoulli trial, the possible
number of success(es) is either 0 or 1 (if the result is "successful”, then X =1, otherwise
X =0), we call it a Bernoulli random variable denoted as X ~ B(L, p) .

In general, if X isabinomial random variable with parameters n and p,i.e., X ~B(n,p),

the probability of obtaining a success x timesoutof n trialsis P(X =x)=Cp*(1-p)"".

Probability mass function of a binomial distribution
If X~B(n,p), O<p<l, then the probability mass function of X is as follows:

b(x)=Cp*@-p)" ", x=0,1---n
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Now let’s verify that b(x) satisfies the conditions of the probability mass function. First, it is
obvious that b(x) must be greater than 0. Next, using the binomial theorem, the second

condition can be checked as follows:

D2 b(x)=Cop°-p)"+C/p'A-p)"" +..+C/p"A-p)’ =(p+ (- p)" =1
x=0

If X is a binomial random variable denoted as X ~B(n, p), the formulas of the expected
value E(X) and the variance Var(X) are as follows:

1.E(X)=np

2. Var(X)=np(l-p)

[Geometric variables and their distribution]

For a random variable Y , if all of the following conditions are met:

(1) for each trial, there are only two mutually exclusive outcomes, i.e., success or failure;
(2) the probability of success is the same for each trial,

(3) each trial is independent of one another;

(4) Y isthe number of trials needed to get the first success.

Definition: Geometric distribution
Repeat identical Bernoulli trials (the probability of success for each trial is p, 0< p<1).
Suppose that each trial is independent, and let Y be the number of trials needed to get the first

success. Then Y s called a geometric random variable, and its probability distribution is called
its geometric distribution and denoted as Y ~G(p), where p (0O< p<1) is its parameters.

The probability mass function of Y is as follows:
g(y)=P(Y =y)=(-p)""p,y=123..

If Y isa geometric random variable denoted as Y ~ G(p), the formulas of the expected value

E(Y) and the variance Var(Y) are as follows:

LE(Y)=1
p

2.Var(Y):1; P

2
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[Hypothesis testing]

In daily life, when encountering a situation that we subjectively think is unreasonable, do we
have an objective way to test the rationality of the situation? For instance, we can give a standard
probability in advance to discuss whether a coin is fair. When the number of heads or tails
exceeds a specific number and the probability of occurrence is less than this standard probability,
the coin is considered unfair. There are four considerations as follows:

(1) Hypothesis: The coin is either fair or unfair.

(2) Trials: Toss a coin several times in a row and count the number of heads.

(3) Criteria: Establish the criteria to represent the probability that the conclusion derived from
the outcomes is untrue. We usually hope that this value will not be too large.

(4) Critical region: Set up a critical region. If the trial outcomes fall into the critical region, we

conclude that the hypothesis is incorrect.

Example 4 will illustrate the steps of hypothesis testing in detail.

EEEEER o8

pIE—
st ¢ EHHPEEE R X AR E BB B RoR -

(L7 ) There are 1 white ball and 2 red balls in a box. You draw a random ball from the box,
where each ball has an equal chance of being picked. Record the color of each ball
drawn and place it back into the box. Do this 3 times. Let X be the number of times

where a red ball was picked in these 3 draws. Find the probability mass function.

%qj[ﬁf%?HYHj—ﬂ% » FEREALH Z 1

(th30) EEE 1 ALK 2 J0EK - Eita
3R L X Ry 3 WE PEALBREIRAYRE -

A%  SEAREE O RE  ERHT
SR X HHERE R -

Teacher: As I explained before, list the possible values of X .
Student: The possible values of X are0, 1, 2, and 3.
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Teacher: Complete the following table. What does the probability mass function p(x)
stand for?
X 0 1 2 3
P(X)

Student:  P(X) stands for the probability of X =x denoted as P(X =X), where
x=0,1 2, 3.

Teacher: Because the random ball drawn will be placed back into the box after each trial, the

2
probability of picking a red ball is 3 for any of these three draws. On the other

1
hand, the probability of drawing a white ball is 3 Firstly, find the values of pP(0)
and p3).

. 2 8 . . .
Student: It is clear that p(3) = (5)3 =7 It means that a red ball was picked three times in a

1 1 . . .
row. Also, p(0)= (5)3 =7 means that the white ball was picked in all the three
draws.

Teacher: Next,let p(2) =P(X =2) represent the probability that a red ball is picked exactly
2 times out of the 3 draws. If a red ball was picked the first 2 times, it is denoted as
(R, R, W). The probability of the event (R, R, W) can be obtained with
2 2 1

2,,,1
5><§>< 3" (5)2(5) . In the event of (R, W, R), the probability of the event (R, W,

212 2,1
R) is gxéxg = (5)2(5) . There is still one last possible event (W, R, R), whose

2.,,1 3!
probability is also (5)2(5) . We can observe that CJ =om =3 represents the
number of permutations of (R, R, W).
4

2,1
Hence, we can get P(2) =3x (5)2(5) = s By the same token, find the values of

P(1) and complete the table above.
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Student: P(1) means that the probability that a red ball was picked only one time out of the
3 draws. Now, we know that the number of permutations of (R, W, W) is

I
Cl= % =3 . Therefore, p()=C; (%) X (%)2 =§ and the table has been
completed as follows:
X 1 2
1 2 4 8
X - = _ -
P(x) 27 9 9 27

RN W HEEEATERAY Sy X AYATREE -

a4 XHYAREER 0,1,2, f1 3. ¢

S SER NAIRRAS o Hrp R B e 8 p(x) R ?
2o p(x)=P(X=k) {FE X =k Fr¥EAHREE -

g PR B LA ] Jﬁﬁu:kﬂﬁﬂélﬂéé@fr%%%ﬁ%% BRI
%5%‘%%% - 41 p(0) il p3) -
ma . BETTRE S p@) RIS IR - I p) = (%)3 =% - FIEEAT(S

p(0) X4 = JHPHUSEIBR - P p(0) = (%)3 - 2_17 :
el o BEERMIEE p(2) = P(X =2) (UM% - {3 208 fATBRBIAT IR 2 %
2 21

. = . 2,1
(A% o FEATBRHRIRAERT 2 20 BT AT4T R e 2 33%3° (g)"‘(g) ,

e o 212 2,1 ., s

e ALHEL IR R 3%3%37 (g)z(é) i — AR LR T 4TAL
12 2 ,2,1

M EL “ T S (2)2(2) o

)FAC—I—‘/_&E 3733 (3) (3)

3!

SR FREET 2401 B BRI A Gl = =3 - Rt
TS p2) = Cox (2)2(%) =§  FIFAEIRIE 758+ SF pQ) M5ep il

1% -
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PR = =3 - it RITAILEE p) = Cx (2)(%)2 _ g w52
BT AR -
X 1 2
1 2 4 8
P() 27 9 9 27

BlEE—
aRHE 1 SR TIE A X AHASE (B S SR
(L) Two fair dice are rolled simultaneously for a total of 180 times. Let X represent the

number of times of getting a sum that is 7 in those 180 times, and find the expected

value and variance of X.

(FP30) [FEIRFERAR A R 180 2> 350 X {FR 180 & HREEAIRy 7 Y28 > 50K
X HYEAE (EFIsE SR -

Teacher: First, let’s not forget that X is a binomial random variable with the parameters n
and p denoted as X ~ B(n, p). Now figure out the parameters » and p.

Student: We know that n=180 because there are 180 independent trials in a row (two fair
dice are rolled simultaneously). And each trial’s outcome is either success (getting
a sum that is 7) or failure (getting a sum that isn’t 7). Let P be the probability of
getting a sum that is 7 for each trial. There are 6 cases where the sum of the two
dice is 7. Now we list the 6 possible cases as follows: (1,6),(2,5),(3,4),(4,3),

(5,2),and (6,1). We obtain p:3—66=% and X~B(180%).

Teacher: If we use the definition of expected value to find E(X), it can be expressed in
the following summation notation:

180 180 1

E(X) =Zk P(X =k) :Zk .ciso(g)k(g)mok |
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Student:

R

—

TETEANKT D o EMABEHBHR

The expression looks complicated, and it will take a long time to find the answer.
To save time, we can use the formulas of binomial distribution to find the expected

value E(X)=np and the variance Var(X)=np@l—p).

Sure, X is a binomial random variable with the parameters n=180 and p :%
1
denoted as X ~ B(180, g). Therefore, we get:

E(X)= np:180x%:30 and Var(X)=np(l-p) :180X%Xg:25

s X BRFE D ECHIGRT - /ot X ~B(n, p) © S8 n
pe

AREAREA > [EIRHE R A TERET-180 2K B 15 n =180 1 H &3 > [ A A8

T - BRAVEERAZAD) (BRERIR 7) SRR CREBRIA K 7) > Al
X FFEHARHIRM: o P AR RGEEREERI R 7 HIRER - BEENR 7 &
i (1L6) ~ (25) ~ B4) ~ (43 ~ 52 ~ (6] o fHFN  HRE

6
P—g—g » AL X ~ B(180, —)
WIERFAIE FHHIE R E S - nT LRI (E E(X) FSRMIFFRRRK

180 180

E(X)= Zk P(X =k) = Zk 0180( )( )180k o

B Etéﬁﬁ'@?& SFRFRACEI A RE RN EZE © Ry TEIARHE > 2
DRI I ARAHEE E(X)=np BEEEE Var(X)=np(l-p) AYAZ

B&EE -

DY AR X BRI B2 (0, p) BYZIHSAT > LA X ~ B(180, )%T

R =] 53 BRI E E(X) =np = 180><% =30 B Y

Var(X)=np(l-p) :180><%><§:25 o
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(L2 ) Derek is watching cars drive past his window. He knows there’s a 25% chance that a
passing car will be blue.
(1) Find the probability that the first blue car Derek sees is the fifth car to pass by.
(2) If the first blue car Derek sees is the n-th car to pass by, let ¥ be the number of .
Find E(Y)=7? and Var(Y)=7?

(FP30) fefm e ZMEE PHYRE > MAEA 25% HIRMERIRERVEBIO RBEED -
(1) FOR—EFHB W - (870 E R /S EHIReR -
(2) —HFISE Y W S B RECSE - 50K Y A {EMEE R -

1
Teacher: For question (1), let p=0.25= 2 be the probability that a blue car will pass by,

3

and consider each passing car as a trial. On the other hand, 1-p =0.75:Z

means the probability that a non-blue car will pass by. For the first blue car Derek
sees to be the fifth car means that none of the first four cars are blue, and the fifth
car is blue. Calculate the probability that the first blue car Derek sees is the fifth car.

Student: We know that these five trials are independent. So, we can get the probability of
uestion (1) by calculating the expression: (1—p)*x p= (§)4 ><1 _ 81
a y J P ' 4" 4 1024°

Teacher: Next, because we know that Y is a geometric random variable with the parameters

1 1
p= 2 denotedas Y ~ G(Z) , we can use the formulas of a geometric distribution:

for the expected value E(Y)= 1 and for the variance Var(Y) = 1_2p .
Y

: 1
Student: Based on the formulas of a geometric distribution, we can plugin p = 2 to get the

expected value E(Y)= % =4 andthe Var(Y)= 1;2p =12.
o RS (R R R p = 0.25 —% K i

B R R 21— p = 0.75 =§ HFERE SRR
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JREEME > (CRAIUGEENERIEEDC - L 2EENE - 5THE—H
FIBHEE - 8o A R O E AR -
B R ATH - A LR HEXeia Z M ARSI - ME0) WEEAS

-P)xp=() xg =

T RIPLRERY A - FHBEAY - G(p) - HebBH p=1 - LA
15 m@ﬁﬂwﬁem—% s varty) - P o

B T R PR (TSR S R A IﬁtﬁﬁﬁTﬁ%J?ﬁﬁﬂwﬁ

E(Y) = =4 s s Var(Y) = ‘2 -12 -
p
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(L2 ) Flip a coin 20 times in a row. Suppose that the coin rolled is fair. Use a spreadsheet
to calculate the respective probabilities that a head is rolled more than % times (k =
0, 1, 2, ..., 20). If the probability that a head is rolled more than £ times is less than

0.05, we will conclude that the coin is unfair. Find the minimum value of £.

(P 3RA — MR > R BIEERE T 20 J0 B b E A EAVEI T > AIH Excel
sTRMIRIEAEAREGEE b REVHER > SR/ NS 0.05 > RIE HER IEHHY
REGE b R - FLEREEREA AR 50K & AYsIME ?

Teacher: Let X be the number of times of rolling a head in these 20 rolls. From what you

have already learned, you know that X is subject to a binomial distribution denoted
1 - .

as X ~ B(ZO,E) . Note that the coin is supposed to be fair. Now express P(X <k)

by sigma notation.

1 1o Lo 1
Student: If X ~B(20,7), then P(X =K) =Ck2°(§)k(§)2° ‘ =Ck2°(§)2°-

k
So, we get: P(X Sk):ZCfO(%)ZO for k=0,1,2,...,20
n=0

Teacher: We can also use the BINOM.DIST (k, n, p, 1) function in the spreadsheet software
to obtain the value of P(X <k). Hence, the probability that a head is rolled more
than & times can be obtained by P(X >k)=1-P(X <k).

1
Student: Weplug n=20 and p= E into the BINOM.DIST (%, n, p, 1) function in Excel

for k=0,12,...,20 respectively. Now we construct a table of P(X <k) and
P(X >k) for k=0,1,2,...,20 respectively as below:
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Teacher:

Student:
Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

ERi

—

FERT 2 BENRT T EAAEEHBHIETH L
X=k P(X<k) P(X>k)
0 0.000000953674316 0.999999046325683
1 0.000020027160645 0.999979972839355
2 0.000201225280762 0.999798774719238
3 0.001288414001465 0.998711585998535
4 0.005908966064453 0.994091033935546
5 0.020694732666016 0.979305267333984
6 0.057659149169922 0.942340850830078
7 0.131587982177734 0.868412017822266
8 0.251722335815430 0.748277664184570
9 0.411901473999023 0.588098526000976
10 0.588098526000976 0.411901473999023
11 0.748277664184570 0.251722335815430
12 0.868412017822266 0.131587982177734
13 0.942340850830078 0.057659149169922
14 0.979305267333984 0.020694732666016
15 0.994091033935546 0.005908966064453
16 0.998711585998535 0.001288414001465
17 0.999798774719238 0.000201225280762
18 0.999979972839355 0.000020027160645
19 0.999999046325683 0.000000953674316
20 1.000000000000000 0.000000000000000

The minimum value of % obtained from the table is 14. This question is about

hypothesis testing. For this problem, let’s figure out the four steps mentioned above.

First, what is the hypothesis?

Our hypothesis should be: "The coin rolled is fair."

X AR —MBERE 20 20 > IR IR A RE - IRE E—

Second, what are the trials?

The trials should be: “Flip a coin 20 times and count the number of times where a
head is rolled.”

Third, what is the criterion to conclude that the hypothesis is untrue?

The criterion should be: “If the coin is fair, the probability at which we falsely
conclude that the coin is unfair is less than 0.05.”

Fourth, what is the critical region?

Based on the table, the critical region should be: “If the number of times of rolling
a head exceeds 14, we will reject the hypothesis and then conclude that the coin is
unfair.”

BATERAY R > MR
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X B A
1 , 20 Lk 1y 20-k
HIE X ~ B(ZO,E) » H[FF P(X =k) =C, (E) (E)

k
ﬁ%ﬁ%PMSM:ZQﬂ§m

n=0
Bt aT LA EXCEL #ifg 1 9 ek % BINOM.DIST (k,n, p,1) THgE » &

%%X~wmé)

1
_CO (D)2 ,
°Q)

» kA DIE 0 31 20 AyELEy o

> SRS R R P(X <K) -

PRIEE AT A >R A

AR

C

P(X < K) FIHEE(E - PRIBLPT# P(X > K) =1 P(X <K) » ZR B TEHIfY 2
Kt -

k=0,1.,20 » {£k

YR BINOM.DIST (K,n, p,1) u]#5 P(X <k) Aylkqd

AIFRATY P(X <k) B P(X > k) FAKAITT
X=k P(X<k) P(X>k)
0 0.000000953674316 0.999999046325683
1 0.000020027160645 0.999979972839355
2 0.000201225280762 0.999798774719238
3 0.001288414001465 0.998711585998535
4 0.005908966064453 0.994091033935546
5 0.020694732666016 0.979305267333984
6 0.057659149169922 0.942340850830078
7 0.131587982177734 0.868412017822266
8 0.251722335815430 0.748277664184570
9 0.411901473999023 0.588098526000976
10 0.588098526000976 0.411901473999023
11 0.748277664184570 0.251722335815430
12 0.868412017822266 0.131587982177734
13 0.942340850830078 0.057659149169922
14 0.979305267333984 0.020694732666016
15 0.994091033935546 0.005908966064453
16 0.998711585998535 0.001288414001465
17 0.999798774719238 0.000201225280762
18 0.999979972839355 0.000020027160645
19 0.999999046325683 0.000000953674316
20 1.000000000000000 0.000000000000000

FHY 05120 - FfI0HliFn=20/1p= —%u/\ EXCEL #3%

FHELRARIGH - K VB ME R 14 - BN GHEEMREE H - sfamis(E e
TRt EACRTEAT R VA(E DB - S0BE— - Bt E A fEEse Rl 2
sy + REBEHZE A IEHY -

BB OETTHYEER Rl ?
SRRy ¢ FEBIEREE 20 20 BRI IR Y
BER= > BIE B ROTAYEERE Ryfel 2
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B4 0 EIERECARILE ¢ ANRERTHE AR > ITRRAIMA R A IEAYREREL N7

0.05 -
G DERVY > FEABE S ?
B MR EARAR - TEAREISRy ¢ Q1B IR IR A B 1B > FFTE AR

ARG > BREREEEA A IE -

w EHERE/ BAEEE o

plE—
e ¢ E R P S (E R H A SR -

(JL3Z ) Assume that the probability of a baseball team’s players making an error in any inning
isequalto p (0 < p < 1), and each event of error in each inning is independent of all

others. Let the random variable X represent the number of innings where an error

occurs in any of the 9 innings, and let p, = P(X = k) represent the probability that

there are exactly k& innings where an error occurred in those 9 innings.
. 45 .
Given p, +ps = < Pe find the expected value of the number of innings where an

error would occur. (Write your answer in the simplest form.)

(30 (e FBERRAEAE— F 3R AR BRAEERE SR p (K 0<p<1)> HE/Z
5 A SR B  AHMRIL - RS X AR —BIEE 9 BT HRARNGE
% BHS p, REIFPEHE k BHBEKBRIER PX =4 -

B p, +ps = 2, AISZERIRAT 35 9 BHLLEE IR AR RIS (8 2
(LR
(107 BRI

Teacher: We know that the random variable X is subject to a binomial distribution denoted
as X ~ B(n, p). Now, find the parameters n.
Student: The 9 innings can be considered 9 trials in a random experiment and p is the

probability that an error occurs in any of the 9 innings, so N=9.

Teacher: We can use the formula of binomial distribution p, =P(X =k)=C, pk - p)n_k
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to express P, Ps, and Ps.

B 38 ol

We get p, =C,p‘(1-p)*"*, ps=Cip°(1-p)*”,and py=C;p°(1-p)°". Now.

45
solve the equation P, + Ps = g Pe for p.

2
Student: We have simplified the equation and got the solution p = g

Teacher: And how can we find the expected value of X, E(X)=?

Student: We can use the expected value formula of a binomial random variable.

If X ~B(n,p),then E(X)=np=9x %:?

ERN : ADBAFIFTRD > BETREEL X R & I > B0 X ~ B(n, p) > SN AP -

gk LR 9 BEE 9 TkEs - SRS EARIIIMER S A p o Ein=9 -
2 0 BT SR AAAIAE p=P(X =k)=C/p*(L—p)"™ F57 p,. ps, H ps -

Farts po=Cip'(-p)™", p=Cip°A=p)"", A p=Cip°(1—p)"". fiZ

%%EE p4+p5:§peé/‘j p1§ °

Bk R AR p faz%é

T BEERH X VEIZE E(X) -
. IR 2RO ARAISLEAT A > AR X ~B(n, p) » HIZ(E
2 18

E(X IxZ=—
(X)=np=9xz ==

#

Ji
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(%37 ) During the Lunar New Year, the Good Luck Department Store prepared many red
envelopes for customers to draw and announced that the event would continue until
all the red envelopes were given out. There are 5 lots in the box, only 1 of which is
marked with "Good Luck", and each lot has an equal chance of being drawn. After
each customer draws a lot from the box and records the result, they put the lot back
into the box and draw the next one. Each customer is allowed up to 3 draws. When the
lot with "Good Luck" is drawn twice in a row, the customer will stop drawing and
receive the prize. We can regard each event where a customer gets, or doesn’t get, the
prize from these three draws as a Bernoulli trial.

Assume that the first customer to get a prize in the event is the Xth customer to draw

the lots, and let E(X) represent the expected value of the random variable X. Find

E(X) = ? (Round your answer to the nearest integer.)

(H30) K& EEREHLERT 2 AR MERGLE  WEMTHE —ERETX
ATARIALEL - HHERAVEREINA S 8 P HA | TEARR TRE 0 HE
SCEMAT TG IYE - B ICE R P SOREC R R o R IR
PN — (8] > A A 3 [ o EHhEUSRE o IR AW et TR o AL
FEIEMBAEEIRLE - B UEE e S ERLESR B —REE5h
s B (EEEN R — (B PR ES X @AV Ll EX) ForkEi
S X AHARE > Al EQ) =7 (U A AZREEAL)

(111 SRS REAERE )

Teacher: Now let’s illustrate the possible situations in which a customer gets a red envelope.

Student: There are two cases: First, (+,+) means any of the lots with “Good Luck” was
drawn for two consecutive times. Second, (—,+,+) means a lot with "Good Luck"
wasn’t drawn the first time, but lots with “Good Luck” were drawn in the second
and third times.

Teacher: Let’s calculate the probability p that a customer gets the prize.

Stud Based on the two cases we mentioned previously, p 1><1+4><1><1 d
: W W viou 5 =—X—F—X—X—=—
tudent P ¥ P55 5 5 125
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Teacher: To obtain the result of E(X), we first have to figure out what kind of a specific
random variable X is.
Student: Let p stand for the probability that the trial was successful. All the trials are

independent. X stands for the number of trials until the first success occurs. The

. : e : 9
random variable X is a geometric distribution with the parameter p=-——

125 °
According to what we have learned about the formula of the expected value of a
geometric distribution, we get: E(X) = 1 125 14.
p

AN 0 BeAMeaR IR A0 AR R4 A -

B4 FEERESAMEEY SRR EENIEHTE T AE ) v £
EEBE R IO T RS ) N BEE R E=EREHAE T KE
Y% -

S SRR ESEAERP -

11 9

5 5 125

EET . EEOR X BVHIEE EX) 0 fMErER X FFEMER ER 2 -

B4 p aDMREIEERE ISR HEIGAR S EI - X oS —XEk)

AT e\ BRAKEL I%X%ﬁWM%%P—EEW&Hﬁﬁ FRIE Z I ATER

e TR (A » FePTaTe E(X)—l_lff 14 -

s RS LAl RS T p= +§% %

148 BRSSP EFRETREIP (EERET F



O E;
SN
#):
5 &
&g &

149

JT B TR T A BT P

BRSNS EEIRE More to Explore

EEMAEE

SHMEF DL

B X BE MR

AR A

https://terms.naer.edu.tw/search/

HEE P BRERS

BB T E YRR R
https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99

%E8%AA%IE

Oak Teacher Hub

BIYNEER R B EIR 0 bR T R RRIE A HAR

https://teachers.thenational.academy/

CK-12

BN Fos B EIR 0 bR T BUERREIE A H A
https://www.ck12.org/student/

Twinkl

BN R EEIR 0 bR T BEREEF MR E > & R
B R ERAINE

https://www.twinkl.com.tw/
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https://terms.naer.edu.tw/search/
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Khan Academy

R MRS EB R K R

https://www.khanacademy.org/

Open Textbook (Math)

B/ N B AR E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common

[toc/toc en.html

MATH is FUN

EISNEER R o A B AR Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BN R o B #=CE RS - bR T EEEEE  BEAHEA
i
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
https://www.mathsisfun.com/index.htm
https://phet.colorado.edu/
https://www.youtube.com/c/misterwootube
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching
Worksheets
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RHEESET SRR - B T BERE » 2H HAth I
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%IB%B8WEI%I7%ICHE6%95%II%E
6%9D%90?authuser=0

Desmos Classroom
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https://teacher.desmos.com/?lang=en
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