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A Reference Handbook for Senior High School Bilingual Teachers
in the Domain of Mathematics: Instructional Language in English
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n 1= Introduction
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m 3% Vocabulary

XEFRERNBUIETERER

¥ thi BEF th3
positive integer IEEEE density =M
natural number SN irrational number ESEEL
integer B proof by contradiction &S
origin [ B law of trichotomy e

arithmetic-geometric

rational number HHEE BHAERX

mean inequality

repeating decimal 53R/ NG real number =t
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B HEGQREERATGF Sentence Frames and Useful Sentences

O Write as a decimal. (Convert to a decimal.)

#ile] - Write % as a decimal. (Convert % to a decimal.)

AR (LR N -

® Write the repeating decimal as an irreducible fraction.

{7 - Write 0.235 (Read as zero point two three five with the three five repeating.) as an

irreducible fraction. (Convert 0.235 to an irreducible fraction.)

sE10.235 (1 Byl 8

® There is always a number between two numbers.

#l4](1) : There is always a real number between two distinct real numbers.
EWHE TS MOMFE—B8 -
#14)(2) : There is always a rational number between two rational numbers.

FE R A B M A — R

O Ifais and b is ,thena+ b is

%14y - If a 1s rational and b is irrational, then a + b is irrational.

AR a B HHEE > bR U a + b ZHEHE -

® Round to the nearest

54 - Use digit-by-digit approximation to round /2 to the nearest hundredth.

F+ 53 @A R N2 AT MBI T A SNBSS — fir -
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® Use arithmetic-geometric mean inequality to find the maximum of
given that

4]« Use arithmetic-geometric mean inequality to find the maximum of ab given that
a+b=6 and a >0,b > 0.
MIFHEZRAFZOR T ab YR EAI R a+b=6 - Ha=0,2>0-

m [EREE#E Explanation of Problems

o3 iR =

We already learned some properties of integers and decimals in junior high school. In this
lesson, we will learn the definition and properties of rational, irrational, and real numbers.
BAPMER A EE 78 /NI E FOERRY 7L - B DRI M RRGe0 A E R -
B R > DU A RIS

We define rational numbers as numbers that can be written as the quotients of two integers and
irrational numbers as numbers that can’t be written as quotients. Then we can use proof by

contradiction to show that some numbers, such as J2 , are irrational. In addition, we use digit-

by-digit approximation to approximate the irrational numbers.
MR T ABEIEAPLE v DU A R (E B pa ey - R BRI TT » 3 R AT AT
DA R85 5800 N2 SR ER Y - SSAMRMIRE A+ 5 @i A et B s T (o -

We also encounter a very useful inequality, the arithmetic-geometric mean inequality, to help

us deal with some problems involving getting the maximum value.
g - WMERE—(EA VR A S E AR B — e A4 o o] g g B PR AS(E
HIMHE -
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(37 ) Write the following repeating decimal 0.27 (read as zero point two seven with the two

seven repeating) as an irreducible fraction -~ .
P

(HF3T) 1 0.27 {LAE AR 58 -

Teacher: Before we start to do this question, do you know how to read this repeating decimal,
0.27 2

Student: Yes, it is read as zero point two seven with the two seven repeating.

Teacher: Great! Do you think 0.27 is a rational number?

Student: What is a rational number?

Teacher: A rational number is a number that can be written as the quotient of two integers,

and of course, the denominator can’t be zero.

Student: Oh, I guess, since the question asks us to write that as a fraction, I think it should be

a rational number.

Teacher: Nice guess. Now let’s try to solve it. At first, assume X = 0.27 , then multiply both
sides by 100. What do you find?

Student: The equation becomes 100x = 27.27 .

Teacher: Let’s place those two equations as follows,

x=027
100x = 27.27

and use the second equation to subtract the first equation. What do we get?
Student: Iget 99x=27.

Teacher: Then divide both sides by 99.

Student: 1 got x = %, which can be simplified to 13—1

Teacher: Well done! And do you think 0.27 is a rational number?

Student: Yes, because 0.27 can be written as the quotient of two integers, 0.27 is a rational

number. Are all repeating decimals rational?

4 B BRESBEFRETRIP (BN E
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Teacher: Yes, and you can try to prove it by yourself as a bonus.

Student: Sure, I will definitely figure it out soon.

R ERMFIGREE R IRAETE 027 EEIEER N
BA L JE o TEEE TEE L ZEER
HHL OKET | IR 027 2 —{EA TS ?
B4 TR AR Y
RN AR T AR R (E B ER A — (R - B 0 O RERRER O
B4 gk FEEE  MAAEE SRR TSN —ES R e EZE—EE R -
EHD  ARAFRE o BRI E RS (ERE - B % = 0.27 5 2RI
BEAELL 100 o FREFERFEEIE ?
B4 EREER100x = 27.27 ¢
Ehh . B EmEE T
x =027
100x = 27.27
Rt S RO E S —EE -
24 0 15E] 99x =27 o
TR ERTEFEIEREL 99 -
3

B 27 e,
T x=50 (EfRE

G SR | RES 027 B—(EAEEE ?

B4 2y W 027 AR R EEEEAERRIIRE o ATLl0.27 R —(FA s -
S 25 T AR N S E S

T BAY BERARMECREEEEEE N -

B QMR R e RS -
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(HL37) Show that V2 is irrational.
(37) EaBHH V2 Ry

Teacher: We will use proof by contradiction to show that.
Student: What is “proof by contradiction’?

Teacher: Proof by contradiction is a kind of proof that we assume the conclusion of a
statement is false in the beginning. Then we get a result of contradiction after several

deductions. Once the contradiction is made, your proof is complete.
Student: It sounds so weird. It looks like our goal is to find a contradiction.
Teacher: Let’s see what kind of contradiction we can find here. Assume V2 is not irrational.

Student: Do you mean “assume V2 is a rational number”?

Teacher: Yes, assume V2 is a rational number, = ,where 4 is an irreducible fraction with
p p

p = 0. We can write V2 = % . Cross multiply the equation V2 = %.

Student: I get pv2 = ¢. But I didn’t see any contradiction.

Teacher: Be patient. Square both sides.

Student: 1 get 2p> = ¢>. So ¢ is a multiple of 2.

Teacher: What kind of number is ¢, even or odd?

Student: 1 will say ¢ is even because the square of an odd number is odd.

Teacher: Awesome! Assume (= 2K, where k is an integer and substitute ¢ with 2k in the
equation 2p* = ¢°.

Student: Oh, another assumption? I get 2p* = (2k)* = 4k,
After I divide both sides by 2, and I get p? = 2k>.

Teacher: That makes p? an even number, too. What kind of number is p, even or odd?

Student: p is even. We have done similar reasoning when we dealt with g.

Teacher: Therefore, both p and ¢ are multiple of 2. Where do you see the contradiction?

Student: It contradicts the fact that £ is an irreducible fraction. We found the contradiction.
p

6 B BRESBEFRETRIP (BN E
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Teacher: Excellent! We also complete this proof. v2 is an irrational number. Now show
V3 is irrational.

Student: It doesn’t seem as difficult as before. I think I could prove it on my own now.

Teacher: Wonderful.

R PP AR V2 B

B4 T SRR ?

Ehl  NEEARTEREIHTTE . WTE BRI ES RS SRR - ARSI
RSP JERVER - EFELIRR » SEEGEET -

B2 JHEREE R BERGFERMVEEESERTE -

R BEATHCE S AT LA IR G o 32 R —{E A -

BA BEREER V2 B EEEEE 2

5ﬁﬁ:%%’@%VE%~Mﬁ@ﬁ’ﬁW%&%ﬁﬁ%m%ﬁfﬂﬁm¢o@%ﬁ

TR VE =L o B AT -

B4 pV2 = g 0 (HEGEER TGN TT -
BT OB o AR SSERE T -
B4 0 2p? = ¢ FblgPE 2 HfsE
T g G EEOR R TRE ?
BUE g BEE RABTEIT IR -
B R | BB q=2k, 0 Hi kB WHHAAER 27 =47
g R ?
2 = 2k = 4K EESERDEEIRDL 2 0 158 p? =2k -
LA B P R —{EEE - T p BATER R 0
Bk p 2EE IR g BRI -
S 0 RIE 0 p R g B 2 HUAEEL 0 R S

%él—l:: S22y i i |SR=RoYAN 2 —F EE=g I = °
zn_z%)iTp R BIVANEE - e EHIHT

BT KAFT | ERIRTSER T BB V2 BB - BBV
— (AR

B2 RRERABGTINEE - JaTPIE O REEY -

ERN {RAEE |
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(#X) Use digit-by-digit approximation to round V2 to the nearest hundredth.
(30D F+53 332k V2 WA LB PURE 7oA S NS — A -

Teacher: From the previous example, we already know that v/2 is an irrational number. Which
two integers do you think V2 lies between?
Student: Because 1° <2< 2°, we can take the square root of each number in this equality

and get 1< J2<2. Therefore, V2 lies between 1 and 2.

Teacher: Divide the interval of 1 and 2 into 10 subintervals of equal widths and select the
equally spaced numbers, 1.1, 1.2, 1.3, ..., and 1.9. Then we square every selected

number as follows:

X 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
x° 1.21 |1.44 (169 |196 |2.25 |256 |2.89 |3.24 | 361

Which two decimals do you think V2 lies between?

Student: Because 1.4° <2<1.5°, we can take the square root of each number in this
inequality and get 1.4 < J2<15. Therefore, V2 lies between 1.4 and 1.5.

Teacher: The following steps are similar to what we have done earlier. Divide the interval of
1.4 and 1.5 into 10 subintervals of equal widths and select the equally spaced

numbers, 1.41, 1.42, 1.43, ... and 1.49. Then we square each selected number as

X 1.41 1.42 1.43 1.44
x’ 1.9881 | 2.0164 | 2.0449 | 2.0736

follows:
Actually, we don’t need to square each of the 9 numbers because we can draw our
conclusion after we check the results of the first two numbers.
Student: Sure, I see that 1.41> <2<1.42%, s0 V2 lies between 1.41 and 1.42.
The calculation seems to get more and more complicated if we divide the interval
of 1.41 and 1.42 into 10 subintervals. Can I just check whether 1.415%is larger than
2 or not?
Teacher: Great. That is a good idea. That can save us a lot of time to round v/2 here.
Student: 1.415%is about 2.002, so V2 is less than 1.415. The answer to round V2 to the
nearest hundredth is 1.41.

8 B BRESBEFRETRIP (BN E
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Teacher: Excellent! You did it.

AT FMTEARNEV2E— (B - SRR R S AU R > i 2

R 1P <2 <2 WM DU A SRR ECE R - 58] 1<vV2 <2 Ak
V2IEAE 1 A1 2 28 o

ERH R LR 2 YRR 10 S5y o MBEEEREEAVEIT 1.1 1.2 1.3 55 2ARH
HEEENRFELERETE - BELUNER

x 11 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
x° 1.21 | 144 169 |196 |225 |256 |2.8 |3.24 |3.61

V2 SEAETIRRI(E N 2

BE T RAB14% < 2 < 1.5% > FRTA DB AEAEECE 5R - 5514 <V2< 15
PRI - V2 FEAE 14 R 1S 2R -

EHT - BN RAPEREL BT, o R 1.4 K0 1.5 BYER S5 10 57 - AR
SRIEET 141 1420 1.43 % SRS EBIENETEHEM T
BEIDUTEEE -

X 1.41 1.42 1.43 1.44

x° 1.9881 | 2.0164 | 2.0449 | 2.0736
FIEE o A FEERE 9 MR 78 AT o] DA A2 AT W {2
Y EAINERT S 3 Ta it

B AR IR 1417 <2 < 1427 > [AIEV2 JEAE 141 F1 142 28 - 058
141 A1 1.42 (V&R IR 10 75 0 5T S HORRAERE - TRl 2L s
A 1.415% BE K 2 ARHERIE 2

EHL R BREEEEE o B AT T ANV2ATIERE -

ERAE T 14157 4k 2.002 > RIEEVZ2/NEY 1.415 © V2005 AL AZI/ NEBE (R 55 AL
ZZE 141 -

LR BET -

9 B EEAREFRETRIPN (EERRY S
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(LX) Inavideo game, you play the role of a wizard/witch. Your ultimate goal is to train your
wizard/witch to save the world from evil monsters. The “special ability” to hurt the
monsters depends on two skills: intelligence and mentality. At the beginning of the
story, you are given 10 magic points to allocate for intelligence and mentality. Each
extra point of intelligence for your character will improve 3 units of magical power.
Each extra point of mentality will increase 2 units of magic duration.

If the special ability to damage the monsters is the product of magic attack and duration,

find a way to allocate your magic points to gain the maximum special ability.

(FR30) FEHBA T FLEETT T - (RIS — 7 ARAT (ZCAR ) KRB S R B ey i
F o AR (AR ) BB RERABLA G E BUAN MR - BT RAF T - 1L
FAgaRE - KAfisa 71K 10 BREEARSEOR 3 HC 2 A R T80T - R II—%S
BRI USRSt 3 BATABRDABEETT - g i—E5hs T a] LAeT T 2 SRR
EFHETT -
A tss T EEENY T RUAGE ) FN T RASEBR I XBARET | o sl
Afa] oy B iE SR AR BRI S R A Y i KA G FRE T > TR =Y
BAGEE -

Teacher: If you have 10 points, how would you allocate those points to your intelligence
and mentality?
Student 1: I would place 6 points on intelligence and 4 points on mentality.
Student 2: Maybe mentality is more important to the witch, so I will place 7 points on
mentality and 3 points on intelligence.
Teacher: Now calculate your own special ability and compare yours with the results of
others.
Student 1: My wizard will have the special ability of 144.
Student 2: Oh, my witch only has 126. So your method is better than mine.
Teacher: Does Student 1 have the best way of allocating points? To solve a question like

this, we may use the arithmetic-geometric mean inequality.

10 BOORCE AR T TR R R
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Assume [ want to increase @ units of intelligence and b units of mentality, then the
wizard will have 3a units increase of magic attack and 2b units increase of
mentality. So, this allocation will contribute to 3ax2b which is 6ab of the
special ability to damage the monsters. Given that a + b = 10, we would like to

know the maximum of 6ab.
) ) ) . ) b
Student 1: From the arithmetic-geometric mean inequality, we get % > +Vab

Student 2: Replace a + b by 10; the inequality can be written as 5 > ab.
Teacher: Now square both sides.
Student: 25 > ab, and multiply both sides by 6, then we get 150 = 6ab.
Student 1: Wow, the maximum of the special ability is 150, which is bigger than my result.
Teacher: We also know from the inequality; the maximum occurs when a = b.
Student 1: So when I place 5 points in intelligence and 5 points in mentality for my witch, I
will get the most well-prepared witch in this game.
Student 2: Yes, you have found your super witch now.
Teacher: I hope this question also shows you the power of the arithmetic-geometric mean

inequality.

RN AERIRA 10 B g Aoy iE SRR AR 2
A1 EIEC 6 BEIETT > 4 BEEIETHTT -
B4 20 WEPRHITEHYARRTAGR LR EE > ATLAIRG e 7 BhEERE T - 3 Bhsa
17 -
RN R RIS ENREAGEE - RSB RS —T -
B4 1 REVRETRRAENRDASEER 144 -
B4 20 I FIVF 126 0 FTLMRAYTTAEL L -
ERl A1 AVREU O FUS R RIS 7 ARSI H - MR LUE R AE
= o
e BAEIE 0 a B TIA b BERG1HTT - AP ARETRFEE 0 3a BEALHYRE A S
73> DAk 2b BBATHIBDARFE ] > ERA I BC It & 152 6ab HIBRLAGEE -
% a + b =10, FFIERIE 6ab HYRAME

BE 1 SEFIHEIRR SR > Vab -

B2 Wa+ bR 10 REXADIERS > Vab -
RN EEWEETT -
B2 1 25 > ab o SRBKTRETRLL 6 0 155 150 > 6ab -

1 BOORCE AR T TR R R
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Absolute Value

IR E @ E e T EER BRIIEEAD

n 1= Introduction

TELLET - BER4E EH{E (absolute value)is (e /2 55— H]  (EAEMRAEEHEY— 72
e HE] TIRZ Z R EE— T — XA ERFHEIEENE AR (add a number to
both sides) » 5z & A\ (multiply a number to both sides)HY#5175 o [EK4EEHE R F =

AVfRRS > thFEElR B EE e T $859% | (The inequality changes direction.) {oHE&ras/E o

B :@% Vocabulary

’-I-HEE TT%ﬁtﬁﬁEﬁgﬁﬁﬁ

E¥F thiE BE¥F thiE
absolute value | 4Z¥HEH absolute value equation EEETERN
number line A linear equation with one unknown | —7C—XJTFEZ
closed interval | BALEfH] absolute value inequalities EBHEARFR
open interval i L ]

13 BOORCE AR T TR R R
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B HEGRBEERTGF Sentence Frames and Useful Sentences

® If Pis between A and B, and PA:PB =, find the coordinate of P.

4] - If Pis between A and B, and PA:PB=2: 5, find the coordinate of P.
FEPBANA BRI B PA:PB=2:5> 3K P BLAKE -

® Explain the geometric meaning of

f4(1) : Explain the geometric meaning of |x| = 3. (read as “absolute value of x equals 3”)
SR x| = 3 Ay -

f47(2) - Explain the geometric meaning of |x — 2|.
aat B [ — 2| FYSR(TE SR -

® Solve the absolute value equation

4] - Solve the absolute value equation |x — 2| = 5.

i NEAE TR - [x—2] =5~

O Solve the absolute value inequality with,

7147 : Solve the absolute value inequality with, |x| < 2.

A NYIEEHEA SR 0 x| <2 -
® The closed interval [a, b] represents all the real numbers x that are

between a and b, with a and b included.

%147 : The closed interval [0, 1] represents all the real numbers x that are between 0 and|1,
with 0 and 1 included.
PANE [0, 1] 03 0 B 1 ZRFTARVER - 0 8 1 ImEhEmi{EE e EEnA -

1 B R TR R
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Here we introduce the geometric meaning of the absolute value and solve an absolute equation

with one unknown.

HAMEEEE T E@EHERR RS > fOREE@EHERN —IO7E -

We use interval notation to represent the real numbers lying between two real numbers, and

we also use it to represent the solutions to an inequality.

HFMTAERFFRR R TN W E B ATA R R R EAAE -

Have you ever noticed the numbers on the package you buy? What does 40 + 3g mean for

the weight of the product? We would interpret it correctly and find a connection with the

absolute value we learn here.

AT MTERMEE EER a + 0% 8 > T DRIELBFARVERE L ER

SEHHERIRRA

w EREENBEE os
HlE—
s A E A EHERY — O RER -
(3232 ) Solve
() x=2l=5 () x=3=4
(F32) BRI =AY
(D x=2[=5 (@) Ix-3=4

Teacher: Let’s solve |x —2| = 5 (read as “absolute value of X minus 2 equals 5”).
What is the geometric meaning of |x — 2|?

Student: It is the distance between x and 2 on the number line.

Teacher: Great! From the previous question, what is the geometric meaning of
|x — 2] =52

Student: It means that the distance between x and 2 on the number line is 5.

Teacher: Can you find a number on a number line that is 5 units away from 2?

15 BPEREGBEERETREIP
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Student: Obviously 7 is 5 units away from 2.

Teacher: Yes, let me write 7 = 5 4+ 2 on the board. Is there any other number that is also 5
units away from 2?

Student: I can find a number that is 5 units to the left of 2, which is —3.

Teacher: Good job! Let me write —3 = —5 + 2 on the board. To solve the equation, we can
take out the absolute value sign and rewrite it as x — 2 = 5. (positive negative 5)
Then, add 2 to both sides. The equation becomes x = +5 + 2. Can you see how the
equations seem like the ones I wrote on the board?

Student: Yeah, the ones you wrote before, +5+2 and —5+2 could be combined as
x = 5 + 2. (positive negative 5 plus 2)

Teacher: To solve the absolute value equation with the form of |x — a| = b, you can take out
the absolute value and solve x —a = +b instead.
Now use this technique to solve |x — 3| = 4.

Student: I could take out the absolute value and solve x — 3 = +4.
I add 3 to both sides, and I get x = +4 + 3. So, x = 7 or —1.

Teacher: You did it.

il BRI Ix—2] =5 EBEGEN o |x - 2| BVRTEZRETEIE ?

B4 TRRRsR b ox 82 ZRINVIERE -

EEN R VIBEE |x—2| =5 AYRTERE(HEE ?

g (RFREER L x B2 EVEEEE R S -

Rl REERE—(EEERE 2 & 5 BEAAVECFIE ?

E2fp 0 {REAEA 7 A0 2 AHEE 5 BEAL -

EHR BT BIT =5+ 2B RN E o BE HAEEEE ?

B G AT DRE—EE 2 B S AR - 23 -

EHEN SR | B3 = =5 + 25 R R b o SRR TR T T AR AR EHE T
5% R x—2=15° % ROEEIFINE 2 SRS = 25 +2 - R
AERBEEETEXBEAR GG IMITE BN _E AV HRLENE ?

g B WA ZETEN 542 R-5+2 o DLEEN x=+5+2 -

EHEN OFTRL o BEREIPA |x —al = b WREEHEJTIER - IRA] AR EHME SRR x —
a=tb - BHEAZHEMERIIE [x-3]=4-

B RPEEHE R x—3 =14  WIBFAIFME3 > FEk=24+3 -

FilAl > x=7%8; —1 -

R BHET o MSRLT

16 BOORCE AR T TR R R
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(F3Z2) Solve

) x| <1 2) |x| >2
(30) s NYIEEHEAF

(1) Ixl =1 2) x| >2-

Teacher: What is the geometric meaning of the inequality |x| < 1?

Student: I can’t tell. Should there be a minus sign within the absolute value?

Teacher: There is no minus sign, but we can create one.

The inequality |x| < 1 can be written as |x — 0] < 1.

Student: That is so tricky but quite clever. Now I can interpret it as solving for all the numbers
that are equal to or less than one unit away from 0.

Teacher: Draw a number line and mark 0 on it. Use a closed dot to label one unit to the right
of zero and another closed dot to label one unit to the left of zero. The solution to
this inequality includes all the numbers between —1 and 1 with —1 and 1 included.
That is why we use closed dots to label 1 and —1 on the number line.

We can write itas —1<x<1.

Student: T get it now. I could rewrite |x| > 2 as |x — 0| > 2 and interpret it as solving for
all the numbers that are greater than 2 units away from O.

Teacher: Draw a number line and mark 0 on it. Use an open dot to label two units to the right
of zero and another open dot to label two units to the left of zero. The solution to
this inequality includes all the numbers either less than —2 or greater than 2
with —2 and 2 not included. That is why we use open dots to label 2 and —2 on the
number line. We can write itas x < —2 or x > 2.

Teacher: In summary, if a >0, then

(1) The solution to |X| <a is —as<x<a.
(i1) The solution to |X| <a is —a<X<a.

(ii1) The solution to |X| 2a is X=2aor X<-a.

o BB EERE TR RN
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(iv) The solution to |X| >a is X>a or X<-a.

On the number line, we use a closed dot to show that the endpoint is included as a
solution.

We use an open dot to show that the endpoint is not included as a solution.

x| < 1V B2 2R 2

HAKE - EEHEE ARSI A (ERGR ?

ERUSH AR A o AEERK x| < 1A LIFS R Ix — 0] < 1 -

B EWEER RN > BRRY - FIRE IR EN BRI B FTA R
0 RN 1 BT -

T REERET 0 F—(EE OEMER 0 ivAE—(EEAL FHEH—-EEL
BEAZEC 0 /B —(E B - BE A EXWRERE TR -1/ 1 ZEFTEE:
WAFE—-1F] 102 > FTRAFRAMTH B ORISR -

APIEK-1<x<1-

DORRIE T FTEASEQYINER T LT > 2 BRL Ix — 0] > 2 AR AT A EE

A 0 i 2 {IE BT AV E T -

REF > E—FREERIATEC 0 - E—{EZ2 0B 0 IVGE i E AL - FH—{E
220 BEEEC 0 BNZE B W I BE A - 2B (A S VAR ELTE T FA /N — 280K 2 1Y
B (BN EFE—27 2 0 FrDARAM 22 OB ©

aPIER <=2 B, x>2-

HIGE—N > WFRa > 0 - FRJEE

1) |x|<a BVfEFB—a<x<a-

(i) |x| < afffs—a<x<a-

(iii) |x| = afffsx =2 a 5 x < —a -

@1v) |x| > afifEfs x >ad; x < —a °

TEEER FEHE OB R IR S AR —30 57 22 LR R ISR 2 MY
—H#BIT

BOOEEASEFRETRLN EFRR S

B 38 ol
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S AUSTEENERYEE o SR s RS RN R R EERE S
b IR BEEHE A RAVEA -

(3£ ) Allen decided to buy a Christmas present for his mother and picked up a gift box in a
store. He noticed that the label said the weight of the box was 200 g + 1%,
(1) Assume the weight of this box is x grams; what is the possible weight of this box?
Use absolute value inequality to show it.

(2) Is the label of this box correct if the weight of this box is measured to be 180 g.

(th=0) X E —HeVe IS5 E B EiEY) - EEIaE EREEERaH
B 200 57 £1% >
() S—EafEREER x 7w - @S EAFARE x AVEEE -
2) B G EENENERS 180 77 HZEREGAE ?

Teacher: Take a look at 200 g + 1%. We call the 1% the margin of error. Multiply 200 grams
by 1% and we get 2 grams. So, 200 g + 1% also means the weight of the box is
between 200 g+ 2 g. It means x is between 198 grams and 202 grams. That is
198<x<202.

Student: Can I write 200—-2<x <200+ 2 instead?

Teacher: That is even better. We can interpret it as all the numbers on the number line less than
or equal to 2 units away from 200. So we can use absolute value inequality to rewrite
it.

Student: Is that |x —200| < 2?

Teacher: Great! The next question asks if the box has the weight of 180 grams. Is it correct?

Student: 180 is not between 198 and 202. It is far less than the lower bound of the possible
value. I would say this box is not labeled correctly.

Teacher: You are correct. Maybe we can consider filing a lawsuit against this company.

Student: Sure, by winning the lawsuit, I can buy another gift for my mother.

Teacher: How sweet you are!

EHD  JEE200 g = 1%HYESY > APIEIL R ERVERZGE S 1% - R’ 200 7isEll 1%F5
25 AL 200 g £ 1% R RS THIERE 200g+£2 g ZfH - HILA[ LA
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VB2 x YHE (T 198 5EH1202 727fF > B 198 < x <202 -

B 0 RE[DIETRR200 — 2 < x < 200 + 201 ?

EHN  ERREEL T o AT DU TR R 8 A EERE 200 R A 2 BEATAVEY -
Rt > st A IR ER S E R S H x HE -

BA4 T BAE x—2001 <27

Zhh R | P —EMEMAURETFIEERZ 180 7 0 ZENEANE ?

A 0 180 ANAE 198 #1202 [ » /N AlRERVER/IME - Rt EEE TR~ E -

EHN 28 BETFIRM AT IS R EE R A TR

B4 o eI DIEE S (@ Yse s -

Rl KRR TIE

BlE_

StE ¢ R — RN EEHE R S AL - T AT DU B ek BB TR £ 18 L 35 2R
B .

(L) Solve |4x — 12| < 2x and write your answer in interval notation. Find the length of
this interval.
(F132) B EEMEARER |4x — 12| < 2x EE x FTPRVER - EHEE BT
IS —{[El €7 2
M1 @2 ()3 @4 (56
(103 FEL B8R 4 )

Method 1: Solve this inequality algebraically.

Teacher: To solve the absolute inequality, we can take out the absolute value sign by either
adding a negative sign, if we know the value within the absolute value sign is
negative, or remaining the same if we know the value within it is positive. That is,
we can write |x| as follows:

| |_{x,x20
Tl x<0

Therefore, when solving |4x — 12| < 2x, we need to consider which x could make
4x—12>0and which X could make 4x-12<0.
Student: Is that because I would know whether I need to add a negative sign if | take out the

absolute value sign?

Teacher: Correct. Consider when 4X—12 >0 which means X >3, after we take out the

20 BOORCE AR T TR R R
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absolute value sign the inequality could be written as: 4x—12<2x. Continue to
solve this inequality.

Student: By moving -12 to the right side, I will get 4x < 2x + 12. Move 2X to the left
side, and I get 2x<12. Divide both sides by 2, and the answer is x < 6.

Teacher: Don’t forget this result assumes X > 3. So, we can combine X<6and X>3 into
one inequality 3<X<6. Now consider when 4X—-12<0 which means X<3.
What should you do when you take away the absolute value sign of this inequality?

Student: I should add a negative sign to it.

Teacher: Good. So let’s solve —(4x — 12) < 2x now.

Student: I multiply both sides by -1, and get 4x—-12>-2X.

Teacher: Wonderful, you remembered to change the inequality sign when multiplying both
sides by a negative number.

Student: Then, I move -2Xto the left side and —12 to the right side. This inequality
becomes 6X>12,s0 X>2.

Teacher: Don’t forget this result assumes X <3 . The intersection of the following
inequalities X >2and X<3 is 2<X<3.Insummary, we know the answer to this
inequality is 2<X<6. What is the length of this interval?

Student: That is not hard. The answer is 4.

Teacher: Terrific!

A1 PRBOTAEAEFER -

Ehl - FERREEHEA TR RMTERER E A AR E S B BUR EEUE R
REFATEINEST > SIS RERIEIIESR Z AN - watEs
FATITLURE |x] BREA A -

||_{x,x20
T 1=x,x <0

LR Ry TR 14x — 12| < 20 FAFIFRESE FEUIE x EES 4x — 12 > OLLSRE x &
HE 4x —12<0-

B4 EAERBERMEES R AIREHEE  x EEFEMNESE -

T TERE - FiE4x — 12 2 0thpiEx = 3 B BERMEREEER - AEXTUE
flédx — 12 < 2x - FHAEERRIEE A E -

B4 K128 hE0a 0] [FE] 4x < 2x + 12 - K2BEEIEME] > 155 2x <12 W
BEEIGFRLL2 - BEE x<6 -

EH - AETECE S RAAEEx = 3 - AL > FFTAILURKx < 6 Ml x = 3&HFR—
EHAEN 3<x<6-

21 BOORCE AR T TR R R
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BUFARES 4x — 12 < O tELE x < 3MEN - Kis@EHER: - (RIEZEE
JEEREL 2
B4 0 BEIIEST
EEl RY o BAEMR—(4x — 12) < 2x -
B WBERE -1 554x — 122 -2x -
LR HREN R FESR AR B - HEA EAR - R |
B Mg —2x BBEIEM - F-12 BEGH] > AFAEEex = 12
PRIt x =2
Zhl - A ESECEFEGERAYAEEY < 3 -
PIPAER x =22 Ml x <3 HIKERE 2<x<3-
daE— T LA ERIER amrvaE R - A FARIEZERE 2 <x <6 - EfEHA

‘?
T

Ehl R B

Method 2: Solve this inequality graphically.

Teacher: We can use graphs to solve this inequality, too. First assume f,(x) =
|4x — 12| and f,(x) = 2x. Graph y, on your grids now. Where is the turning point
of this function?

Student: The turning point is at (3,0). The graph of f,(x) = |4x — 12| is V-shaped as
follows, (See figure 1)

£1(x)=|4- x-12]

| ] (figure 1)

Teacher: Next, graph f (x) = 2x on the same grid.

22 BOORCE AR T TR R R
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Student: f,(x) = 2x is a line.
I use the red one with the label f2
(See figure 2)

(figure 2)

AT 3734

Teacher: We can interpret solving [4x — 12| < 2x as answering which part of the graph of
Jf, 1s lower than the graph of f,. There are two intersections between f, and
/f, from the graph. To the right of X =3, we’re going to find the intersection

between

y =2xand y = 4x — 12 because when x > 3, [4x — 12| = 4x — 12.

Where is the intersection?

Student: The intersection has the coordinates of 17243y
(6,12) (See figure 3) f2(c)=2-x
(6,12)
£1(x)=|4- x-12|
(204)
(figure 3) ————Fs N o1 ¥

Teacher: Take a look at figure 3. To the left of X =3, we are going to find the intersection

between y = 2xand y = 12 — 4x because when X <3, |4x — 12| = 12 — 4x.

Where is the intersection?
Student: The intersection has the coordinates of (2,4)
(See figure 4).

17.24 %y

£2(x)=2- x

(figure 4)

23
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From the graph, I can see that the graph of f, is above the graph of f, when
2<x<6.
So, the length of the interval is 4.

Teacher: Wonderful! That is correct.

Fik 2 DERERER -

ZHf . B DR B S E A E - e f,(0) = 14x — 12| DU/, (x) = 2x = 3]
1 TR EEH y, o AT B AR ©

B4 BEITRME (3,0) o f,(0) = |4x — 1212l v &L EJZAT ¢

£1(x)=4- x-12|

—t v + + + & + ¥ + + + + f\;
|1 14.59

EHl PR R E A EE LA () = 2x
B4 fi(x) = 2xE2—RES > AL ORI

o Ty

fﬁﬁi&ﬁ?M%YLﬁ—UV@x%%%E%Y%%‘%ﬂlﬂfﬂZﬂleﬂ
HET BB o f, A, ARIEAE - RATEr = 36948 > tetRe x = 305
|x — 12] = 4x — 12 FLAFRPIREATLULE] y =20 il y = 4x — 12 A5 -
ASEEYIE 2

24 FUBEABEARETREP EFRRY S
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B2 T RORAHAARE (6, 12) ©

X
25.92

- 1

Ehh - B TE= - RAfEx = 3N/AE  EEEx < 30F o [4x— 12| =12 —4x > fy
DAFRAIEE AT DAFE] y = 2x F1 y = 12 — 4x HYATHE -

B ATRERVAAE Fs(2, 4) (SLEPY) -

17.24 %y

R\ 25,92
EEP T - AT ERE 2 < x < 6lf - f, EPAE f BEIP L - Wit E{EE
I EEE 4 -

ERl: RIE IV EHT
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Operations of Numbers

IR E @ E e T EER BRIIEEAD

n 1= Introduction

[ P B B2 BRI S T A AT » (R ETE 2 2R 1L THIsREAT - FTPI2 4/
B REIH TR RNEENE square » fE 7R E] cube » SfGE A AT FZ LR E MRV -
%72 “sum of squares” FR “square of a sum” FLAFAFEERE o A b(rationalize) /3 H}
i HHEIRYE R — - PR RTTHIER 8 B 8 (rational numbers){% - RS Ei T & FHFE
{E~FHyBIEE R U -

B :@% Vocabulary

’-I-HEE TTZ%JHZ%FUE%EH]%

B¥ thiE e thi
fraction = rationalize b =gl
square root TR numerator 5F
radical sign 5% multiplication formula FeENT
expand [R5 least common multiple B/ NAET
factorization PRI o7 fid factor R
evaluate XE denominator PANS:
simplify 1B
26 BOOEREASEFRE TR EFERF
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EF thz
difference of squares formula SEFEANE
square of a sum formula DRy SF/AN=Y
square of a difference formula IR T AE
sum of cubes formula TLITFIAE
difference of cubes formula RV PV
cube of the sum formula IO RVAYST/AN=
cube of the difference formula FEMIIL A E
rationalize the denominator HIAbs B

B HEBQRBEERAGF Sentence Frames and Useful Sentences

©® Use the multiplication formula to expand

f5il4] : Factor x3 + 125y3.

RIS x° + 1252

® Given , evaluate

il : Given a = V3 + 1,b = /3 — 1, evaluate a? + b2

48Fa=V3+1,b=+V3—-1>KHa?®+b271F -

ffl4) © Use the multiplication formula to expand (3x — 2y)(3x + 2y).
FIFFRE A ERGx — 2y)(Bx + 2y) -
® Factor

w0 AR ERRY

,/}J?I:E‘P' .

EEHER
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O Simplify

fila] Slmpllfy — + —

x+1

{Gf TR

® Which of the following is larger? or ?

##4] : Which of the following is larger? V3 ++6 or V4 ++/5?
sEL#E V3 + V6 1 VA + 5 HYR/N

® Rationalize the denominator of and simplify it.
4] : Rationalize the denominator of \E and simplify it.

¥ ﬁ S LA (8 -

m [EEE;## Explanation of Problems

o3 iR =

In 8™ grade, we learned some multiplication formulas related to squares, such as the square of
a sum formula and the difference of squares formula. Today, we are going to learn a few more
formulas related to cubes, such as the difference of cubes formula and the cube of the sum

formula.

B8 E— L th BRI sRA AR - BEE B M EIL T RE AR -

Given a > 0, we define va as the positive square root to the equation of x? = a.
There is the property “if a = 0,b = 0, then va -vb = Vab” which can help us simplify
some numbers in radical (square root) signs. And when simplifying fractions in square root,

we usually rationalize the denominator.

AT AR AR AE R E AR - e bEE T BB g & oAb -

Weuse v4+2/3 to represent a solution to X* =4+ 2\/§, but you can see we use the radical

28 BOORCE AR T TR R R
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signs twice in expressing /4 + 23 and it seems complicated. Can we simplify /4 + 23

without using the square root twice? We will figure this out later.

B X =4+ 23 B(ETTREANG - GBI VA + 243 A g - (2
AU - ARG b BRI -

» EZRIENERE o8
BlRE—
8 AT E AR R A &= -
(FL3) (a.) Use the multiplication formula to expand
(x —3)(x +3)(x? +3x +9)(x? —3x + 9).
(b.) Factor 27x3 + 8y3.
(H30) () FIAFEATER( —3)(x +3)(x* +3x +9)(x* —=3x +9) -

(b)) R 27x3 + 8y3 -

Teacher: Instead of using the FOIL method (We expand (a+b)(c+d)=ac+ad+bc+bd .
ac is the first term, ad is the outer term, bCis the inner term, and bd is the last
term) to expand from left to right, we have a better way to expand
(x—3)(x +3)(x2 +3x +9)(x? —3x + 9) here.

Student: Really? How?

Teacher: You can separate (x — 3)(x + 3)(x? + 3x + 9)(x*> —3x + 9) into two groups.

One group with (Xx—3)and (X2 +3X+9), and the other group with (X+3)and

(x2 —=3x +9).
Student: What a good idea! By applying the difference of cubes formula, the product of

(x—3)and (x2 +3x+9) is x*-27.
The productof (x+3)and (x? —3x +9) is x’+27by applying the sum of cubes

formula.

Teacher: Great! You see the trick here. Which formula can help you expand

29 BB EERE TR RN
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(x3 =27)(x3 + 27)?
Student: The difference of squares formula will work here. So
(x2 =27)(x3 +27)
= (x3)% — 272
=x®—729
Teacher: Terrific!
Teacher: To solve the question (b), let’s review the formula for the sum of cubes formula.
Student: Itis a®+ b3 = (a + b)(a? — ab + b?).
Teacher: In this question, write 27x3 in terms of (3x)3and 8y3 in terms of (2y)3.
Student: 27x3 + 8y3 = (3x)3 + (2y)3.
Teacher: You can see that it is the sum of two cubes, so we can use the sum of cubes formula
now. Replace a with 3X and b with 2y on the right side of this formula.
Student: (3x)3 + (2y)3
= (3x + 2y)((3%)* — 3x)(2y) + (2»)%)
= (3x + 2y)(9x% — 6xy + 4y?)
Teacher: You did it. Well done!

VT - RFEIEREEA (a+b)(c+d) =ac+ad +be+bd EECAAEAER - EERH
(x —=3)(x +3)(x* + 3x + 9)(x* — 3x + 9) EEAXTAFELHFNITE -

B JHE ? (A ?

CHl LU (x — 3)(x + 3) (% + 3x + 9)(x% — 3x + 9) 4FRKMI4H - —4HEE (x-3)

7]<[l(x2+3x+9) » B—HEE (Xx+3)f (2 —3x+9) -

{734 | AT AT AT A S (X —3) 1 (X + 3x -+ 9) fUFEREE X 27 > i ir

DTS AZ AT USR] (X + 3) fI(x* — 3x + OAYTRRERZ X* +27 -

EHR KHET VIREME T - WHEARX AT DUERE (3 -27)(3* +27) ?
24 0w EA - AL
(x3 =27)(x3+27)

= (x3)? - 272
=x®—729
Rl KET

HHf R THE () BIE— FIARIAR -
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1
B

A -

ZH

pIEE—
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a®+ b3 = (a+ b)(a® — ab + b?)

TEEEMES - K27 H (3x)® % - #8y® H(Qy)® R -

27x3+8y3 = (3x)3 + (2y)3 -

AIDVEEZRIE T TEYA » B AR R LA T FIAT - A UA B a ik
Fy3X o Kb EHA R 2y -

(3x)* + (2y)°

= (3x + 2y)((3x)* — (3)(2y) + (2y)?)

= (3x + 2y)(9x% — 6xy + 4y?)

iR | e !

SR ¢ AEERNAE - ANfRNREr BER A EAL o

e o 1
(L) Simplify N

(sp0) AEfill 5775 -

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

When we see a fraction as and find out there is a radical sign in the

1
V3-2
denominator, we will usually rationalize the denominator. The process of
rationalizing the denominator is trying to make the radical sign disappear from the
denominator. The difference of squares formula will help us cancel out the radical
sign. What does the difference of squares formula say?

It says, a® —b? = (a — b)(a + b).
Good! To apply the formula, we multiply both the numerator and the denominator
by V3 ++2.

Like this: L N3+V2,
NN AN

1 3+2_ Y3+V2 3+V2_ g
R I Y D e W

I see the trick now. The radical sign in the denominator disappears.

I am so glad you saw it.
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1

el - BEEDBIAR Fom BORFAHBIRG B S R TR -

HEALHVER R TR ARTDEE - AT Z AT LLE S ERSE - S
AT ?
Ba . a?—-b?=(a—b)(a+h)-
EE REF | FHEEAS BTSRRIV + V2
B RS 1 \/§+\/§
4 Busk NeENINNA
Do, L B2 B2 B2 .
B B A e R
B BERM T o S RPRIRSTEL T -
Hhf ORI T

plE=
st @ AERIOE A HER -

(337 ) If the polynomial equation x3 + ax? + bx + 8 = 0 with real coefficients has one
root with multiplicity of three, solve for .
(1)6 (2) 8 (3) 10 (4) 12 (5) 15
(H30) CHIEGEZHEAITER «° + ax® + bx + 8 = ORY=AUEFE - 350 b HIHEE
BRI AIWE—{E 280 2
(1)6(2) 8 (3) 10 (4) 12 (5) 15
(4mE 101 FEZBHEES 1)

Teacher: If the polynomial equation X* +ax” +bx +8 = 0 with real coefficients has one root
with multiplicity of three, let’s assume the root is k and the equation can be
expressed as the cube of (x — k). So x3 + ax? + bx + 8 = (x — k)3.

Now expand (x — k)3.
Student: I can use the multiplication formula to expand (x — k)3.
(x —k)?
= x3 — 3x%k + 3xk? — k3
Teacher: Great! Now compare the coefficients from both sides. What do you find?

Student: When I compare the constant, I notice that —k*® =8. Therefore, k =-2.

Teacher: Terrific! That is a really good find. To solve for b, let’s compare the x-term.
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Student: The coefficient of the x-termis 3 - k% = 3-(—=2)? =12.So b=12.
Teacher: Well done!

ZhN D WRBEFEGEZIER TR X +ax® +bx+8=0 ={FEMHEMNR & ERIEAREE
k > AR R R (x — k) 893775 « Ftblx® + ax® + bx +8 = (x — k)* -
E el (x —k)®

24 aDAREAAHERK -k)? -
(x — k)*
=x3 — 3x%k + 3xk? — k3

EEN KT | B CER RS RS » SRR T ?

B4 ML ROERE > B K =8 - Abk=-2 -

TR R T | BIZETA - gD o LR T x TEGEL -

Bk x JEAVRELE 3k =3-(-2)? =12 fiblb=12 -

EE s

fBIREMY
eRHE ¢ SRR -
(#37) Simplify V5 — /24.

(Hh32) AEfE V5 —V24 -

Student:  How should we simplify v'5 — v24? I see a square root of 24 under another square

root.
Teacher: Our goal to simplify this is to take out one square root. The way to take out a square
root is if the thing under the square root is the square of some number, then the

square root can be canceled out.

The question becomes, “Can 5 —+/24 be written as (\/_ - \/5)2?”.

Student: How can I start?

Teacher: Let’s expand (\/H — \/B)Zand compare the result with 5 — /24,

Student: T will use the multiplication formula to expand (Va — \/B)Zas a—2Vab +b.
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a

Teacher: Now rewrite V24 = 2v/6. We can make the comparison.

Solve a+b=>5and ab=6

For ab=6, substitute a=5-b and we get (5—b)-b=6.
Solve b*—-5b+6=0

(b-2)(b—3)=0

Therefore, b = 2 or 3.

When b=2,a=3. When b=3,a=2.

Since \/a—\/BZO So a=b.
We can rewrite 5—@ as (ﬁ—ﬁ)z
Also, \/5-+/24 = (ﬁ_ﬁ)zzﬁ_ﬁ

COZIMEE(E V5 — V24 2 BEEE TR FEEA {1 24 AR -
R EARE PR o JHEESP S IRAY AR - SRR FRYE TR

(REFHITTT > BB T IR AN -
RRESERERE - 5 — V2AR[ LB (Va — VB) HFRIE 2

L SRR
C ER (Va—Vb) > 4EREL 5 —V2h MEfTEE -

D BT EARER(Va —VB) > 5 a—2vVab +b -
DOBEREE V24 = 2v6 - ZRIRIHELES -

fida+b=5Ff1ab=6

Htab=6 - it a=5-b - 15F] (5-b)-b=6 -

fi#b> —5b+6=0

(b—2)(b—3)=0

Rt »b=2 8¢ b=3 % b=2 15a=3:%E b=3 lFa=2-

i Va-vb=0 - FilL a>b o
ﬁﬁﬂuﬁs-ﬁigg%@@ﬂﬁfo

55 —28 =\ [VA—2) =\B-+Z -
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Exponents and Logarithms

I TR EE T REHR T EER BRILEEAD

B RIS Introduction

B R LA 7 h4H— SRR B R A S S R R R B FE B (exponential law) » 25 &
RBHEE BB 44T » {452 product of powers, quotient of powers I power of a power °
TR R A EP AT SR G B L IR MR H4E G - G2 4 (bacteria) HY B IE (42
W) R T 2R = (half-life) (LER)HY /M 4HE S - RIS EHA Ml FH i a2
—IAPKEL o B IR A R IR RIS o (RS PRI T AR IES - M

FIEERCHRAIURIES o AREIR&S 48 T8 T E0E 5 RCE BT DHERROE -

B % Vocabulary

XIEREERNBIE TSN FE

¥ thiE BF &
exponent TEB power RH
base JEEB nth power n X}
scientific notation | FIZEB5C5% half-life eSS

integer = significant figures BHREF
rational number HHE logarithm HE
real number B common logarithm (e EaE
exponential law FEgE
BYPBREAPERIRETREL EERKTE
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O (Product of powers rule) To multiply powers with the same base of

, add the exponents. a™ - a™ = a™*"

_ 3m+n

{4 : To multiply powers with the same base of 3, add the exponents. 3" - 3"
sFH 3" SRLL 3" BF > TR BRI 2] 3 -

® (Quotient of powers rule) To divide powers with the same base of

m

, subtract the exponents. ‘;—n =aqm™™"

m

4] : To divide powers with the same base of 3, subtract the exponents. ?;—n = 3mn
SHE 3™ BREL 3" B - R EAHESE] 3™ -
® (Power of a power rule) To find a power of a power of ,

multiply the exponents.(a™)" = a™".

{54 : To find a power of a power of 3, multiply the exponents. (3™)" = 3™,
EHE 3" B9 n TR - KR EAHREE] 3™ -

® Write in scientific notation with 3 significant figures.

4] - Write 123450000 in scientific notation with 3 significant figures.
5 123450000 F=oREE 3 A RE T RIEEECHT -

©® Use exponential laws to evaluate

#il4] - Use exponential laws to evaluate 39.3%,

MR T AT 37237 -
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® List (the following numbers) from least to greatest.

{4 « List 0.67°, 0.6, and 0.6*° from least to greatest.

FH/NEIAFH 0.67° » 0.6 F1 0.6" % -

® Simplify

i+ Simplify (8V271)Y2*!,

sk @)

® Write in scientific notation and show how many digits has.
- y dig
{55 : Write 10°® in scientific notation and tell how many digits 10*°® has.

B 10%%° DURHERCER R BT 107 AYBCBA (A 2 i -

© Weuse log a (read as “log of a”) to represent the solution to
10* = a.

{47 : We use log5 to represent the solution to 10" = 5.
A log 5 ZRFRITHESL 10" =5 AYfiE -

3 BB EERE TR RN
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m RIEEFERR Explanation of Problems

©8 RAEA

Students have learned how to use powers to express a very large or small number but are
restricted to exponents of integers. In this lesson, we will help students understand the
exponents of negative integers, rational numbers, and even real numbers. We will evaluate or
estimate the value of powers with real numbers. Remember that the exponential laws also hold
when the exponents are real numbers.

TERR P& B 48 T B AARHE R MR E S oRHEBUE (R R &S B T AHE
1R PR AR EEE R A B MIEEIRRIAKIL -

In addition to talking about scientific notation, we will define the “significant figures” and
calculate the addition, subtraction, multiplication, and division of numbers in scientific
notation.

PSSR AR T A TRRE] - e s TR AR FIESR  IRFIEECHR
HYPHAIZEE -

At the end of this lesson, we define what a common logarithm is and use loga to represent

the unique real solution to the equation of 10* = a,a > 0.

BIARM AT BRI E - floga KFEIR10" =a,a> 0 AYME—EEE -

There are two ways of reading log, a. We can say, “log base b of a” or “log of a with base 5.”
But if the logarithm is a common logarithm like log5, we directly read it as “log of 5”. For a
natural logarithm like In5, we will read it as “In of 5.” (read as “l n of 57)

BRI B log, a HSLSCEE - IMAEARE]E e E 2R3y - Feff ] DLgHgE
BAER - HAHEEEERES Inof x -
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(337 ) Simplify the following numbers by using exponential laws.

(=) FIFfEEEDKH MYIRYE

(nz§<mC%fW®2@)é;%

e

1 1 1
Teacher: Let’s take a look at 25z. We know 25 equals 52%. Rewrite 25z as (52)z. How do

we apply the power of a power rule?
Student: We multiply the powers together. Since 2 times a half equals 1, the result of the

power is 1. So the answeris 5.

2 2
Teacher: Let’s simplify (§/§) (%) . We can rewrite the cubic root of a number as the

1 1
number to the power of % So V3 = 33. Also, (¥/3)? = (33)2. Again, you can use

1 2
the power of a power rule to rewrite (33)% = 33. Now, here is a question for you.

When we see a number in a radical sign with the index of 6, how do we rewrite this

3 (read as 3 to the sixth root)?
Student: I know the answer. We can take the index to the denominator of the exponent as

1 1

3% . That is, we can express Q/g as an.
L 1 2 2
Teacher: Great. Next, (%/3)?=(3%)>=3%. We have simplified the (E/g) and (9/5)

separately. Now we have to multiply them together. So (§/§ )2 (9/5 )2 =33.33%.

Use the product of powers rule to finish the last step.
Student: Okay. I add the exponents up, and the power is 1. So, the answer is 3", which equals
3.
Teacher: You did it!
(V)
256)

, you will find that the answer is straightforward later. I simplify the

Teacher: For (

:
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Student:

Teacher:

Student:
Teacher:

Student:

gk
2

TETEANKT D o HEASEHBHRES

m
numerator first. By using {/a™ =a" (read as “the nth root of a to the power of m

6
equals a to the power of m ), (\3/56 ) =53 =5 =25 The denominator seems
n

1
complicated. Notice that 256 is within two radical signs. By using Ya=an twice,

1 1\a
we can get (4 \/256 ) :(\/256)4 =[2562] . Now, use the law of the power of a

power to simplify it.
1
P | 1 1 3 I\a gz 1
Multiplying > by = equals 3. Iknow 256 = 28.So (2562)' = (2%)s = 2! = 2.
Divide 25 by 2 and 22—5 is the answer.

No one could have imagined the answer as simple as this.
You only know it after you solve it by yourself.
That is true.

BT 257 WAV 25 S 52 251 EE (5° )2 o —{EEERITHI T

EIEETRIE ?
R EOHTRE - HI 2 LA 0SSR 1 SEREE 1 - FTLIEERRES -

L (V3) (V3) o AT L — (et T AR RS By + % bl V3 = 35
EIE TSI (B) = G ER A (33 = 35 - BUERRIT - BEER
pig— (B - AREREUR 6 85 EEEmRE B0

H - DR R R RS+ 5 YA TR ar -

KT - IR @) =3 - EIRCAs B LT (3B) f(3B) - sEmge

PRER - ﬁﬁu(«/_ ) (4B) ~3 3 - (R FE AR R R

PR —
GFHY - H%?a%ﬂﬁ?]ﬂ GER Ty 1o FRIABZZES > HR 3 -
fREr !

BYOBEASEERE TR E SR E
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6‘
i
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~—
U

6

BB (i (V5 | =5° =52 =25 - S IPEARACIRAOE  SER 256 {ERIERYE

VBT - P YA = an B - EJW%?U(\/“ 256 ):(@)4 =(2562]4 :

HUE > AfREERE ARG T i E BUH SRS B R AR L -

1

BUE W - FRDL 5 15E] é HHiE 256 = 2° < AL (256%)Z = (28)% =2'=2-

&1
N | —

R 25 BRDL2 155 2 BB -

240 RENGEHEXRGERGEE -
R HAHCOEEARR S G5H -
B HAY -

plEE—

SR ¢ SR RBRR A A RO TR IR 14 SRR ST30 AU R R LG ESET
HIDLE -

(L) It is known that the half-life of radiocarbon is 5730 years. An archaeologist just found
a fossil from a creature that contains 1/8 of the radiocarbon that it originally

contained. Work out how long ago this creature died.

(FP30) BRI 14 HY-FEEIHE 5730 4F - — 2B Rl — S AV EOmiR 14 &8
RFEAEEN 18 sHEmE e EVESL TS A?

Teacher: Some electrical power comes from nuclear power plants. Do you know what
chemical substance is used to generate power in nuclear power plants?

Student: I know. It is uranium-235.

Teacher: We also know that using uranium-235 can produce radiation that pollutes our
environment and damages our health. The method to deal with this nuclear waste is

to carefully store it for a long time; long enough to make sure the waste decays to

nonradioactive and becomes harmless to living things.

4l BUOBEABEARETREIP EFREY S
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Student: How long will that take?

Teacher: We call the time it takes half of a radioactive substance to change to a
nonradioactive substance its ‘“half-life.” The half-life of uranium-235 is
703,800,000 years.

Student: Wow. When nuclear waste becomes harmless, I will already be a fossil.

Teacher: You sure will be. By the way, when talking about half-life, we can use the half-life
of radiocarbon to work out how old a fossil is. For example, assume that the original
quantity of radiocarbon of the fossil is P. Then given the half-life of radiocarbon is

5730 years, how much of the radiocarbon is left after t years?

/5730
Student: Itis P - () .

Teacher: Correct. The question says this fossil we find contains 1/8 of its original

radiocarbon. Now we solve P - (Z)t/5730 =P (%) =P (%)3

Student: So % =3,and t = 3-5730 = 17190. The fossil is 17190 years old.

Teacher: Yes, you found out how old this fossil is.

RN BB IR R R A EREEE - ATERM R B B T R AR e
e 2

B2 JRAE 0 20h-235 -

EED . EAIAHSH-235 S EA TR HA S (EFEIES - H RIEE R BRI )74
ERIFEZZEGE - AR AR BN EEE S M AV e E R IR
e -

B TESAWIEE ?

ERD TR Y E R — R R IR B P R I R Ry T A - 80235
2 2EHA By 7,038,000,000 4F -

B | HRIAZRIEERE A EE (LA T -

EEN  WEE - DA R T 2R B mT DURI P U PR b - 2 RS HEE L A AR -
Bl s b R HYBETERET G 2 Ry P o AR MERRAY 2210 By 5730 4 »
& t FARIET N 25 DI P 2

P (Z)t/5730 ]

A TERE - BB E SR IRILE TR R BRI 1/8 - BT
1, /5730 1 1\ 3
P'(z) =P'(§)=P'(z)
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B DL ﬁ =3, t=23-5730 = 17190 - iS{E({LA4EHE 17190 4F -

ERL B OREERER T -

plE=

(L2 ) The initial amount of some bacteria is 1000 in a closed laboratory. If the bacteria
grows at the rate of 8% each hour, how many digits of the total number of this
bacteria will it have after 100 hours, given that the bacteria maintain the same growth
rate? (Hint: log 1.08'% ~ 3.34)

(FF30) FEEEARYE = - Biaie A HAEAER 1 T8 - M H DU/ NS 0 8 96 2R
B o NSRRI BRI EETE - HI 100 /NF B AHE R B E A ?

(dmE 99 FE2MEBESS S fE)

Teacher: How much bacteria is there after 1 hour?
Student: We know this bacteria grows at a rate of 8% each hour, so the amount of bacteria
after 1 hour is 1000- (1+0.08)" =1000-1.08.
Teacher: Good! So when the bacteria keep growing, there will be 1000-1.08'° bacteria
after 100 hours.
Student: What is the approximate number of 1000-1.08'% ?
Teacher: We can use logarithms to approximate 1.08'° first. Use this approximation to
multiply 1000 later. Take a common logarithm to 1.08'%.
Now use the hint log(1.08'°) ~3.34.
We have 1.08'% ~10°**
So,
1000 - 1.08100
~ 103 . 10334
— 10634
— 106 - 10034
We also know 1=10° <10°* <10' =10, so 10° <10°-10%* <10".
We conclude that 10°-10°* has 7 digits
Student: That is quite a big number!

LR AE 1 /NRR > AEHVEBERERZ /D ?
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B

A -

B

ERi

CLAE A E /N 8% HV R & > ATl 1 /NI RV EE
1000- (1+0.08)' =1000-1.08 ©

TE4F | BT LB S R B E0% > 100 /NI 7% 87751000 (1+0.08)" =1000-1.08 HY4H
HiE -

AFfEE1000-1.08'° K&JEZ/) 2

H] LR BRI EUE - SR EESREL 1000 - 71.08" B FHH58 -
EEHT 109(1.08%°)~3.34 -

#ME 1.08° ~10°*

RIBE

1000 - 1.08100

~ 103 . 103.34—

— 106.34

— 106 . 100.34

Mt 1=10° <10°* <10 =10 » F7LL10° <10°-10°* <107

BRI LASH10° - 10°% 5 7 fir#y

R E SN

BOOEEASEFRETRLN EFRR S
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B : A AUEAE A pH EE AR SRR -

i

(L3 ) Some lemonade has a pH of 3.6, and a box of baking soda has a pH of 8.6.
(a) What are their hydrogen-ion concentrations?
(b) How many times greater is the hydrogen-ion concentration of the lemonade than

that of the baking soda?

(FR32) FAEEETHY pH (B Ry 3.6 LR/ INGRFTHY pH B/ 8.6 -
(a) FREMT IR S EETRE -
(b) HEGETHY SR TIRIE R/ R THY 2605 2

Teacher: In chemistry, we measure the concentration of the nitrogen ions in a water-based
solution (in moles per liter) to tell how acidic this solution is. Usually, the
concentration involves the negative powers of 10, therefore, the pH value used to
describe the acidity is defined to be the common negative log of the concentration
of the hydrogen ions of the solution. We use the symbol “[H"]” to indicate the
concentration of hydrogen ions. And we use “pH=-log[H"]” to evaluate the pH
value of a given water-based solution. Now we have lemonade with pH of 3.6. What
is its hydrogen-ion concentration?

Student: 3.6 = —log[H*]. log[H*] = —3.6.S0 [H*] = 1073,

Teacher: Great! Find the hydrogen-concentration of the baking soda.

Student: 8.6 = —log[H*]. log[H*] = —8.6.S0 [H*] = 10785,

Teacher: Good job. We can compare those two hydrogen-ion concentrations now. How much
larger is the hydrogen-ion concentration of the lemonade than that of the baking

soda?

—-3.6
Student: Divide 1073¢ by 10786, % can be simplified by the quotient of powers rule

073689 =10° =100,000. The hydrogen-ion concentration of the lemonade

into 1
is 100,000 times larger than that of the baking soda.

Teacher: So consider a solution that contains a higher concentration of hydrogen ions. What
do you think its pH is? Higher or lower?

Student: Lower. Take this question for example. The lemonade with a higher concentration

of hydrogen ions has a lower pH value.

Teacher: Correct! And vice versa, the lower the pH value is, the more acidic the solution is.
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EEl - AREF > TSR E@3TAVRE (DIEE/ AT REL) K &8RN
R (E - R F 10 (VB RTRFERE » RIL pH [E#E R i 5 H a1
FERYET FEE - TSR T [H] ) Fona@E R > I6H " pH=-log[H']
RETRLGEKERE pHAE « BAEA—F pH {E S 3.6 AYEEIK - ERVE@EETR
fEE% 9

Bt 3.6=—log[H"] - log[H*] = —3.6 - [HJL[H*] = 10736 -

TR KT BERHY N TR SR TRE -

Bt 8.6 =—log[H"] - log[H*] = —8.6 - [IL[H*] = 10786 -

EEl - ARE o BAE A DAEEE S IEDS RSB RE T - EEKI S T RELL Nk
FIR%ZD 2

B 10736 Rl 10796 100 AT R s (LA 10°0C%9 —10° =100,000 -
T KN Gl TS NERF T B TR 10 B -

ZhEN . A HREAE S REESHE AR - RElREN pH HEE mEEEK ?

B4 EK - DUSE RG] HFARSRE Sl T iEhoK BAR &Ry pH E -
Rl IR | KZIRIR > pH ERE - PEIRGERE -
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Polynomial Functions

I TR EEE e T EER RIREEAD

n 1= Introduction

A B TT AR AT SRR 2 T U S Jean & ZIHAHTINRGE © MM RRE RS ERR
EHVIERE TR WRERRAAVRIIE - /N EUEH ~ eRTUE B R R -

B = Vocabulary

XIERERNBUIETERER

E¥F thiE ¥ thiE
polynomial function AT PR long division RFRE
dividend B synthetic division sEekRE
divisor BR=X division algorithm By
quotient B remainder theorem R e
remainder =t factor theorem HR e
descending order RS like terms [EEsREE
distributive property PANLWES
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divides evenly into

: 2 divides evenly into 6.

6 1 2 Bk

Evaluate the polynomial at

Evaluate the polynomial f{x) at x = 2.
i RIE -

can be written as

The result can be written in a fraction.

E(EE R AT AR o B R -

Substitute ___ for x.

Substitute 6 for x in the polynomial.
AT x A6 -

Write in factored form.

BIe] -

Werite this polynomial function in factored form.

FEEZ A A AT R A -

® ¢ B
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B RIEEFERE Explanation of Problems

s iAA w
[Polynomials and classification]

A polynomial is an algebraic expression made up of variables and coefficients, such as 3x+2y,
—4m+2n...etc. A polynomial with the variable x is defined as a polynomial function of x, for
example, f(x) =3x+5, f(x) =2x* —3x* —6...etc. The standard form of a polynomial

function arranges the terms by degrees in descending order. The standard form is
f@)=ax"+a,_ X" '+ ... +ax+a
where 7 is a nonnegative integer and a,,, @,_1,... @y are real numbers.

The degree of the function is the degree of the polynomial. We can classify the polynomial by
its highest degree. Let’s see some examples.

If f(x) = 5x, orf(x) = 5x + 4, the degree of 5x is 1, and the degree of the constant 4 is 0.
Therefore, the higher degree is 1. We say that the degree of f(x) is 1. We can write deg f(x) =
1. This f'(x) is a linear function. The graph of this kind of function is a line. If f(x) = x*> — 2x +
I, or f(x) = 3x%, the highest degree of terms is 2. Therefore, the degree of f(x) is 2. We can
write deg f(x) = 2. Such f(x) is a quadratic function. The graph of this kind of function is a
parabola.

If degf(x) = 3,then f(x) is a cubic function. If deg f(x) = 4, then f(x) is a quartic function.
If f(x) =5, a constant, then f(x) is still a polynomial. We can regard 5 as 5x°, and it fits the

standard form.

[Operations of polynomials]

When adding or subtracting polynomial functions, we combine like terms.

We put all x-terms together, all x’-terms together, all x”"-terms together, and all constants
together. Next, we do simple math on their coefficients. Here’s an example:

glx) = 4% + 5x, h(x) =x" — 2x + 1. Let’s work on g(x) + h(x). We combine like terms with
parentheses and have (4)c2 + x?) 4+ (5x — 2x) + 1. Next, we do work on the coefficients. Solve
441, and 5—2, and the answer is 5x° + 3x + 1. You can try g(x) — h(x) on your own. Note that

you need to change the sign when subtracting a negative number.

49 BB EERE TR RN



PRI IEFERT 2 AR P o EMASEHBHIE L

To multiply two polynomials, we have to use the distributive property. Multiply each term in the
first polynomial by each term in the second polynomial. The process is like “distributing” the
term. Let’s work on g(x) - h(x) = (4x* + 5x) - (x2 — 2x + 1)

First, we distribute 4x° to each term of the second polynomial, and we get

4x* — 8x® + 4x*. Second, we distribute 5x to each term of the second polynomial, and we
get 5x> — 10x* + 5x. Last, we simplify the polynomial by adding or subtracting like terms.

The answer is 4x* + (—=8x> + 5x%) 4+ (4x® — 10x?) + 5x = 4x* — 3x> — 622 + 5x

Don’t forget the common error in multiplication; remember that a negative number times a
negative number equals a positive number, while a negative number times a positive number

equals a negative number.

[Division of polynomials] Long division

The long division of polynomials is similar to the long division of numbers. We first identify the
dividend and divisor, then find the quotient and remainder. We are dealing with polynomials now,
so we might have a quotient and a remainder in terms of polynomials. This is the big difference
from the division of numbers.

Here is an example: Divide x> — 2x*> — 9 by x — 3. The dividend is x* — 2x*> — 9, which should
be written inside the long division sign, in descending order. There is no x-term in the dividend,
and we have to use zero or leave a space for the missing term. That’s because we need to line up
the subtraction for the following steps. The divisor is x — 3, which should be written outside the

long division sign.

First, focus on the dividend's first term and the divisor's first term. Pretend that you are dividing
x® by x, and the quotient is x>. Write x> on the top of x°.
Then multiply x — 3 by x2. Write the product x* — 3x?> under the dividend.

2

X
3 2

You will get: X_3>X —2X"+0x~-9
x® —3x?

Subtract x* — 3x? from x* — 2x?, you will have x* — 2x* — (x> — 3x?) = x%. Copy the x-term of
the dividend and write it next to x2. Make sure that there are 2 terms of dividend for the next

step division, since there are 2 terms of the divisor. The numbers should be matched.

AU EEGRRERE TR (EEERY
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X2 +
x—3> X2 —2x%>+0x—-9
X3 —3x?
X2 +0x

Now, you are dividing x> + Ox by x — 3. Focus on the You will obtain:

first term of the dividend and the first term of the X2 + X

divisor. Pretend that you are dividing x> by x, and the X — 3> %2 —2%% +0X -9

quotient is x. Repeat what we just did. Write the quotient

x> —3x°
x on the top. Multiply x — 3 by x. Write the product >
, o X“ +0x
x~ — 3x under the dividend.
: x* —3X
Do subtraction x? + Ox — (x> — 3x) = 3x. Copy the
number —9, and write it next to 3x. 3x-9

You are dividing 3x — 9 by x — 3. Also focus on the first term of the dividend and the divisor.
Pretend that you are dividing 3x by x. Write the quotient 3 on top.

Multiply x — 3 by 3, and you will get 3x — 9. Write 3x — 9 under the dividend.

Do subtraction 3x — 9 — (3x — 9) = 0, and 0 is the remainder. So the quotient is x> + x + 3,
and the remainder is 0.

The result can be written in fraction form:

X+ X+ 3
3 2 B-m2-9 5 0
x—3)x —2x*+0x-9 — 5 =G Hxtd+ .
x® —3x?
% 10X Multiply each side by x — 3, and you will get:
) ¥ =2 =9=0(*+x+3)(x—3)+0.
X® —3X

3x-9 Eliminate the 0 and get the clear relationship between the
3x—9  dividend and the divisor:

0

¥=22-9=0G"+x+3)(x—-3)

Since the remainder is 0, we can say that x — 3 divides evenly into x* — 2x> — 9. Like 6 is a
multiple of 2, and 6 is divisible by 2. We can say that 2 divides evenly into 6. Also, x> + x + 3

and x — 3 are factors of x> — 2x* — 9. We will learn more about the factor later.

I kept 0 in the form because I would like to introduce the general form of the division

algorithm. Let’s use f{x) for the dividend, g(x) for the divisor, g(x) for the quotient, and r(x) for
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the remainder. The outcome x* — 2x> —9 = (x*> + x + 3)(x — 3) + 0 can be described

as f(x) = g(x) g(x) + r(x). This is the division algorithm.

[The Division Algorithm]
If f(x) and g(x) are polynomials such that g(x) # 0, and the degree of g(x) is less than or equal
to ' (x), then there is only one polynomial for ¢(x) and only one polynomial for 7(x) so that

fx) = g(x) g(x) + r(x), where r(x) = 0 or the degree of r(x) is less than the degree of g(x).

[Division of polynomials] Synthetic division
Synthetic division is described as a shortcut of long division. This division only works when
the divisor is x — k. In order to compare the difference, let me use the last question as an

example. Divide x> — 2x* — 9 by x — 3.

Write down the coefficients of the dividend in

order. If powers of x are missing, you have to 1 -2 +0 -9 |§
put 0 in the dividend. Then identify “k”.

Because the divisor is x — 3, the k is 3. Set up
the array as below. Leave some space between
the numbers and the line. We will write some

numbers in that space.

Copy the first number, and write it under the

1 -2 +0 -9 |3

line. Multiply 1 by 4, which is 3. Then write the
product in the diagonal place, see the ) l ><3/13 ><3/13 X3 » 9

arrowhead. Add the vertical terms: —2 +3 =1, 1 1 3 O
and write the sum under the line. Multiply 1 by

3, and put the product in the diagonal place. Do

the same steps again.

Add vertical terms: 0 + 3 = 3, and write the

sum under the line. Multiply 3 by 3, and then

put the product in the diagonal place. Lastly,

add the vertical terms: —9 +9 = 0.

1 -2 +0 -9 |3
3 3 9

1 1 3 0
¥
quotient remainder
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The last number shows the remainder in the division. The other numbers are coefficients of the

quotient. The quotient is x* + x + 3.

Let’s review again. First, you add the vertical terms, which is different from long division. Then,
you multiply this sum by “4A” and write the product in the diagonal place. Continue until you find

the remainder. Which way do you like more?

Most students would like to use synthetic division and not long division because the process
looks neat and quick. We only write the coefficients and no x-terms. But synthetic division only

works when the divisor is in the form of x — %.

Let me show you long division and synthetic division at the same time. What is the relationship

between these two ways?
IX2+1X+ 3 1 -2 +0 -9 |3
X—3>X3 2%*+0x—-9 3 3 9
O x*\-3x° 1 1 3 0

5 | | v
X°[+0 quotient remainder
x*\-3

3X~9
3x\-9
0

Synthetic division only works on the circled part of the long division.

Numbers are multiplied by “—3” in the long division, but the numbers are multiplied by “+3”
in the synthetic division. The operations are different: one is subtraction, and the other is
addition. However, these differences lead to the same answers: —2 — (=3)=—-2+3=1, 0 —
(=3)=04+3=3,-9—(-9) = =949 = 0. It turns out that 0 is the remainder in both

ways.

[Remainder theorem]

Let’s work on another example. Please use synthetic division to divide 4x> + 10x* — 3x + 8
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by x — 1. You will have the following arrays.

4 +10 -3 +8 E

4 14 11
4 14 11 19

19 is the remainder, and the quotient is 4x* + 14x + 11. This polynomial can be written as

4¢° + 1082 = 3x+ 8 = (v — D(4x” + 14x + 11) + 19

Let’s name the polynomial 4x> 4+ 10x> — 3x + 8 as f{x) and evaluate /{1). We substitute 1 for
x. We will have 4(1)° 4+ 10(1)* — 3(1) + 8 = 19. Have you noticed that f{1) = 19 happens to

be the remainder?

We have the Remainder Theorem: If a polynomial f{x) is divided by x — &, then the remainder
is f (k).

From the previous content, we know that f{(x) = g(x) g(x) + r(x). The divisor is x — &, so we
can write f{x) = (x — k)q(x) + r(x). Substitute & for x to evaluate f(k), and we have f(k) =
r(x). Therefore, the remainder is f{(k).

[Factor Theorem]

We know that x> —2x> — 9 = (x> + x + 3)(x — 3). (x — 3) is a factor of x* — 2x*> — 9.

Plug in 3 in the polynomial x> — 2x* — 9. We will have 3° —2x3°—9=27—-18—-9=0.
Let’s take another example. x> — 25 = (x + 5)(x — 5), (x — 5) is a factor of x* — 25. Plugin 5,
and we will have 5% — 25 = 25 — 25 = 0. This tells us that we can check whether a polynomial

has (x — k) as a factor by substituting x = & in the original function. This is the Factor Theorem:

A polynomial f{x) has a factor (x — k), only if f{k) = 0.
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(32 ) Use synthetic division to divide x* + 2x by x + 1. Find the quotient and the

remainder.

(P32 3K x* 4 2x BRDLx + 1 VR0t o

Teacher: First write the array with the coefficients of dividend.

Student: 1, 2.

Teacher: If the powers of x are missing, please put 0 in the dividend to replace the missing
terms.

Student: 1, 0, 0, and 2.

Teacher: The constant is 0. You should add 0 at the end.

Student: 1,0, 0, 2, and 0.

Teacher: Correct. Then identify the k for the divisor. We said that the synthetic division only
works when the divisor is in the form of x—£.

Student: —1

Teacher: Yes.x+ 1 =x—(—1),sokis —1. Please set up the array and try it by yourselves.

Remember to add terms in columns and multiply the numbers by —1!

Student: 1 0 0 2 O Ii
-11 -1 -1
1 -11 1 -1

Teacher: What is the remainder?
Student: —1

Teacher: What is the quotient?
Student: 1, —1, 1, and 1.

Teacher: They are just coefficients. You have to write the polynomial.

Student: Should I start from x* or x*? I don’t know the highest degree of the quotient.
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Teacher: Good question. The degree of the dividend is 4, and the degree of the divisor is 1.
The degree of the quotient will be the difference of these 2 degrees. 4—1=3, so the
degree of the quotient is 3. You should start from 1x°.

Student: I get it. The quotientis x* — x> +x + 1.

Teacher: Yes.

TR B R A -

B 1,20

BT AR x BIROTIE SRR R L 0 -

Bk 1,0,0, fl 2

EHT - HECEZ 0 BEER&ILE 01 -

B 1,0,0,2, A1 0

B BET  BEERERBI KBS - RIUSE  GAWERAERES x—k
HIT RIS A R -

BUE ko

R B x+1 =x— (= 1) Fit k A1 FECRKSVIRNEEE - LEEE
TS » LR FTEIE TR —1 |

FE 1 00 2 0 |1

11 -1 -1

1 -11 1 -1

R BREES D7

Bz —1-

Al PR %77//'

B 1o —1-1>Ffl1-

Zh . EMARGE - ROVHARHZES -

HE
B REZNE Y BIRERE © 2 RANERN RS TCERR D -
EHT AR - HSREINROT Ry 4 FRERER 1 - AV R & W E R T EY 2
4-1=3 > [AILBEMREE 3 - fRER 1P FIRE -
Bk BHAT o Bier —x 4+x+ 1o
Ehh s 98 -

BPEEAEREFRET RN EFRFTF
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(B3 ) Show that (x + 3) is a factor of f(x) = 2x> + 3x? — 8x + 3.

Then find the remaining factors of f(x).

(H32) BREH (r + 3) 2 (x) = 20 + 3% — 8x + 3 YA » MR HFIERAVEA -

Teacher:

Student:
Teacher:

Student:

Teacher:
Student 2:
Student 3:

Teacher:

Student:
Teacher:
Student:

Teacher:

You can use synthetic division or long division to solve this problem. For those
students who choose synthetic division, you have to figure out the correct “k” for
the divisor x—k. What is the value of £?

(x+3)=x—(-3),s0kis —3.

Correct. I will give you some time to do division.

I work the synthetic division. This is my answer. The remainder is 0. Therefore

x + 3 is a factor of the polynomial.
2 +3 -8 +3 |3
6 +9 -3
2 -3 1 0

Correct. Does anyone have a different method?

I use long division, but it takes a lot of time.

Can I use the factor theorem? I plug in x as —3 in the polynomial:
f(—=3)=2(—=27)+309)—8(—3)+3 =0. According to the factor theorem,
(x + 3) is the factor.

Well, the factor theorem indeed is the fastest way to figure out whether (x + 3) is
the factor or not. However, the question is not done yet. It is looking for other
factors. We use the factor theorem and are happy to get f( — 3) = 0. But, we don’t
discover new information for the other factors. Both synthetic division and long

division leave us some clues. Do you see the quotient?

2x2 —3x+ 1.
See if you can factor the quotient.
x—1 and 2x — 1.

Yes, they are the remaining factors. We can write the polynomial in factored form:

20 +3x% = 8x+3=(x+3)x—D2x—1)
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Student: If the quotient cannot be factored, what can I do?

Teacher: The quotient is the remaining factor. If it cannot be factored anymore, leave the

answer in the original form.

iEdE ] LAGRERESRRERE - EERSGEFREIVEAE » IROVAHHEREL
x—k SPIERER ko k {EZEZS/D 2
(x+3)=x—(=3) Atblk B3 -
TEHE - BRAEAE R — Rl R AR 0%
WH T&ERE  ERRAVEZE - 88U 0 - HI(e + 3)2 L THAHIREL -

2 +3 -8 +3 |-3

-6 +9 -3

2 -3 1 0
TEHE - A HAM AN ?
P REREL - (AR AV -
et FHRZCE NS 2 AR -3 AL THA AT x
f(=3)=2(-27)+3(9)—8(—3)+3 =0~ RIFAERAEH - (x + 3)EHA -
A EHEE RO + 3)EE BRAIRIRTTE - HUEEEET  BEZ
FHEM AR - FFIEHARZER - BF] 71 (= 3) =0 ([E)ZPHEHREH A A
fﬁ o
W LESFGRARNRERZE - #0 T 7—24EK - IRE SR 71 ?
2xr —3x+1
EEIRREGRZT# -
x—1 fl 2x—1-
BET - EMELEFEREIHEZ -
T B ZERERAR R 22 +3x%2 = 8x+3 =(x+3)x— H2x — 1)
IR IOER T - 5% ETEH 2
Al ErEtE R N HVAT - WREAEFR - EEMREFEGE -
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(x — a)(x — b) HIERZ
(LX) The remainder is 7 when f(x) is divided by x — 2, and the remainder is —13 when
f(x) is divided by x + 3.
Find the remainder when f'(x) is divided by (x — 2)(x + 3).
(F32) EF f(x) BB x =2 09ERZ0Es 70 f(0) BREAx + 3 AVERZUR —13 » 2Rf (x) BREL
(x — 2)(x + 3) HYERZ

Teacher: We can write f(x) = (x — 2)(x + 3) g(x) + r(x) after reading the last sentence. g(x)
is the quotient and r(x) is the remainder. The divisor is (x —2)(x + 3), and its
degree is 2. According to the division algorithm, the degree of the remainder is less
than the degree of the divisor. So, the degree of r(x) is at most 1. We can assume
that the r(x) is ax + b.

Student: What if the degree is actually 0? Can you assume 1(x) is just a constant, like a?

Teacher: ax + b is good for these two outcomes. If a is 0, then the remainder is a constant.
If a is not 0, then the reminder is a polynomial with degree 1. We can have some
flexibility when making this assumption.

Student: Okay.

Teacher: We can assume that f(x) = (x — 2)(x + 3) g(x) + (ax + b). Let’s start with the first
information: the remainder is 7 when f'(x) is divided by x — 2. How do you find the
remainder without really doing a division?

Student: I forget.

Teacher: The remainder theorem. If a polynomial f(x) is divided by x —k, then the
remainder is f'(k). So what is the remainder?

Student: f(2)?

Teacher: Yes. The remainder theorem tells us that f(2) = 7 is the remainder. What does the
other information tell you?

Student: f(—3) =13

Teacher: Now plug in the numbers into f'(x) = (x — 2)(x + 3) g(x) + (ax + b).

Student: f(2) =0+ 2a+b,and f(—3)=0—3a+b.
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Teacher:

Student:
Teacher:
Student:

Teacher:
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You will have a system of linear equations ({(ii : 2_%:_? b=:7 13
Please solve for a and b.

ais4,andbis —1.

What is the remainder?

4x — 1.

Correct.

FRIERE H g —4) > JFTTLIBIHER () = (c = 2)(x + 3) g(x) + 7(x) » Hrf
q(x) Ry~ (o) Rzl s BEERAS (v —2)(x +3) > HER 2 -
FRIBFREIFEE > BRECHY B NPYBREEH B - AL > v(x) HIRBEZ s 1
HATT LU r(x) fy ax+ b
WRTEERE L 0 U ? KAk r)stewE > G a5 ?
ax + b WHFVERTEFIE - WHaky 0 ATEERZRlE —(EFEE -
AR a Ay 0 AUEERTELERE R 1 YZIHE - EEEEE A -
TR
Bl EGEE f(x) = (x = 2)(x + 3) q(x) + (ax + D){& > GEREH S AIF%E -/ (x) FR2A
x — 2 WERTUE 7 o BETERRAEAS HIEEETTRRANIIEN MR EIER= 7

CSAC T
A LAEHERFUEE - AORZBIARX f() BREL x — & - HEERAGLE 2 £ (k) -
AEEE RV ?

@7
A - GRaVERENT > £(2) = TRHR - EMERETHRHE 2
f(=3)=

BAERE A f(0) = (= 2)(x +3) g(x) + (ax + b) -
A2)=04+2a+b-~f(—3)=0-3a+b-

ez [ T9 22TV mmans-
a=4>b=—1-

FibliRstiE S 2

4x — 1

TF
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(332 ) The expression 4x> + 16x2 + 21x + 9 is the volume of a square pyramid. The
expression 3x + 3 is the height of the pyramid. What is the side length of the base?

(H32) 4 + 1657 +21x + 9 B EVUASEAIASTE - 3x + 3 RIEIUAMENSE » 55 RIEH
HYE R Ryfal 2

Teacher: The formula for the volume of a pyramid is % X base area X hight. You can write
the expression with the given information:
1
433 +16x* +21x +9 = 3 base area - (3x + 3)

Student: You can cross out 3.

Teacher: Okay. You will have 4x® + 16x% + 21x + 9 = base area - (x + 1). What’s the next
step to find out the base area?

Student: Move (x + 1) to the other side.

Teacher: Precisely, we divide both sides by (x + 1).
So the base areais (4x® + 16x* + 21x + 9) + (x + 1). You can do synthetic division
again. Please tell me the quotient.

Student: I got it. The quotient is 4x? + 12x + 9.

Teacher: The base of the square pyramid is a square. To find the side length, you can factor
the quotient directly or use the formula (ax + b)* to obtain the coefficients.

Student: (2x + 3)(2x + 3)

Student: The length of the side is 2x + 3.

Teacher: Correct.

Zhh - DU AT R %X JEIHIfE X 1 o (e HAHYIRI: > ] LU HH U R

4x3+16x2+21x+9=§-ﬁt§@$§-(3x+3)o

B4 0 3 ADUME -
TER Y BEERAC 162+ 21+ 9 = EHERE - (c+ 1) 0
TR EE R EENES » N2 ?
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Ehh - PLECETEAVEAR  WIEBEFRMGR + 1)
R > SRS B(4x 4+ 16x% + 21x+9) = (x + 1) °
BAERZBHE—RE&EE » GiifkpsmzED -

B 42+ 12x+9 ¢

EHN 0 DUEEERREE —EIETE - ZHEIER - EREERETHE D - AT
FIAT (ax +b)? AR 58 -

B4 2 +3)2x+3) BEREQx+3) -
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n 1= Introduction

ZIRNRE N EEF
Polynomial Functions and Graphs

SIREE -l

EMAEFHRHMRES

AELTTHEHCAT R AT R e BB (R =0 R B TR R AR

FRHEHITERS ~ BPimEh fAi(E - WA KB B R0 - SR -2 B 5 e =AYk
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B = Vocabulary

XERERNBUIETERHR

E¥F thiE BF thiE
quadratic function T RNEL parabola Wy4s
vertex TERE axis of symmetry papii
complete the square | fg 5% perfect square trinomial SEEE
parent function ISABAE vertical shift FEHIEE
horizontal shift TKIEEFE ordered pairs Eoga)
discriminant HIAT=

63

AU EEGRRERE TR (EEERY

-~
3




P
2 5
= S

&xd/

64

3

KTIMEFFTET 2 HApRT D EMMAEEHBHAEHRLC

B HEGRBEERTGF Sentence Frames and Useful Sentences

O Write by completing the square.

#4] © Write the function in vertex form by completing the square.

FBC T AR TR A S RTER A -

® Factor out of

{514 : Factor 3 out of the expression (3x> — 9).
2 (3x* — 9) 1y 3 RSk -

© Shift units .

fila) : Please vertically shift the graph 5 units upward.
o I T 2 EL[m)_E A Eh 7 (I B -

(4 greater than by

4] © Ais greater than B by 2.
AEBK2-

m [5REiE#E Explanation of Problems

8 :RAEA ®

The general form of a polynomial function is
f@)=ax"+a,_ X" '+ ... +ax+a

where n is a nonnegative integer and a,, a,_;,... ay are real numbers.

In the last section, we learned to classify the polynomial by its degree.

When the degree of f(x) is 1, f(x) is a linear function. The graph of this kind of function is a
line. When the degree of f(x) is2, f(x) isaquadratic function. The graph of this kind of function
is a parabola. When the degree of f(x) is 3, f(x) is a cubic function. The graph of this kind of
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function is a curve with some ups and downs. When the degree of f(x) is 0, for example f(x) =

3, the graph of this kind of function is a horizontal line.

[Graphs of Quadratic function] vertex, the axis of symmetry, minimum or maximum of
the function

If £(x) = ax? + bx + ¢, a#0, f(x) is a quadratic function. The graph of a quadratic function is
a parabola. If >0, the parabola opens upward, and if <0, the parabola opens downward.

The quadratic function can be written as f'(x) = a(x — h)* + k, the vertex form of a quadratic
function. In some textbooks, f(x) = a(x — h)2 + k is called the “standard form.” With this form,
we can easily tell the equation of the axis of symmetry and the coordinates of the vertex. Let’s
take f(x) = 2(x — 1) — 4 as an example. Plugin xas —1, 0, 1, 2, 3, and find the corresponding
y values. We will have A(—1, 4), B(0, —2), C(1, —4), D(2, —2), E(3, 4), and these points are
on the parabola.

Let’s plot these points on GeoGebra, and observe the parabola.

A E
@4 L
Can you see the shape of this parabola? C(1, — 4) is the vertex C

of the parabola. The A line vertically passing through pointC — = = = o 2 + ¢ &
equally divides the parabola into two halves. This line is the

axis of symmetry, and its equation is x = 1.

In the vertex form f(x) = a(x — h)* + k, the equation of the axis of symmetry is x = 4. The point
where the axis of symmetry intersects the parabola is the vertex of the parabola, so the x-
coordinate of the vertex must be 4. When plugging in x as 4, the corresponding y value is k. The

coordinates of the vertex are (4, k).

In the vertex form f(x) = a(x — h)2 +k (x— h)2 must be positive or 0. When the parabola
opens upward, the leading coefficient >0, so a(x — h)2 must be >0.

Then f(x) = a(x — h)* + k mustbe >k. Therefore, & is the minimum value of the function. The
parabola keeps going up and up on both sides, so we can’t identify the maximum of the function.
When the parabola opens downward, the leading coefficient a<0, so a(x — h)2 must be <0.
Then f(x) = a(x — h)2 + k must be < k. So k is the maximum value of the function. But we
cannot identify the minimum value of the function, since the parabola goes down on both sides.

Instead of writing the vertex form, we can also figure out the maximum or minimum from the

general form £ (x) = ax?> + bx + c.
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i ) by completing the square.

a

2
We can rewrite the general form to f(x) = a (x + %) + (c

2 2
The formula for the vertex is (—2% (c—%)) The y-coordinate (c—%) indicates the

maximum or minimum value of the function. You can compare the coefficients and directly plug
a, b, and c into the formula. The value of a determines the direction of the parabola. Then you

can know whether your answer is the maximum or the minimum.

[Discriminant and graphs]

b —dac
4q

The coordinates of the vertex are <—2% ( )) We can tell the number of intersections

between the quadratic function and the x-axis by the value of »* —4ac. “b* —4ac” is a
discriminant, and noted as D. The value of D and the leading coefficient a can determine the y-
coordinate of the vertex. We can tell whether the vertex is above the x-axis, below the x-axis, or
just on the x-axis. Additionally, the leading coefficient « tells us the direction of the parabola.
Then we can sketch the parabola with this information.

- vertex is below the

X-axis.

The graph can be:

8

L O

10 -8\ -6 -4 [ o
-2
4
6

->vertex is on the x-

axis.

The graph can be:

D>0 D=0 D<0
a>0 D D D
(-m)<0 > (-m)=0-~ (-3)>0 >
Parabola
opens y-coordinate is below | y-coordinate is O. y-coordinate is above the
upward the x-axis. X-axis.

- vertex is above the x-

axis.

The graph can be:

w4 6 4 -2 0

66
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<0

’ (-5)>0 (%)= (-3) <0

Parabola

opens - y-coordinate is —> y-coordinate is 0. -> y-coordinate is below

downward. above the x-axis. the x-axis.
- vertex is above the - vertex is on the x- - vertex is below the x-
X-axis. axis. axis.
The graph can be: The graph can be: The graph can be:

Conclusion | When D>0, there are 2 | When D = 0, thereis1 | When D<Q0, there is no
intersections between intersection between the | intersection between the
the parabola and the x- | parabola and the x-axis. | parabola and the x-axis.
axis.

[Transformations] Translation

Shifts, stretches, shrinks, and reflections are called transformations. In this section, we will

introduce translation.

The movement of shifting the whole graph is called translation. It seems that you copy the graph
of a function and paste it somewhere else. Everything in the graph stays the same, except the
location. Usually, we start with the parent function when introducing a transformation. The
parent function is the simplest function of a given family of functions. The parent function of a
linear function is f(x) = x; the parent function of a quadratic function is f(x) = x?; the parent

function of a cubic function is f(x) = x°.

The graph of a function is related to the family of graphs. Sometimes, the graphs are simple
transformations of the graph of the parent function.

Take f(x) = x*> and A(x) = x*> + 2 for example. Graph these two functions on GeoGebra.

o7 BB EERE TR RN



OV BT ERT 2 figT @ o

B
Ege

f(x) = x? is the parent function.

We can get the graph of A(x) = x> + 2 by shifting /(x) 2 units
upward. We can use a table to analyze what happens to individual
ordered pairs. Choose 3 points x = —2, 0, 2, then plug in f(x) and
h(x).

Their corresponding f(x) and A(x) are listed below. A(x) is /== Ik

greater than f'(x) by 2. The movements of the points are recorded -
in the last column.

X | f(x) | A(x) | Shift of points \ \¢ ,_'i
6 \ // oq
—2| 4 | 6 |C(=24)>F(-2,6) BN T /71
‘ \\ /,/ / "“

s o i

0| 0| 2 |A®00)~> D02 S B

5 S

2 | 4 | 6 |B(24)>E(256) e~

Please graph k(x) = x> —2 on the plane, and observe the transformations between k(x) and
£(x). We can get the graph of k(x) = x> — 2 by shifting £ (x) 2 units downward. We can find the
effect of ¢ on the graph f(x) = x> + ¢ graphically and numerically. The value of ¢ makes the
vertical shift upward or downward. If ¢ is positive, the graph of the parent function moves ¢

units upward. If ¢ is negative, the graph of parent function moves ¢ units downward.

Next, compare the graphs of 7 (x) = x2, h(x) = (x + 2)*and g(x) = (x — 2)* on GeoGebra. By
shifting the graph f(x) = x*> two units to the left, we obtain the graph A(x) = (x + 2)2. By
shifting the graph f(x) = x> two units to the right, we obtain the graph g(x) = (x — 2)2. In the
form f(x) = (x + ¢)*, the ¢ value in the parentheses
makes the graph of the parent function horizontally
shift to the left or to the right. If ¢ is positive, the
graph of the parent function moves ¢ units to the left.
If ¢ is negative, the graph of the parent function

moves c units to the right. You can also numerically

s check the translation by listing numbers in a table.
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[Graphs of cubic function]
We are going to observe some graphs of a cubic function. Please graph the functions on

GeoGebra. Please focus on the end behavior of the functions. End behavior is the graph of the

function when x approaches co or —co.

Scenario Cubic function and the leading | Cubic function and the leading
coefficients are positive. coefficients are negative.
Examples Graph  f(x)=x>+2x  and | Graph f(x) = —x’ + 2x and
g(x) = x> — 2x on GeoGebra. g(x) = —x* — 2x on GeoGebra.
R :\t \ \\‘
i v 1‘.‘
[ T i

Characteristics | 1. Both graphs fall to the left and | Both graphs rise to the left and
of the graph eventually rise without bounds | eventually fall without bounds as x
as x moves to the right. They | moves to the right. They have opposite
have opposite end behaviors. | end behaviors.

2. f(x) > o00asx— o0 f(x) > —o0 as x - oo

f(x) > —was x> —» f(x) 2 00 as x> —oo

Can you explain why the negative leading coefficient makes f'(x) fall to the right and the
positive leading coefficient makes f'(x) rise to the right? Discuss this with your classmates.

Later, you can try to extend this table to polynomials with a higher degree. Graph the functions
and observe the characteristics of the graphs. You can find that the degree of the polynomial

function (even or odd) and the leading coefficient can determine the end behavior of the function.
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(BE3Z) For f(x) = 2x> — 8x + 11, find the coordinates of the vertex, and the equation of axis
of symmetry, minimum or maximum of the function.
(H32) $HEF f(0) = 2¢% — 8x + 11 > FRHTABGAAE - BfEEL T2 RO R e
/IME -

Teacher: Write the quadratic function in vertex form by completing the square.
Student: I forgot the first step.

Teacher: Factor out the coefficient of x°.

Student: The coefficient is 2.

Teacher: Now factor 2 out of x-terms.

Student: 2(x* — 4x).

Teacher: We have to insert a constant into the parentheses to complete the square.

Use the coefficient of x-term. —% = —2, (=2)? = 4. Add and subtract 4 within the
parentheses to complete the square.

Student: 2(x* — 4x + 4 — 4). Why do we write 4 — 4 in the parentheses? They can be crossed
out.

Teacher: Please don’t cross them out. We need the +4 to complete the “perfect square
trinomial.” The —4 is used to keep the original function. Let’s regroup the first three
terms, and release the last term out of the parenthesis.

We have 20> —4dx+4—4)+11=2(" —4x+4)—2 x4+ 11 =2(* —4x +
4) + 3. Can you write (x> — 4x + 4) into a perfect square?

Student: x2 — 4x + 4 = (x — 2)°

Teacher: Correct. 2()(2 —4x+4)+3 =2(x — 2)2 + 3. It is the vertex form. Can you tell the
vertex and axis from the function?

Student: Yes. (x —2) = 0 is the axis of symmetry. Plug in x as 2, and the y-value is 3. The

coordinates of the vertex are (2, 3).

Teacher: Correct. The extrema of the function are related to the direction of the parabola. If

the parabola opens upward, you can find the minimum. Otherwise, you can find the

0 BB EERE TR RN
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

-~
3

maximum.

Do I have to graph the function? I am tired of plotting points.

The graph helps you visualize the answer. Well, actually, you can get the information
without graphing. Just check the leading coefficient of the function. Is it positive or
negative?

Positive.

The parabola opens upward since the leading coefficient is positive. You can find
the minimum of the function by the vertex.

The minimum is (2, 3).

The minimum of the function is a y-value, not a coordinate point. All numbers on

the function are > 3. So we say that the minimum value of the function is 3.

1 R AEE R SR AC AR GER -
WS T H— T -

S CHIGEER K -

HEE2 -

PE N RAE x THRY 2 NBHR K -

2(x2 —4x) °

PMFTEAEFES T A —EFE R - DISERfc )T -

{55 x THAREL - —g = =2 (=2)* = 4 - {EFEFRHI0 4 6 4 DUSERE )T -

205 — dx + 4 — 4) - BEEAERESEDE T4 -4, 2 A LUDRARER 0 -
SARNEOHETAM - TMITEHALISERL T eI —4RIE AR OR B RGN
B - FERMHERT=THER 4 W R — TR R -
TEEEEHIZK

207 —dx+4 -+ 11 =20 —dx+4)—2x4+11 =2 —dx+4)+3 ¢
REEHE( — dx + DBl SE 2 T 0% 2

P —dx+d=(x—2)7

JEHE o 205 —dx +4) +3 =2(x —2)* + 3 0 B o IREETE BT HIET
THREFISERREGS 2

(x —2) = OZEIHEHE - B x TR 2 y WERIGE 3 - THREHVALEEZER, 3) -
TERfE o PEETRE B4R EIEE T AR - WSRHYIRE 5 E - o] DUERE]
B ME AR AT DR E R AE -

FVEERE ? BT RIE -
HEABNEEEGEL - NEEE L - R AT DR A EES AR -

B0 HH AT R TR R 3
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HfFEmE BV ERGE > CREBEERH?

B BIEEC

L RN ETRGEUSIE  FTRUYIEREE I & b o (R E] DUR A RS eh By /)N
fH -

BT RyMERQ2,3) ¢

ERN AR MER 8 v E o AR (E AR o BRI B 23
I o FRAMTER S B/ MEE: 3 -

pIEE—
B © (M PR AR S (R ELER (L - SR P RAARATRREL -

(3£37) The graph of f(x) = x*> and g(x) is shown below. g(x) is a translation of f(x). Find
the equation of the g(x).

(320 LTS (0) = x* il glx) HIEER - ’ "
g(x) 2 f (x) ‘PSR ERYEE R -
st g(x) HYJTREE -

Teacher: g(x) is a translation of f(x). Which is the parent function?

Student: f(x)

Teacher: Correct. Now we have to observe the movement from f(x) to g(x). How about
plotting some points and checking their movement?

Student: Can I choose the vertex?

Teacher: It is a good idea. The movement between vertexes is easy to see. Let’s name V; for
the vertex of f(x), and V, for the vertex of g(x). Find their coordinates.

Student: V; is (0, 0) and V, (=5, 4).

Teacher: How does V; move to V,?

Student: Move 5 units to the left, and then move 4 units up.

Student: Does the order matter? I think that it first moves 4 units up, and then moves to the
left.

Teacher: The order is not important. The equation shows the final location of g. The graph

2 FPEEBEERET ORI EFRR S
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of g is a horizontal shift of 5 units to the left and a vertical shift of 4 units upward.
We are going to the write the equation.
Do you remember the ¢ value in f(x) = x> + ¢? The ¢ determines the vertical
change. Moving 4 units up means that c is +4.
So far, we know that g(x) = x> + 4. Next, we need to figure out the horizontal
translation. The ¢ value in the parentheses of f(x) = (x + c)2 determines the
horizontal change. What is the ¢ value?

Student: Moving 5 units to the left, so cis +5.

Teacher: Can you combine these translations and write the equation for g?

Student: g(x) = (x + 5)* + 4

Teacher: Great.

E g2 fORIER - (S Rk ?

B f(x)

HER 0 IEHE - BRI £ (0 Fe(0) IS B - SRS A (EE, - BB B
J77 2

EUE T FREDUBFETEEAE ©

B FEE  HE B ERAS B o ERMEEG S fmTER R V,
g(x) HITEEL BV, o 3T PR -

R V2 (0,0) VR (5,4 ¢

ARV, BAUERRENE] v, 52

B SRR S EERAL - AR B 4 (EERAL -

B EFEEE ? R AT L 4 [EEA . MEFELS -

T IEFAREE - TFEREET g(v) HIRAAIE - o) MBI R ME TR 5 [EEf -
] B A% 4 (EERAY o BRAERR PR TR TR -
RS f() =2+ ¢ i ¢ |15 2 c REFEFENE(L - [ EBH 4
(BEEAL - WREFET ¢ & +4 -

B AT R L AT g(x) =32 + 43 R RAIBEI KT TR - 15/ (x) =
(x+ o)t » FESRPEY ¢ EEATEL - ¢ HESD?

BE L [EERSE) S (EERAL > BT ¢ B45 e

HH L IREEIEL TGS G 0 Bie(y) HYTTREEE 9

B4 g(x)=(x+5)2+4o

EA: JERL
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(#£37) Describe the end behaviors of the graph of f{x) = —x> + 4x — 6.
(HS) i fx) = —x° + 4 — 6 LREBUB AT /it b L5 it ) i P2 A 4

Teacher: The end behavior of a function refers to how its graph behaves as x approaches
positive infinity (o) or negative infinity (—o0). Can someone explain the end
behaviors?

Student: Well, for a cubic function, the end behaviors are opposite. But I can't remember
which side goes up and which side goes down.

Teacher: That's okay. We can figure it out by plugging in large numbers for x. Let's start with
x approaching positive infinity. Choose a positive number and put it into the
function. What do you get?

Student: I'll pick 10. So when I calculate f{(x), I get —966.

Teacher: Good. Now, choose an even bigger positive number and find f{x) again.

Student: I'll go with 100. That gives me —999606.

Teacher: Now, imagine plugging in a really huge number for x. Would f{x) be a really big or
really small number? And is it positive or negative?

Student: Based on the pattern, f{x) seems to be a negative number like —99999999... with
lots of digits.

Teacher: Exactly. It approaches negative infinity (—o). The right side of the graph goes down
indefinitely. Now let's consider x approaching negative infinity.

Student: For x approaching —oo, let's use —99999.

Teacher: What would f{x) be if we substitute x = —99999 into the function?

Student: f{x) = —(—99999)° + 4(99999) — 6=.....

Teacher: Would it be a positive number or a negative number?

Student: It would be a positive number, and a really large one!

Teacher: Right. It approaches positive infinity (o). The left side of the graph goes up
indefinitely.

L TRERIRTT R ﬂz? B x BT IR IR KB PR - er BT P 2 B AV
B o H AT DA — T i3 I s B RR R T A 2

BA4 o EREERE > FTLEAHEEAERTT R - (HIS T — A L
{2 m T
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Ehh s BAMITRARE < & x AR IR R - x VR —ERRHYIESL « fR7]
DUEE—(EEEL » MRS (X)  ITRISEIHEE ?

ERE L BRI 10> fx) = —1000 4+ 40 — 6 = —966 ©

ERE . REF - B EE—EE R IR BHf () -

ELAE T A 100 5 flx) = —1000000 + 400 — 6 = —999606 -

Ehh BB WRIRARA—EBRARIVET ) BIEEZEE/D ? 2— (@R K
T EE—EEg N T ? B —E R —EHE s ?

B4 IREEFE > EE ) 2 —EEE - x) AT5EE—99999999......  BIRZAL
-

R BB ERIRA - AR RIS (E e EE T & R - BT (e R R -
IR ERA AT AR R T B 2

B B xRN B IR o x AT RUZ—(EFIE0 —99999 Ky -

TR AIERIRRE —99999 LA fAx) - fx) HIEZEZ /D ?

B4 ) = —(—99999)% + 4(99999) — 6=.....

Ehf: EgREEESER?

B B —EEH > mMARK!

R BB IERIRA - RS ErEE E K - BIPAAArE R B -

w ERAREE/ BREEE o

BlE—
S AR IR - e B AR TS B R - RO AT e B -
(L) The path of a diver is approximately y = — %xz + gx + 23—0, where y is the height above

water level, and x is the horizontal distance from the end of the diving board. What

is the maximum height of the diver?
(B30 BOK BRI RR Ry = — 2 + 3+ 2 30ep y RIBMOK PEIEE > x 2
PEEER KA Y /K EERE o 55 MBE S B KV Y B = B Ry ] 2

Teacher: Let’s analyze the function first. It is a polynomial with a degree of 2. What does the
graph look like?
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Student:
Teacher:
Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:
Student:
Teacher:

Student:

RTINS KT P o EMASEHBHES

A parabola, the mouth opens downward.

Why is it downward?

The leading coefticient is a negative number.

Great. The function shows the path of the diver. The maximum height of the diver
is the maximum of the function. Where is the maximum?

The vertex of the parabola.

Good. We can rewrite the function in the vertex form f(x) = a(x — h)2 + k, by
completing the square. You have a few minutes to do it.

I don’t like fractions. How should I start?

1 -1 . 1
We can factor out o — from the polynomial. Each term has ;s the factor. If
-1 : .
you factor out EE don’t forget to change the operation sign when necessary. You
. 1 20
will have — 3 (x> —8x) + 5

20 1
Why don’t you factor ?? It has ;s the factor.
I will add and subtract a number in the parenthesis in order to make a perfect square

. . . : 20
trinomial with x*> and x. I do not want to get confused, so I decide to leave 5 out

of the parentheses. This fraction is not helping right now. % = 4, which number

should I add in the parentheses to complete the square?

4 squared. 16!
I will have — % (> —8x+ 16 —16) + ?. Remember to subtract 16. We do this to
keep the original function.

I regroup the function as — % (> —8x+16) +(— %)( —16) + 2?0. Please remember

to multiply —16 by the factor — % Simplify the function.

1(2 8+16)+16+20— 4P+ = Ly 412
T 33T 30 =39 :

What is the vertex?

(4, 12)

What is the maximum height of the diver?
12.

AU EEGRRERE TR (EEERY
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Teacher: Great. How do we interpret the ordered pair (4, 12)? We would say that the diver
reaches the maximum height when he is 4 units away from the end of the diving

board.
b2

Student: You taught us the formula of vertex, (— S, (c — E))’ can we use that?

1

5>, 8,20
X +-x+—,s0a=
RS

Teacher: Sure. Let’s compare the functions and find @, b, and ¢. y = —

1 8 20 2
—-, b =-, and ¢ = —. Can you calculate (c — b—)?
3 3 3 4a
& 20
Student; — — —%— = —+— = 12. The same answer.
RN

ERN RO ITERERE - TR X SHEARE > B REATE ?

= R e | IS N EO 7 ek

ERl - RfTEERILE T ?

B4 NREERGEERE -

RN AREF > BT THUK ERIERES > BUK BRVRE S E R B ER A E - mAE
FEWRAE 2

R (EYISRAYIERS -

BT R o BT LB B SR T SAERE BAEER, £ () = a(x — h)’ + k o 451K
{FI5% 7 SRR

B4 BASEOR TEZEERS ?

EHT . BTG S TER TR § B S FHEEEA B R - AR
S FESREEEY - Rt gEs — (2 —80) +3

2 BiHE T RS2 T | EEEY -
EHT SRE D ERE SR TR T DA 2 R x R AR 2
SIER - BT RRE  RIMEEREE T EESY > BEEAREE -

8

S =4 > P AR ARSI A B e SE T ?
BUE AHPEITR 16 -
S RAT FTLATTBABIRR —3 (6 — 8x 4+ 16— 16) + 3 SR 16 0 iEHEABEMRE

R G RINEE

" FPOREAREFIRE TR EERNRY F
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FFERT 2 BRy P o EMASEHBHIEAD
B > fE B E T HER %-"@-%w+mﬂﬂ—ﬂﬁ%®+@ ' SUIEH

~L k16 - iifb -

16 20

:-“@—4H4®+—+?
— 42+36
_3@ U

1 2
=—36=4’+12

A M HRE %D ?

(4, 12)
PUKEBEK R = R % /b ©
212

TRAF  ALBATA I EERRECA (4, 12)WE ? EMI AT LAGR » BKE BB KR ey 72K
PEERE 4 (BB ZRIRASE -

b

LAY ATEOETER A (——, (c——)> R

=2

B TGt

3

0 (O

1
> 4(=3)
_20,16
-3 '3
=12 - ZZEAM[E] -
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(£ ) A workshop makes and sells toy bikes. Each toy bike costs $6 to make, and the
workshop’s monthly fixed costs are $50. The price of each toy bike comes from the
price function 146 — 10x, where x is the number of toy bikes sold. Find the monthly
cost function, monthly revenue function, and monthly profit function.

Find the maximum monthly profit.

(FF30) —f ARSI E br IS = - AR B B Ay S ERCA R 86 - TIED;
T H & E Bl F5$50 » BrE RS Sy & B AR B {E RS e 146 — 10x - x ByE BT
F RS HEER - SR H AR RS - WA RS JER kS - WHE Al
BV AME -

Teacher: Cost, revenue, and profit are three important words in economics and daily life. Do
you remember the sausage roll sale on the school anniversary? We made money by
selling sausage rolls and donated the money to a charity. Cost is the money that you
spent on raw sausages from the market. The raw sausages, the barbecue grill, wire
grid, charcoal...etc. are called fixed costs. Revenue is the total money that we
earned from the customers. We agreed to donate the profit to a charity. The profit is
the difference between the money we earned and the money we spent. Now, do you
understand their relationships?

Student: We didn’t donate a lot because we didn’t make a big profit.

Teacher: Now, let’s come back to this question. Cost is the money that has been spent to
produce toy bikes. The business’s cost includes the fixed cost and $6 per toy bike.
Can you write the cost function C(x)?

Student: C(x) = 50 + 6x.

Teacher: Revenue is the income. Revenue is the number of bikes sold times the price. Can
you write the revenue function R(x)?

Student: The revenue function is R(x) = x(146 — 10x).

Teacher: According to the economic definition, profit is the excess of total revenue over the
total cost. You subtract the cost from the revenue. What is the profit function P(x)?

Student: P(x) = R(x) — C(x) = x(146 — 10x) — (50 + 6x) = —10x> + 140x — 50.

Teacher: Great. This question is asking for the maximum profit. We have to find the

& BB EERE TR RN
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Student:

Teacher:

Student:

Teacher:

Student:
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maximum value of the P(x). Can you write this function into vertex form by
completing the square? It should just take you a couple of minutes.

P(x) = —10x* + 140x — 50 = —10(x*> — 14x) — 50

= —10(x* — 14x+ 7 = 7*) — 50

= —10[(x — 7)> —=49] — 50 = —10(x — 7)*> — 99

I think that you forgot the distributive property on —7°. You have to multiply —7°
by (—10), when moving it out of the parentheses.

I see. Let me correct it. —10(x — 7)% 4+ 490 — 50 = —10(x — 7)% + 440

It makes sense now. Where is the vertex of the P(x)? What is the maximum profit
value?

The vertex is (7, 440). The maximum profit is $440.

I used the vertex formula. I plugged in a=—10,b = 140,c = =50 into

Student:

Teacher:

R

B

EH

g
4 -
B

i -

B

ERi

b —dac
4a ’

I got 440 as well.
Either way is okay. We can tell that the company will make a maximum profit of
$440 after they sell 7 toy bikes. If they sell more than 7 toy bikes, their profits will

decrease.

B ~ W FIF R 2 4B B2 H s AR T v = (S E A Ra)sE -

I BEROAFEERIRMEEBEDE ? RMEREEEN LR85 T —
EZE SRS - ARIRE TS LIS E L WIBEERYES - ARG ~ JERZE ~ #3854
4 ~ AREFAHE B[S E A o BB RAME s P AR 4R 2 5 - 2]
BRI RG2S - ARE P MR s B e M e B R B 2 72 - AT
{REA A B2 R T 2

NREFTLAMRZHIE - FTiREAZ -

HAE > SBEMERIEMEEE o piAR A Dt A MBS AT EERYEE - RRAVRLA
EFE R E AT R BTTE 6 I » {RAERS A R E C()E ?

Clx) =50+ 6x -

Wz B WA © W B AT R B S SR LUERS - Sl B MU L R(x) -
R I EUER(x) = x(146 — 10x)

IR EURENER MR RG B BB ER 7 R s A A -
g P(x) 2%/ 7

P(x) = R(x) — C(x) = x(146 — 10x) — (50 + 6x) = —10x> + 140x — 50 -

KT o E(ERREE R AR » JMIATE] P(x) BIEARE © REE(EHFC

AU EEGRRERE TR (EEERY



N T Er T 2 kT P o EHIASEHBHEDL
“ewe

JTER R EE N R BATAE S 7 S B AR R 28 o s s ] -
B4 P(x) = —10x% + 140x — 50 = —10(x? — 14x) — 50
= —10(x* — 14x + 7> = 7°) = 50
= —10[(x — 7)*> —49] — 50 = —10(x — 7)> — 99
HH RS TAE-T BRSO - EIREEAESR DR - (R -T 5
(=10) -
B4 HEET o BI4—TF - —10(x — 7)> + 490 — 50 = —10(x — 7)> + 440 -
EHN . BUERESE T o POOWYTHBEEE 2 s AFEERZ 2D 2
B THERNE(T, 440) 0 fRAITEE 440 T -

b?—dac
4a

E%Eiﬁﬁ%?@%&ﬁ’%wr4mb=M0w=—wqu—
440 -

S RS EEATLL o TR DUADE - A TR E 7 BB E RS o e
IR - ke 440 57T 5 AR A6 ST E IIES SR 7 8 - Al
T e -

) tEET

81 FPOREAREFIRE TR EERNRY F



KT INEF R T R AR T P o EMASEHBHMRESL

-~
3

Bt ERAENEAEF
Lines and Inequalities

I TR EEE e T EER RIREEAD

n 1= Introduction

AUTFOCHEFEE S TEARVERZ - R - FEEART A FEE - SRR B ARAYEE
HEAF o WAL DI S M T — KA R E AR e — XA F > LA
AR H TG MR -

M 3% Vocabulary

XIEREERNBIE TENFE

Bx th3 E¥F th3
point-slope form BRI slope-intercept form R
parallel lines TSR perpendicular lines HE H 47
two-variable inequality | — 70— RZE= | half-plane FEEH
system of inequalities | BEILAFER solid line HER

dashed line Ji 457
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o separate into

##4) - The line separates the plane into two half-planes.

iE PRERE T ) R (-

2] half-plane which consists of
##l4] : The half-plane, which consists of (1, 4) is our solution.

BEEA, HEHBEF R T -

©® The solution is

#i14] : The solution is the overlap of two-half planes.
i WP R ER 57 -

O® Draw intersecting at

4] - Draw a horizontal line through point P, intersecting line L at point C.
ARG P E—KPE  tHACESR L RE C -

B RIEEFERE Explanation of Problems

o3 3REA
[Review of linear equations]

In junior high school, we learned linear equations. There are different forms of linear equations.
Given the slope and y-intercept, you can write the equation in slope-intercept form:

y = mx + b. Given the slope and a point, or given two points, you can write the equation in
point-slope form: y —y; = m(x — x;). You can simplify the equation into the standard form:

ax + by = c, where a, b, ¢ are real numbers, and a, b are both not zero.

53 FOOEEAE EFHE TR E R



N KT TR T 2 HRT P o EHASEHBWESL
Exe

If lines y = myx + a and y = m,x + b are parallel, their slopes must be equivalent, meaning
m1 = mz.
Iflines y = myx + a and y = m,x + b are perpendicular, their slopes are negative reciprocals

-1
of each other: m, = —.
2

[Distance between point and line]

__laxo+byg+c

The distance from point P to line L is defined as: d(P,L) = Vo It is the length of the

perpendicular segment from P to L. There are many ways to prove this formula, and we will use
the area of a right triangle to prove it. In the graph below, line L: ax + by + ¢ = 0 and point P

(x0, Vo) are given. We will construct a right triangle and find the coordinates of the vertex.

First, draw a horizontal line through P intersecting L at C. Its y-coordinate is also y, because P

and C are on the same horizontal line. Substitute y, for y inthe equation ax + by + ¢ = 0, and

—c—-b . .
solve for x . x=Ty° so the coordinate of C 1is

L:ax+by+c=0

(_C_aby % y0). Then draw a vertical line through P intersecting L

at B. Its x-coordinate is x,, because P and B are on the same
vertical line. Repeat the step, substitute x, for x in the

equation ax + by + ¢ = 0, and solve for y. The coordinate of

—c—axy
)

B iS (xO, b

Next, construct a line through P perpendicular to line L,

intersecting L at point D. PD 1 L

. TheareaofAPBC=ﬁxPCX%=P XB_X%,soﬁz

L:ax+by+c=0

PBXPC
BC
—  |—Cc—ax —axg — by, —c axg + by, +c
b b b
——————— — _|—c—byo _|—ax0—by0—c_ax0+by0+c
B a o1 a B a

o B R TR R
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Using the distance formula, BC = \/(xo — _C_byo)z + (yo — _C_axo)z = (i + %) lax, +

a b a?

by, + c|. Plug in these values and simplify,

— laxq + by, + ¢l

PD =
JaZ 1 b2

Let’s see an example. Find the distance between point P(—1,4) and the line y = 2x — 3.

First, write the line equation in the form of ax + by + ¢ = 0. y = 2x — 3 becomes
—2x +y + 3 = 0. We compare the coefficients and find that a = —2,b = 1,¢ = 3.
The coordinate P(—1,4) tells that x, = —1, y, = 4. We apply the formula and receive:

== _ laxo+byp+c| _ |-2:(-1)+14+43] _ 9 _ 9V5

PD VaZ+b2 ~  J(=2)2+(D)Z V5 5

The distance from the point P to the line y = 2x — 3 is T\/_

[Two- variable inequality]

y = x + 1 is a linear equation in two variables. If we change the equal sign, for example, y >
x + 1 is a linear inequality. An inequality shows the relationships between two quantities, and
the relationship can be “greater than, greater than or equal to, less than, or less than or equal to”.

The mathematics symbols are “>, >, <, < ", respectively.

The graph of a linear equation is a line, and the graph of a linear inequality is a half-plane of a
coordinate plane that is bounded by a line. Let’s take y > x + 1 as an example.

First, we graph the line equation y = x + 1 on the plane (Figure 1). The solutionsof y = x + 1
lie exactly on the line. However, y = x + 1 is the boundary line. This line cuts the coordinate
plane into two half-planes: one is above the line, and the other is below the line. One of them is
the solution of y > x + 1. How do we choose correctly? We have to test with a point. Pick a
random point, for example, (0, 0), and check whether it satisfies the inequality. Does 0 > 0 +
1 satisfy? No, 0 is not greater than 1, which means that (0, 0) is not one of the solutions. The
lower half-plane with (0, 0) is not the solution, but what about the other half? The upper half-
plane is the solution. Any points in the upper half-plane can be the solution of the inequality.
There are infinitely many solutions, so we usually shade the region (Figure 2). Most of the time,
(0,0) is an easy way to test as long as it is not on the boundary. We can try another random point
to test the inequality again. Let’s try (1,4) which is on the upper half-plane, and plug (1,4) in
the inequality. Does 4 > 1 + 1 satisfy? Yes, 4 is greater than 2. (1,4) is one of the solutions,

so the half-plane which consists of (1,4) is our solution. You can see from the graph, the half-
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plane which includes (1,4) is above the boundary line. Lastly, we are going to change the
boundary line. Because it is an inequality, the points on the line don’t satisfy the inequality. We
use a dashed boundary line (Figure 3). If there is an equal sign in the inequality, such as > or <,

we use a solid boundary line.

Figure 1 Figure 2 Figure 3

[System of inequalities]

We learned the system of equality before. It is usually formed by two equalities in two variables.
The solution of the system of equality is the solution of each equality. The solution will satisfy

the equations.

Now, we will learn the system of inequalities, which is formed by two or more inequalities in

two variables. A system of inequalities has many solutions, which are a set of points. These points

satisfy each inequality. We can solve a system by graphing it. Take {}3}_ 3x>_ oy ASan example.
First, graph the equation y + x = 8. Plot intercepts (0,8) and (8,0) on the y-axis and x-axis,
then draw a line through these two points. Test the point (0, 0) for inequality, 0 + 0 < 8. (0,0)
satisfies the inequality, so the half-plane which includes (0, 0) is the solution. Shade the lower
half-plane. There’s an equal sign in the inequality, so the boundary is a solid line (Figure 1).
Then graph y — 3 = 2x with points (0, 3) and (1, 5). Test the point (0, 0) for inequality. 0 —
3<0. (0,0) doesn’t satisfy the inequality, so the half-plane, which doesn’t include (0, 0), is
the solution. Shade the upper half-plane. The boundary is a dashed line (Figure 2). The solution
of the system is the overlapping area. The combined graph should look like Figure 3. Now pick
a point in the overlapping region, such as (0,4), and check it in both inequalities. 4 + 0 < 8

and 4 — 3 > 0, so both inequalities are satisfied.
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Figure 1 Figure 2 Figure 3

-2 -2 -10 8 6 4 -2 0 2 4 6 8 0 12

w EEEENREE o
plE—
A ¢ R S — o — A ER - W05 [EHEAE DR EIM E R EHEM A T - s

e B%E -
(37 ) Write an inequality to graph. .
(F30) A MEFTARN T —RAER -

Teacher: We need the equation of the boundary line. Two points determine a line. Can you
find two points on the boundary line?

Student: (0,3) and (1,1).

Teacher: Do you remember how to write the equation of a line? Who has the answer?

Student: The slope is —2 = —2.The equationis y — 3 = —2(x — 0). [ use point-slope form.

Teacher: Good. Is there any other way?

Student: I use the form y = mx + b. The y-intercept (0, 3) gives the value of b. I can plug

87 BOORCE AR T TR R R



N KT EFF R T R KT P o EHIASEHBHEDL
‘Epe’

in —2 for m and 3 for b.

Teacher: You both are correct. The boundary line is y = —2x + 3. Next, we have to
determine the inequality sign, >, >, < or < . What should we do?

Student: We can pick a point and test the inequality.

Teacher: Great. Let’s choose the point (0, 0), which is in the shaded region. This point can
help determine the inequality sign. Plug (0,0) into the equation y = —2x + 3.
We have 0 on the left-hand side and 3 on the right-hand side. Because 0 < 3, the
inequality is y < —2x + 3.

Student: The process is reversed. I am confused.

Teacher: The inequality sign is missing, and we use one of the solutions, (0, 0), to find out
the missing part. (0,0) is in the shaded region, so it is one of the solutions. The
solution (0, 0) should satisfy the inequality. On the left-hand side of the equation,
we have 0. On the right-hand side of the equation, we have 3. Because 0 < 3, we
know the left-hand side is less than the right-hand side. Therefore, y < —2x + 3.
Let’s use the way you already know to check the answer. Does (0,0) fit the
inequality y < —2x + 3?

Student: 0 < 3, yes.

Teacher: Should the half-plane which includes (0,0) be the solution?

Student: Yes.

Teacher: Now, check whether the half-plane which includes (0, 0) should be colored?

Student: Yes, it should.

Teacher: See, we are correct. The boundary line is dashed, so the inequality is y < —2x + 3.

Student: Can we try a point other than (0,0)?

Teacher: Let’s try (2,2). You can tell from the graph that (2, 2) is not the solution because
its region is not shaded. (2,2) will not satisfy the inequality. The left-hand side is
2, and the right-hand side is —2 X 2 + 3 = —1. 2 is greater than —1.

Since (2,2) will not satisfy the inequality, the inequality sign should be reversed
from “>” to “<”. The inequality is still y < —2x + 3.

Student: I see, but I am not sure I can do this “reversed” way next time. So I should try the

point in the shaded region next time.

Teacher: It’s good to plan ahead. You will do better next time.

A 0 FMEIREIEFRAY TR o RRE —E AR o AEfEIM FRE S _EAVERE 7
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PORRRE =20 TEUE y -3 = —2(x - 0) - BAHRR -
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{RAF - =AHA A ?

HeHy =mx+b NEM - YEEE (0,3) 5T bHYE - FATLURE =2 fCA m
3 RAD -

IRMIRIEERES - 52 vy = —2x + 3« 8 MAREMEE A FAAVRFE > 2 < B¢
< o % ETEL ?

A] DLUE— (RO A 2 -

AP T - BERERL P s I HYRE (0,0) © iSRG AT DU B E N E=ATR5% -
7 (0,0) FRATGER y=—-2x+3 - Z£fllig 0 Al 3 - WA 0<3 - FiBlA
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SWEE - 2. 2) BRMEFER - HR 2 GERE-2x2+3=-1-2 K
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y=-2x+4

(L3 ) The system of inequalities { y<x—1

is given. Please shade the solution on the

12

coordinate plane.

12 -10 -8 -6 4 2

°
a
o
®
5
i<

-6

y=-2x+4

e EEASTE FLAR AR

A -

Teacher: Two boundary lines are given, but we don’t know which one is which. How can you
identify them?

Student: I know an easy way. One is dashed, and the other is solid. The dashed line is y <
x — 1, and the solid line is the other one.

Teacher: Good. Is there any other way?

Student: I can find two points on the line and solve the equation of the line.

Teacher: Good. You can use this way when they are both solid lines or both dashed lines. Is
there any other way?

Student: I look at the slopes. The slope of the first boundary line y = —2x + 4 is -2. The
solid line is downward from left to right and has a negative slope. The second
boundary line y = x — 1 has a positive slope. The dashed line is upward from left
to right and has a positive slope. The dashed lineis y = x — 1.

Teacher: Great. These are all correct ways to identify the line. Next, shade the solution for
each inequality. Finally, try the test point (0, 0).

Student: 0 < 0 + 4, so (0,0) doesn’t satisfy the first inequality.

The solution should exclude (0, 0). The solution is the upper half-plane.
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Student: 0 > —1. (0,0) doesn’t satisfy the second inequality either.

Teacher:

Student:

Teacher:

Student:

Teacher:

il
s

EH

The solution is in the lower half-plane.

Yes. The overlapping part is the solution of the system.

I would like to share a shortcut with you. hiiiiss | il

If the inequality is in slope-intercept form,

starting with y ...., shade the upper half-plane ‘
of the boundary if y > or y > and shade the

lower half-plane of the boundary if y < or

y <. } ‘,4
Wow.

Let’s check the previous example y < —2x + 3. The inequality is in slope-intercept
form, and y < ---. The shade region is “below” the boundary line.

Yes. It works. But what if the boundary line is vertical? There’s no way to tell the
“upper” and “lower” half-plane. What can we do?

If so, use the ultimate method: a test point to check the inequality. This method

works every time.

B HEGE TMRES » [EAFIEW R - SIEEEE 2
HHIE TR HRA A - HP—REER 55— REER - EHE y<x—-1
HaE sk -

RAF - BAHHMITEL ?
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(JL3Z) A town is mapped on a coordinate plane, and the city hall is the original point. The
police station is located at the point (—6,2), and the main street is located at 2x —
3y = 10. How far is it from the police station to the city hall? What is the shortest
distance from the police station to the main street?

(F30) —{E/ AR EAAME E o JFREE T L - BEmZE(-6,2) » TEEE
firf? 2x — 3y = 10. FHEERF/FIHE T OAIERE ? B2 /5 F F EEE &
L pERE ?

Teacher: The police station is (—6, 2), and the city hall is (0, 0). So how do you find their
distance?

Student: Use the distance formula. But I forgot the formula.

Teacher: The distance formula is /(x; — x,)% + (y; — y,)2. Try to plug in the numbers.

Student: \/m = /40, which is 6 point something.

Teacher: Okay. Next, find the shortest distance from the police station to the main street.
Actually, it is the length of the perpendicular segment from (—6,2) to the line. Do
you remember the formula?

|axo+byo+c|

The formula is Ny

. It may take you a while to memorize this formula.

|-12 — 6 + 10|

Student: \/m

Teacher: You plugged in the wrong number in c.

The c comes from the equation ax + by + ¢ = 0. You have to rewrite the equation
to 2x —3y —10=0.cis —10.

|-12-6-10| _ 28

J22+(=3)2 V13

Teacher: Please use your calculator to find its value.

Student: Okay. The distance should be

Student: It’s about 7.77.

Teacher: Correct.
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Ehl - EEEHVAEE(-6,2) - THEUFHIAAEE(0, 0) - AVEEHREI T M 2 fHEESE ?
B4 HEEEAR - HAE

i EEEEARRY (0 — x2)? + (o — ¥2)? - ERABT -

B 0 J(=6)2 + (2)2 = V40 &Y 6 B -
Ehl AP - %T% EEREE| L BRI - HERRE(-6, 2) R REHIE

BERE - A AE 2
AR 'v”—yb' o e SR T /AN
|—12 — 6 + 10|

BE V22 4+ (=3)?
il - ARE ¢ FHRARVETE T o ¢ KRE G ax + by + ¢ = 0 - ARITEAER
Fs2x —3y—10=0°cE—10-

) e |-12-6-10] _ 28

s o AF - EEARRERE =S = -

Zhl AR ERACKEE -
A R&T7.77 -

D IR
plEE—
st ¢ SEE AN FER R W AERY R - 5 [ RS B R M E B A RE YA - 04T
S I L R

(J£3Z ) You have NT$150 for grocery shopping. One bottled cola costs NT.20, and one
sparkling water costs NT$35. You don’t want to spend more than NT$150. How many
bottles of cola or sparkling water can you buy? Write a system of inequality and graph

the solutions.

(FF30) IR T 150 JTTREEY) > —JA] 4% 20 T - —ifsRIEIK 35 7T - (RAETEEE 150
TT 0 IRET DUE ST AT SR SR K ? SRR A TR A -
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Teacher: We are going to create an inequality in two variables to represent the relationships
between cola, sparkling water, and money. First, we use x for the number of colas,
and y for the number of sparkling waters. Can you write an expression to show the
total money you spend?

Student: 20x + 35y.

Teacher: You don’t want to spend more than NT$150, so your total money should be less
than or equal to 150. We can write an inequality 20x + 35y < 150. Please graph
the inequality.

Student: Can I divide the inequality by 5 first? They are all multiples of 5.

Teacher: Yes, you can simplify the inequality first to make it easier.

Student: I have 4x + 7y < 30.

Teacher: Do you remember how to graph inequality? First, graph the line 4x + 7y = 30,
choose a point to test the inequality, and then shade the correct half-plane. I will
give you some time to do that.

Teacher: Who can share their graph and explain?

Student: This is my graph. First, I found the x-intercept and y-intercept. Then I graphed the
boundary line. I chose (0, 0) to test the inequality. Because 0 + 0 < 30, the lower
half-plane which consists of (0,0) is the solution. I shaded the region. The

inequality has an equal sign, so the boundary should be a solid line.

N

Teacher: I am impressed! How many answers do you think there are?

Student: Infinitely many!

Teacher: Can x be a negative number? Can y be a negative number?

Student: Um. They shouldn’t be negative. They represent the number of drinks.
Teacher: Can they be “0”?

Student: I guess so, as long as you don’t buy them.

Teacher: Can they be a decimal, such as 1.5 or 2.99?

Student: Well, no, they should be integers. They are the numbers of drinks.

Teacher: How do you revise your graph to reflect what you just said about x and y?
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Student: I think the region should be limited to the first quadrant.
Teacher: Like this?

5
A = (0,/4.28)

L

4

3

2

1

-1 0 1 2 3 4 5 6 7 8 9

Student: Yes, but I don’t know how to graph integer solutions.

Teacher: x and y are whole numbers. They can be 0, 1, 2, 3etc. We can plot the points with
whole number coordinates (0, 0), (0,1), (0,2) .... until (0,4) on the y-axis. We plot
the points (1,0), (1,1), (1,2),(1,3) on x = 1. Repeat the steps. Remember that we
only plot the whole number points in the shaded region. The point (4,2) in on the
line, and it satisfies the inequality 20x + 35y <150 . The graph is:

Teacher: Can you interpret the coordinate (1,3)? What do the numbers mean?

Student: You can buy 1 cola and 3 bottles of sparkling water.

Teacher: Yes. Meanwhile, you spend no more than NT$150. Here, I would like to revise our
inequality a little bit. You clarified that x and y could be positive or 0, so we can
add x>0 and y >0 into inequalities. This is our system of equalities:

20x + 35y < 150.
x=0 . Done.
y=0

EHD - EEHAEE S ROBKAERBIGIVESE AN E S - Ho R x R0 E
H y FRA /@7J<E/j£ RE B e g ARy e i s 2

BA o 2/ 20x + 35y o

EHN . AEICHEME 150 TUHr e P AEEERERZ N ECETY 150 o B T AR E A
= 20x + 35y < 150 - FHigElE{E AN FEXAVEP -

24 A DURREAREEEERDL 5 U5 ? #0025 HUfEEL -

BYOBEASEERE TR E SR E



|f‘\\:¥{g—'3§ ’—é“psi’ﬁﬁr?{s 7 .. SEMAEEZHEHARP O

L Y AR A ER - BRE R S

A 5 4x+ 7y <30-

EEN . EREEEEAFANEIPN ? HeEN ELR 4x + 7y = 30 » B —{ERAOHEL
AER - DGR ERER PR R o &GRSR 5ERL -

N BB SR E ARG T -

B ERAVE - EHIetE] x ShEEEAN] y BhEEE - AMEELER - H (0,000
FEX - ARK0+0=<30>H (0,0) &HRLHT NF-FHEISMITHIE - A0S (HHE
= Fka ’;?L AERAE—EEFSE - FrPliBfUEZ 2 ER -

ER: OKEEZ T REEEZ/VERE ?

B4 FERZE

Ehl: x AILUS RS 7y AILUE S0 ?

B4 B BN EZRE - FIARESRIEE -
Ehl: AILUZE PO, 1Y

B4 JEZ AL AEEFT -

Rl ATDUS/NES > filg 1.5 502,99 7

B4 R AT EZEEE - ARIERIEE -
LRl EEHELUE A RE R R x Ay HGRES 7
B2 PGl MEZItEE RIS —RIR -

ERl - GEEES ?

A = (0,4.28)

2a4 0 ¥ 1B$%D£’5Wﬁ$ﬁ%‘§iﬁﬁ °

EEN xRy 2EE - AIDUZE 0~ 1~ 2~ 3% < A[DUE y il B DUEEEIAAEE0,0) ~ (0,1) ~
(0,2)... EF0, 4) LAEEL - fFEx =1 FFEHEL 0)~ (1, 1)~ (1,2) ~ (1,3)
N EAEDER o Ui RAEE s B AR EERRE - Bh(4, D) E&R F o WmE
%3 20x + 35y < 150 - ERATF ¢
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20x + 35y < 150.
2V x=0 ° SERK °
y=0
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Circles and Lines

I TR EEE e T EER RIREEAD

n 1= Introduction

ARETT/ e IS SRR BN T2 - B E SRR SR =FBTE T - 0 A A U,
FIE ARIEEE SR AHETE S E S IIFIE - PRETIBIE E— R DGR AR EI SN —%E
AID)4R IR R V4R TRE R

M 3% Vocabulary

XIEREERNBIE TENFE

B¥ thiE B¥ P&
origin ARSI center Bl
radius P standard form AR
tangent line K secant line 4
point of intersection AL discriminant HIFI=
point of tangency

kA reciprocal e
or tangent point
point-slope form BERI
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(1) a circle with center

##4] : Draw a circle with a center (3, 5) and radius 3 on the plane.

fe ¥ EEEEGES, 5) > LR 3 HIE -

(2) in standard form.

fila) - Please write the equation of the circle in standard form.

oA B Bl -

© the distance between

##4] : Find the distance between point 4 and line L.
e hish 4 FIE 4% L HIEgEk -

O intersect at

4] © The line intersects the circle at two points.

ERE S BT RIS -

B [EEFE#E Explanation of Problems

8 :RAEA ®

[Equation of a circle]
A circle is the set of all points (x,y) in a plane that are equidistant from a fixed point. The fixed
point is the center of the circle. The distance  from the center to any point (x,y) is the radius

of the circle. For a circle whose center is (0,0) and radius is r, the distance between the center

(0,0) and any point (x,y) on the circle can be written as: r = /(x — 0)2 + (y — 0)2. This is
the distance formula, and you learned it in junior high school. We square both sides of the
equation, and we will get: 2 = (x — 0)%2 + (y — 0)2. Simplify it, and we get: % = x% + y?2.
This is the standard form of the equation of a circle, with the center at the origin (0,0) and

radius r.
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Not every circle has a center (0,0), so we need a general form of the equation. We can get the
equation of the circle whose center is not (0,0) with the distance formula again. Suppose a

circle with radius r with a center (h, k). The distance from the center to any point(x,y) on the

circle can be written as: 7 = \/(x — h)2 + (y — k)2. We square both sides of the equation, and
we will get: 72 = (x — h)? + (y — k)?. This is the standard form of the equation of a circle,
with the center at (h, k) and radius r.

If we expand the equation and simplify it, we will get
x% + y? — 2hx — 2ky + h? + k? — r? = 0. You might be confused by the letters in the equation.
In short, the standard equation of the circle can be expanded and then simplified to a quadratic

equation x? + y% + dx + ey + f = 0. This is the general form of the circle.

[Circle- line Intersection]

You draw a random circle on the paper and then move your ruler around the circle. You can find
that sometimes the ruler cuts the circle at two points, sometimes at 1 point, and sometimes there’s
no intersection between the circle and the ruler. There are three cases of the circle-line
intersection in a plane.

Case 1: If the line cuts through the circle, there will be two points of intersection. The line is

called “the secant line.”

Case 2: If the line is tangent to the circle, there will be only one point of intersection. The line is

called “the tangent line.”

Case 3: If the line misses the circle, there will be no point of intersection.

Given a circle and a line, how can we identify whether there’s any intersection or not? Of course,
we can graph the circle and the line on the coordinate plane and see the points of intersection
geometrically. There’s another algebraic way to solve the problem. Let’s look at the following
example. Given a circle x2 + y? + 4x + 10y — 7 = 0 and a line y = x + 1, how many points

of intersection are there?

If there is a point of intersection, the coordinates must fit both the circle and the line. You plug

the coordinates into the equation of the circle and the line, and both equations will be satisfied.
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So, the point of intersection is the solution of the system of equations

2 2 —_ =
{x +y“+4x+ 10y —7 0. We can solve the equations by substitution.

y=x+1
We substitute x + 1 for y in the equation x% + y? +4x + 10y — 7 = 0.
The equation becomes x2 + (x + 1)2 + 4x + 10(x + 1) — 7 = 0. Simplify it, and we get:
x% 4+ 8x + 2 = 0. This is a quadratic equation, and we can find the value of x by the quadratic

—-btVb2-4 . . . . .
formula, x = ‘Tac The value x is the x-coordinates of the point of intersection.

However, the value of x is not our goal, but the number of points of the intersection. We have an
easier way to get the answer by checking the discriminant, b? — 4ac. In the quadratic formula

__ —b+Vb2?2-4ac
- 2a

X , the number b? — 4ac determines the nature of the solution.

—-b+Vb2—-4ac -b—-Vb2-4ac
)

2a 2a

Case 1: If b2 —4ac>0, x = . There will be two real-number

solutions. This finding implies that there are two points of intersection between the line

and the circle.

Case2:If b> —4ac =0, x = — = ;—Z . There will be one real-number solution. This finding
implies that there is one point of intersection between the line and the circle.

Case 3: If b? — 4ac < 0, there will be no real-number solution. This finding implies that there

1s no point of intersection between the line and the circle.

Let’s go back to the question. The discriminant b? — 4ac = 64 — 8 > 0. There will be two

points of intersection between the line and the circle.

There is another way to determine the position of a line. Remember the formula of the distance
between a point and a line? The distance from a point (m,n) to the line ax + by +c =0 is

lam+bn+c|
d = ——

Vaz+b?
First, we find the distance, written as d, from the center of the circle to the line. Then compare
the distance d and the radius of the circle r. If the distance is greater than the radius, d > r, the
line lies outside the circle. If the distance equals the radius, d = r, the line is tangent to the circle.
If the distance is less than the radius, d < r, the line intersects the circle at two points of

intersection.
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[Tangents of a circle]

A tangent of a circle is a straight line that intersects the circle at exactly one point P. We name
point P as the point of tangency, or the tangent point. The tangent is perpendicular to the radius
that joins the center and the point of tangency. How many tangent lines are there? How can we
find the equation?

If the point of tangency is given, it means the given point is on the circle, and only one tangent
line exists. To find the tangent line's equation, we need the tangent line's slope and the tangent
point. For example, given a circle x? + y2 = 5 and point (—1, 2) on the circle, find the equation
of the tangent line through the point (—1, 2). The center is (0, 0), and the point of tangency is

(—1,2). The slope of the radius which joins (0, 0) and (—1,2) is given by: i—i = % = —2. The

tangent line is perpendicular to this radius, so the slope of the tangent line is the negative

reciprocal of that of the radius. The slope of the tangent line is % With the point (—1, 2) and the

slope, the equation can be written in point-slope form: y — 2 = % (x + 1), and can be simplified

to: —x + 2y = 5.

In the previous example, point (—1, 2) lies on the circle x? + y? = 5. What if the given point

1s an external point outside of the circle? In this case, there are exactly 2 tangents drawn like this:

Two tangent lines are perpendicular to the radius,

and the distance between the center and tangent lines

is equal to the radius. This will be important

information when solving questions.
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(337 ) What are the center and radius of the circle x2 + y2 — 6x + 2y + 4 = 0?
(H32) —ETTRRAT % + y? —6x + 2y + 4 = 0 » FPEILELER -

Teacher: With the standard form, we can easily tell the center and radius. However, we are
given a general form. We have to rewrite the equation in standard form. First, we
have to set it up to complete the squares.

Student: What do you mean by “set it up”?

Teacher: You put all x2-terms and x-terms in a parenthesis, and all y2-terms and y-terms in
another parenthesis. Move the constant to the other side of the equation.

Student: Like this: (x? — 6x) + (y% + 2y) = 4?

Teacher: When you move the constant to the other side, you have to change the sign. It should
be —4.

Student: I forgot. Like this: (x? — 6x) + (y? + 2y) = —4?

Teacher: Yes. Next, you can complete the square in two parentheses:

(x2—6x+9)+ (y2+2y+1). 9 and 1 are extra numbers on the left of the
equation, so you have to add 9 and 1 on the right of the equation, to balance it.
(x2 —6x +9)+ (y®> + 2y + 1) = —4 + 9 + 1. Then please simplify.

Student: (x —3)2+ (y + 1) =6.

Teacher: The standard form of the equation of a circle (x — h)? + (y — k)? = r? tells that
the center is (h, k) and the radius . Can you compare the numbers and find the
center and radius now?

Student: The center is (3, —1), 72 = 6,507 = V6.

Teacher: Good.

RN AT AR BRI AL S R B AR (HERFHSEIHTE it » Frld
FHETREA SRR « EL B R REL T -

g TR ) HUsREUETE ?

ERN : ERTARY X R x EEUE—EFESTA - SEFTE VRN Y HBUE S (ERESEA -
EEERETEAN & -
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B GuEkk txt —6x)+ (P +2y) =47

ZEN . CEIREE B REIOTEN S BN - MENCENE - B 4

B WET BER (P -6x)+ (P +2y) =47

HHN ¥ o AARIENERESE T - (e —6x +9) + (2 +2y + 1) -9 F1 1 25
TR 28 HAREVEE - FRDAZEERE R 9 F0 1 e 5 A2 XAy A IR
:_CE o
x2—6x+9)+ (> +2y+1)=—4+9+1 - 2R%(LfE -

Bag o (x—-3)2+(@y+1)2=6¢

il JTEEEUEER (e — )2 + (v — k)% = r? RHEE (b k) > EEE e BRI
Nz ERapEt se = Raa| E MY IE S e

B4 ELE G -Dori=6-Filr=v6-

Ehl R

pIE_

stE MRS E SRR A o ELRREL O B E AR AR BB -F R AU NG (R - DUATRIE
SRAIEIAIRA R -

(3£ ) Determine whether the given line intersects the given circle at two distinct points, or
one point, or does not intersect.
(1) Circle x?> + y?2 —4x + 6y —8 =0, and line x =5
(2) Circle x? +y%2 —4x + 6y —8 =0, and line y = x — 15
(F30) HETEREERHETEE
() B x> +y2—4x+6y—8=0, fIEL x=5
2) Bl x*+y*>—4x+6y—8=0, fIHLE y=x—15

Teacher: Let’s use the distance formula to find the distance between the center and the line.
Compare the distance and the radius. How do you find the radius of the circle?
Student: Change the general form to the standard form.
Teacher: Correct. I will give you some time to do that.
Student: (x2 —4x+4)+ (y?+6y+9)=8+4+9,
then I get: (x —2)2+ (y +3)? =21
Teacher: What are the center and radius?

Student: The center is (2, —3), and the radius is v21.
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Teacher: Please find the distance between (2,—3) and x = 5.

Student: There is no y-term in the line equation. There’s no b!

Teacher: You can write the line equation as x + 0y —5 = 0. It will be easy for you to
compare the coefficients to get the values of a, b, and c.

laxg+byg+c|

. . _ . 11x2-0x(=3)-5| _
Student: Okay. I use the distance formula: d = Vo and [ get: ——————=

7iZ+o 3
Teacher: It’s good to use the distance formula, but there’s another way I want to show you. I

draw the line x = 5, and plot the point (2, —3) on a coordinate plane. Like this:

1

A=(2,-3)
L

x =5 is a vertical line. You draw a segment perpendicular to the line x =5,

A=(2,-3) .32(5‘73)
o

through the point (2, —3). Like this:
The segment will meet at (5, —3). The distance between the point (2, —3) and the
line equals the distance between (2,—3) and (5,—3). You can count or use easy
math 5 — 2 = 3. The distance is 3.

Student: Smart. That’s faster. Does this work every time?

Teacher: No, this method can be used only for specific lines, like vertical lines and horizontal
lines. Now you can compare the distance and the radius.

Student: The distance d is 3. The radius is V21, which is about 4 point something. 3 < v21.

Teacher: What is your conclusion?

Student: The distance between the center and the line is less than the radius, so the line cuts

through the circle at two points of intersection.
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Teacher: Great. Now you can move on to the next question.

Student: The line is y = x — 15, and it is not a special line. I have to use the distance
formula, right?

Teacher: Correct. You can rewrite the line equation to compare the coefficients.

Student: x —y — 15 = 0.

laxg+byg+c| [1x2+(-1)x(=3)—15| __ 10

The distance formula is: d = —==—==—, and I get: T

5l

Teacher: Please rationalize the answer.

10

Student: 5= 5+/2. This is d.

Teacher: Compare 5v?2 and the radius v21.

Student: Can I use a calculator?

Teacher: Can you use mental math?

Student: Fine. V2 is about 1.4, and 5 times 1.4 is 7. 5v2 is about 7.
V21 is 4 point something. Thus, 5v2 is greater than v21.

Teacher: What’s your conclusion about the intersection?
Student: The distance between the center and the line is greater than the radius, so the line is
outside the circle.

Teacher: Correct, so there’s no point of intersection between the line and the circle.

R (AR A IR BB E AR 2 I EERE - W EEiiE B R BRI AR - EIEKIE
HYAR 2

B Rl SR

EEN IR o GTR—LBIGRESERK o

B (P-4x+4)+ (P +6y+9)=8+4+9 KRG :
(x—2)*+(y+3)>=21

SEEN  BLOFIERRETEE 2

B BLE (2,-3) FEEE V21

EED BRI (2,-3) M x =5 Z[EAVEEHE ©

B HEHITEFRA yHRHF be

EHN : AIDAURSRTIEE By x + 0y — 5 =0 - iEkR a[ LIS G LER A8 - 155 a~ b T
HIE

B AR o BB AT 1 4 = SR spae 0 = 3

EH . FHESEANXERRY  BERS A - F 0 x=5 WVELE  FLEFE L
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LA (2, -3) o fguERE ¢

NN

A=(2,-3)
L

x=5FEHLL - IREREER x =5 AYLREL - iR (2, -3) - GiEh

A=(2,-3) B =(5,-3)
»r—e

FETEANRKT P o EMIASEHBHEFL

EEREGE 5, -3) XY - & (2, -3) MZERZHEVEREFIE 2, -3)

(5, —3) ZMEJHEERE - o] UHEHYsRG Rt E 5-2=3 - fHEEf 3 -

Ba4 4o BT - BEIEEBREEA ?
EE A BEUTERBERNFIENES - PR BRI -
BEFIEE T
ERAE O PHEE DR 3 - PR V210 &9k 485 0 3 <21 -
RN &hEmeTTE?
B4 o [ELCVFIGR 2 TRV R NS - FrDAARE R B WA A o
EHT ARG o AT DAEE N —E T -
B4 iERGE ¥y = x — 15 HAZ—FREFRER o S HEEREE A =UETE 2
ERD . IEWE o RO AR S TR ELLE RS -
BA: x—y—15=0-
PEEEATUR | d = S s PO - 2
Zh . BBRFE AL -
B % =5V2 By de
ER Ph#r 5V2 FIRREE V21 -
B4 o ul D FHEE 2

BPERSABEFRE TR

BRAF A ARG R

HEERT
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0 ATDLL B 2

BRA: L T o 2ARKYE 145 0 5 TEDL 1.4 2 70 5V2 KA 7o V21 = 4 8% fT
DL 5v2 KA V2T e

HHh  BEAACES  IRiVES SRR T 2

EE  [BLORIE SR RAVREREE AT AR > FRLAGRAEIEISD -

HHG : IERE > FTDAE SR RIELZ RS A 208 -

w BARE/ BREEE o
BlE—

S CHIESHIEIRIRA (% - SCHE R BERYE R fe ?
(33 ) Given the equation of the circle x? + y% + 2x — 4y = 8, find the value of m for
which the line 2x — 3y = m intersects the circle at 2 points.
(Hh30) EHRIETTZH? +y? + 2x — 4y = 8 » i m {H - (EF5E4 2x — 3y = m Hi[H|
QNI

Teacher: Please write the general form in standard form. I'll give you some time to do that.

Student: (x> +2x+ 1)+ (Y2 —4y+4)=8+4+1=13, (x + 1)?> + (y — 2)?> = 13.

Teacher: What are the center and radius?

Student: The center is (—1,2), and the radius is V13.

Teacher: Next, use the distance formula to find out the distance between the center and the
line. You can rewrite the line equation first.

Student: The line is: 2x — 3y —m = 0.

|-2—6—m|

The distance between the center (-1,2) to the line is: s

Teacher: The question said that the line intersects the circle at 2 points. So which one is

greater, d or r?

Student: r > d.
) ) ) ) . |-2-6-m|
Teacher: Okay. We can use the above information to write an inequality: s <13,

then solve this inequality. We have l_z—\/%—ml < v13, then multiply V13 on both

sides.

Student: The denominator V13 will be crossed out, and I will get: |[-8 —m| < 13.
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Teacher: Good. Take away the absolute value sign. You will have an inequality —13 < —8 —
m < 13. Do you remember the next step? You have to keep m in the middle of the
inequality.

Student: Plus 8, to cancel out -8.

Teacher: Good. Plus 8, and you will get: —13 + 8 < —8 —m + 8 < 13 + 8. Simplifyit, and
the inequality is: —5 < —m < 21. What is the next step?

Student: Change negative m to positive m.

Teacher: Yes, we multiply —1 on the inequality. We have 5 < m < —21. Butis —21 greater
than 57 It looks weird, right? When we multiply a negative number, remember to
change the sign from “less than” to “greater than.” Eventually, we will have 5 >

m> —21

EN SRR iR o FRAG IR —LEIFE TER -

BAE (CPH+2x+ D)+ % -4y+4)=8+4+1=13, (x+ 1)?*+ (y —2)* = 13.
EEN BIODAIERE ?

A BLEL2) ) ERE V13-

TR BT (AR A I B B4R VRS - (R DR E R B ST ER
B HHE 2x-3y-m=0.-

e - |m2-6-m|

R EHS ESREEHIC WAL o ATEE R - d BiEr?
BA D r>d-
A

Sy e A DUH BatE R E HAER \/— M VI3 - R ER - A

'-2;16_3""' <13+ SREBETIEFELL V13 -

R RN VI3 Gk > FRIGE] -8 -m| <13 -

L RS ERERERY ¥R —EAEFEL -13<-8-m <13 - BHET—
% 7 WHGE m CRFHEAF AV -

B k8 EHE-8 -

R R - ik 8 REHEEl —13+8<-8-m+8 <13 + 8- fi{LEAFEAE
B —5<—m<21e F—3F 2
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B AR m SR IER m o
HHET 2R BAFEARL 1155 5 <m < =21-{HF —21 KA 50 ? HERM
AP 7 E S DL —{E B - SO TN ) 2R TR
HEEHRE 5>m>-21-

plE_

st SBEE E—E (o, d) - HEEH BV REAET— M

(H:37) Given a circle x? + y? = a and point (c, d) on the circle, find the equation of the

tangent line through the point (¢, d).
(F30) GE—Elx* +y? = a BB L8 (¢, d) > Hedi@EEN D472 -

Student: There are no numbers. How do I find the equation?

Teacher: This question needs you to derive the general form of the tangent lines. You can
pretend that letters a, ¢, and d are known numbers. The only variables are x and y.

Student: Okay.

Teacher: Isuggest that you scratch the circle and the tangent point, which may help you think.
What is the center of the circle?

Student: (0, 0).

Teacher: Now draw a circle, and label the center (0, 0). Plot a random point on the circle, and
label it (¢, d).

Student: Done.

Teacher: Now connect the segment between the center and the point (¢, d). What is the slope
of the segment?

Student: %-

Teacher: Now construct a tangent line through the point (¢, d). Remember that the tangent
line should be perpendicular to the segment you drew. What is the slope of the
tangent line?

Student: I am not sure.

. ) ) d
Teacher: The slope of the tangent line is the negative reciprocal of pt because they are

perpendicular.
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Student

Teacher:

Student:

Teacher:
Student:

Teacher:

Student:
Teacher:

Student:

B4

EH

B
4
B
4
B

4 -
Bk -

EH
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- =7
Yes. With the given point (c, d), and slope _FC, can you construct the line equation?

y—d = _76 (x = ¢). Is this the answer?

You are not there yet. Please simplify the equation by multiplying d on both sides.
dy —d? = —cx + c2.

We move x-terms and y-terms together and move the ¢ and d to the other side of the
equation. We will get: cx + dy = ¢? + d?. The point (c,d) is on the circle x% +
y? = a. This means that the point (¢, d) will satisfy the equation.

c? + d? = a. Aha! You can replace c? + d?.

Yes. The general form of a tangent line is cx + dy = a.

I can directly plug in the coordinates next time with this general form.

BT BRI ?
BT LR - (KT MER RIS o - o F d REMNET - 1
—ilyEE R x Ay -

4 -
BRI BRI AR S - BB ?
(0,0) <

HAEE—EE WAECEL A (0,0) - fEE RS —EEEMES WL R (¢, d)-
SER T e
BE P OB (c, d) 2 EIRVERES - E(EGREEHIRERE S/ ?

o

a |

BUESBE: () #—FROIR « SLEMERIR R ER R EE - DJRAE
B2

HAHMERE
PIGRATRPRE %E’J%ﬁﬂ%ﬁ > NREMEEER -

€9
—

A o HBGENEL (o, d) FIRER = BERIE ST 2
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g y—d=—(x—c) BEEFEE?

EEN . BIRSEAN  FEEALITIER 0 WE[ESEL d -

B dy—d?=—cx+c?o

R R x TEAD y TS E R o WK ¢ Fl d BBEITRE Y S —iE
HITEEEcx +dy = c? +d? B (c,d) {EE x* +y? = a b~ BFRHE (¢, d)
er e 12 ETHER -

B4 c*+d? =a - NG | R DUREE c® +d* -

Ehh 2 o U —fE ox+tdy=a-

B PRETDIEEE(E A E AR -

plE=
st A HEIDISREVES: - AL H I ATEAYRAE -

(JL3Z ) Mindy is designing a farm fence on a scratch app. The equation of a circular farm is
x% +y? —4x — 4y + 7 = 0. She would like to draw tangent lines of the circle from
a fixed point (0, 0), and build a wood farm fence along the tangent line. Find the

equation of the tangent lines drawn from the origin to the circle.

(tf32) Mindy £—fi&l4g e A2 2 _Eakat BB -
BT RESH TR E? + y? — 4x — 4y + 7 = 0> W8T 86 (0, 0) FEAYLILR
B RV ER KRG - Sk Va7 E -

Teacher: Write the equation of the circle in standard form.

Student: (x2 —4x+4)+ (Y2 —4y+4)=-74+4+4=1, (x—-2)*+(y—2)*>=1.

Teacher: What is the center? What is the radius?

Student: The center is (2, 2), and the radius is 1.

Teacher: We said that we need the tangent line's slope and the tangent point to find the tangent
line's equation. But now, we don’t have a point of tangency. The point (0, 0) is
outside of the circle.

Student: So what can we do?

Teacher: We can start with the slope, and let’s assume the slope of the tangent line as m. With

the fixed point (0, 0), we can write the equation of the tangent line in the point-

slope form: y — 0 = m(x — 0). Simplify it, and we get the equation of tangent line
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Student:

Teacher:

Student:

Teacher:
Student:
Teacher:
Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

21
BUE
15
B
1

g
2

TETEANKT D o EMASEHBHESRL

y = mx. The radius is the distance between the center (2, 2) and the tangent line.
Can you apply the distance formula to find the distance between the center (2, 2)

and the tangent line?

I have to rewrite the equation first: mx — y = 0. The distance is 1/2%
The distance equals 1. Please write an equation with this information.
[2m-2| -1
Nerre] .
Good. Please solve the equation for m.
There are absolute values and square roots at the same time. What should I do?
Try cross multiplication first.
You mean |2m — 2| = Vm? + 1?
Yes. Square both sides, and we will get: (2m — 2)? = (Vm2 + 1)2.
Please simplify this.
4m? + 4 — 8m = m? + 1. Then I get the equation: 3m? —8m +3 =0
Solve this quadratic equation.
3m2—8m+3=(m—-3)3m+1)=0,s0 m=3or 3‘
Are there two answers?
Yes, two tangent lines exist through a point outside the circle. You can write the
equation.
The point is (0, 0), and I will use point-slope form...
You can skip that step. In the beginning, we just derived that the equation of the
tangent line is y = mx. You can just substitute 3 or ;1 for m.
I see. The tangent lines are y = 3x and y = _?136.
HHBEAEEAES -
F—dx+ D)+ (Y2 —4y+4)=-T7+4+4=1, (x—2)*+(y—-2)*=1-

LR 2 RS2

BOR (2,2) #4581

BRI - RIVEEROIR R BASEI IR 72, - (HAERIT A
)85 - B (0,0) ZEEYNE -

AV B 2

AILIERITERE - BRETIRITRIES m - RIEESS (0,0) - FLURBERIAAE

BYOBEASEERE TR E SR E
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HYJGRAGRER -y — 0 = m(x — 0) » BLREFIVIGIVTEN y=mx -
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BASNEEEIRE More to Explore
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https://terms.naer.edu.tw/search/

HEE P BRERS

BB T E YRR R
https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99

%E8%AA%IE

Oak Teacher Hub

BISNEER R B EIR 0 bR T R RRHIE A 2R

https://teachers.thenational.academy/

CK-12

BN Fos BEIR 0 bR T BUERSEIE A H A
https://www.ck12.org/student/

Twinkl
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https://www.twinkl.com.tw/
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https://terms.naer.edu.tw/search/
https://video.cloud.edu.tw/video/co_search.php?s=%E9%9B%99%E8%AA%9E
https://video.cloud.edu.tw/video/co_search.php?s=%E9%9B%99%E8%AA%9E
https://teachers.thenational.academy/
https://www.ck12.org/student/
https://www.twinkl.com.tw/
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Khan Academy

A ARSI K R

https://www.khanacademy.org/

Open Textbook (Math)

B/ MR B A R E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common
[toc/toc en.html

MATH is FUN

BISNEERER - A EER R Y Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BIYNER LR > B #=CE RS - bR T EEEEE  BEAEA
i
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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https://www.khanacademy.org/
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
https://www.mathsisfun.com/index.htm
https://phet.colorado.edu/
https://www.youtube.com/c/misterwootube

| KT MEFFRT 2GR T P o HEASEHBHES L

Bl 11 5 Al 5 K B R 2 PR 57 LI 2R 49 04

B = R R SR ER AR BE E U
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching
Worksheets

2023 FEMNERSENEERAX(ESP)EENAE

I ECETOHBIZ - B T BEEREI - 28 HoAth o
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%IB%B8WEI%I7%ICHE6%95%II%E
6%9D%90?authuser=0
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
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A Reference Handbook for Senior High School Bilingual Teachers in
the Domain of Mathematics: Instructional Language in English

[ 10" grade 1 semester ]
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