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©® The ratio of the numbers of

fil4) : The ratio of the numbers of apples to pears is 2:5
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Students can understand how to convert continued proportion.

(JL3 ) A convenience store would like to renew its signboard. The length and width are x and
y cm, respectively, and x : y=11 : 4; the width and length of the side of the board are y
and z cm, respectively, and y : z=4 : 9. What would x : y : z (x to y to z) be?

(F30) FfEF SR E AR - CAIEEFERORER I RIZE x A8y A5 Hx:
y=114 > [EHEMRRER ARy Nz o> Hyz=4:9>
Kxiyiz=?

Teacher: What can we know from this question?

Student: Ummm...

Teacher: Okay. It tells us that we can substitute the length and width of the front of the
signboard and the width and length of the side of the signboard for x, y, and z.

Student: Yes, it does.

Teacher: What else leads can we get from the question?

Student: x:y=11:4andy:z=4:09.

Teacher: Well done! To determine x : y : z in continued proportion, we can firstly write

down the proportion of x : y and y : z.

x y z
11 4
4 9

Teacher: After writing them down, which unknown number shows up repeatedly?

Student: Only y does.

Teacher: Yes! Because the value of a proportion is fixed, we must make sure the repeated
number of y is the same. We can only merge the numbers that have the same value.

Teacher: In x:y=11:4andy: z=4":9,Yy hasthe same value, we can therefore merge

the equationsas x : y : z=11: 4 : 9 directly.
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Students can understand how to convert continued proportion.

(H3Z) Assume x © y=3:4and y : z=6: 7,

determine the continued proportion of x * y : z.

(P30 §ex:y=3:4>y:12z=6:7> K x:y:z =BEyEEEHI -

Teacher: Firstly, let’s write down x : y and y : z as we did in question one. What shows up
repeatedly?
Student: 1 know, y shows up repeatedly!

Teacher: Good. Now we know that y shows up repeatedly. To make the value that responds to

y the same, we should expand the two proportions, and the numbers of y will be the

3 FY SR R T RSP E R



DRI ERT 2 ERKT P wo VFREHEITY

same. We can find the least common multiple of 4 and 6 by using this idea. Does
anyone know what the least common multiple of 4 and 6 is?
Student: The least common multiple of 4 and 6 is 12, Sir!

Teacher: Yes, exactly! So, we can expand x:y=3:4 as 9:12, and y:z=6:7

as 12 © 14.
x y z
4
6 7
x y z ‘
12
12 14

Teacher: Now, we have the same value of y in the upper and lower lines, and we can merge
the two proportions.
Therefore, the continued proportionof x : y 1z is 9 : 12 : 14,

Teacher: Finally, don’t forget to make sure the continued proportion is irreducible. If not,

remember to make it irreducible.

RN B TR x BEy BR y BE 2 RFPE T BRPIRE AT S — T EEH
ST e 2

g JAE > y HEEHIR T

Rl AR FIHREHERSCFT0R v R T EEER y EHE > EEERME
s M EEERA - (515 y IVE—1% > BT DIA A R/ NA BT A - it 4
16 B/ VAR > HVE ARIE 4 /1 6 YRy NAEEUZ /DI 2

B4z 0 2R 4 M 6 BBy IVAREEUE 12

CH B 128 | FTRARMTI LR x t y=3 T 4Rk 9 1 120 [Ty 1 z=6 1 7 AT DUERL

12:14 -
X y z
3 4
6 7 ‘
X y z
12
12 14
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Students can get familiar with the calculation and features of continued proportion.

() Ifx:y:tz=2:3:4,and x +y + 2z = 39, what are the values of x, y, and z.
() WMEx:yiz=2:34> Hx+y+2z=39 K x -y z iYH -

Teacher: We firstly see x:y:z=2:3:4. There are three unknown numbers in
continued proportion. Do you remember what to do when there are only two
unknown numbers, x : y = a : b, in continued proportion?

Student: I1do! Wecanassumex =a-r;y=5b-r.

Teacher: Good. But remember, the  here cannot be 0.

Teacher: We do the same way to the proportion with three unknown numbers. We can see
x:y:iz=2:34a x=2-r,y=3-r,and z = 4 - r, and substitute them for
the equation x + y + 2z = 39. Then, we will get:
2r +3r +8r =39
13r =39
r=3.

Teacher: Now substitute » =3 back for x=2-r;y=3-r,andz=4"r.

Finally, we get that x = 6;y = 9;z = 12.

5 B EFAEEFRETREP EFRGETF
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B BARMEERx ty z=213 4 EHEAZ{ERMBAVELLEIR - BARK
il RARIEARAE x 1y = a b HYREHATE EIEHES ?

B BuE | MR x=ar;y=br-

N AR (HERCRERY r AR K 0 18 |

Ehl - W= ERFEIILFE—REOE > B cy iz =234 FHk
x=2ry=3rz=4-r{{Ax+y+2z=39 155
2r +3r +8r =39
13r =39
r=3-

ZRi: RElx=27ry=3r z=41 Fillx=6,y=9,2=12-
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Proportional Line Segments
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B HEQRBEERAGF Sentence Frames and Useful Sentences

O If and  areparallel,then : isequalto :
#4J(1) : Suppose P and Q are on AB - AC, respectively. If PQ and BC are parallel, then
AP : PBis equal to AQ : QC.(graph 1)
{EREE PRI QL 53 HIAT AB 4REXEL AC 4% I - ‘& PQ 4RE%H1 BC 4RELFATHE » AP
4REL PB 4RELSEI AQ 4RELLL QC 4REX: -
#l4)(2) : Suppose P and Q are on AB - AC, respectively. If PQ and BC are parallel, then
AP : ABis equal to AQ : AC.(graph 2)

B PHEHIQRESY BIE AB SHERILAC 43 | - & PQ 4RE3 BT SET(TH » 4P
SERHL AB (EYSED AQ SELE AC e -

#Hl4(3) : Suppose P and Q are on AB - AC, respectively. If PQ and BC are parallel, then

AB : PB is equal to AC : QC.(graph 3)
{Eza PBEAT QB5y RIAE AB 4R EREE AC 43 F% [ - & PQ 4RELEE BC 4REGFATHS »

AB $ESEE PB GRELHIELEIE Y AC 4RE%EE QC 4RE -

® If : isequalto : ,then and are parallel.

47 (1) - Suppose P and Q are on AB ~AC. If AP : PB is equal to AQ : QC, then
PQ and BC are parallel.(graph 1)
fE% PREF QEE5YHIME AB 4REEL AC 4REL I - & AP 4RELLL PB 4RERHILLAIE R
AQ 4RERLE QC 4RERINELLLEINE - PQ 4RELEL BC 4REEFAT -

8 R AR EFRE TR EF RN S
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#4J(2) : Suppose P and Q are on AB -~ AC. If AP : AB is equal to AQ : AC, then PQ and
BC are parallel.(graph2)

B PRI O BhAHIE AB4ERSL ACSHER - - 2 AP L AB ERILL IS
1/ AQ SRR AT SREHIBLL PN - POMEEBCHETTIT -

#14(3) : Suppose P and Q are on AB - AC. If AB : PB is equal to AC - QC, then PQ and

BC are parallel.(graph3)
% P B Q BhoYHIME AB 4REREE AC 4RE% o & AB 43 E%LL PB 4RERIVELBIZEH
AC 43 %L QC 4RERMIRLILHINS - PQ 42FkEL BC 4RERFAT -

©® Suppose and are the middle points of two sides and
respectively in the triangle, the line segment, , Is equal to
half the length of the third side, .
4] : Suppose D and E are the middle points of two sides A

AB and AC respectively in the triangle, the line

segment,DE, is equal to half the length of the third side, D E
BC.

R R DESFIE BEE = AP Y R - R REHYE p C
MR EZBN R -

9 R AR EFRE TR EF RN S
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Students can get familiar through this question with the ratio of two line segments of two

triangles having equal heights in relations of their areas.

(33 ) In the diagram, above points D and E are on BC and AC, respectively.
If BD : DC=4": 3, CE "EA=5": 2, and the area of A ABD is 28, find:

(1) the area of A ADC.
(2) the area of A DAE.
(th3z) #fE > AABC > D ~E 43RI4£BC 81 AC >3 BD : DC =4:3>
CE :EA=5 2> H AABD HJEFEE 28 5 3k A
(1) A ADC BT FE - E
(2) A DAE {JEFE -
B D C

( = EEERA P72 (I 1)

(1)

Teacher: The first thing that jumps out at us is whether A ABD and A ADC joining each
other. Do they have the same height?

Student: They do.

Teacher: Do you still remember what the ratio of the areas of two triangles with equal heights
is equal to?

Student: The ratio of their corresponding bases.

Teacher: That is correct. Given BD - DC =4 : 3, we can say that the ratio of the areas of
AABD : AADC is 4 : 3.

Teacher: Now, we can also assume that the area of A ABD is 4r and the area of A ADC is
3r,where r isnotequal to 0 and 4r isequal to 28, that getsus r = 7. So, the area
of AADC is 3x7 = 21.

2)

Teacher: To answer the second question, we can also take the same approach. Which triangle

has the same height as ADAE?

10 R AR EERE TR E RN
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Student: 1know! It’s A DCE!

Teacher: Excellent! That can get us the ratio of the areas of A DCE : A DAE equal the ratio
of the lengths of their bases CE : EA =5 : 2.

Teacher: Now, we can assume that the area of A DCE is 5r and the areca of A DAE is 2r.
If we combine A DCE and A DAE together, they become A ADC. We’'ve
already known that its area is 21.

Teacher: So, we will just need to figure out the following equation
5r + 2r =21
7r =21
r=3.

Teacher: Now, we can solve for the area of A DCE, whichis 3 x5 = 15.

(1)

Ef . HABZE—T A ABCIRHWE =4 A ABD 1 A ADC BH%E S ?

B4 By -

L AER S MEE S = AP EREE g F &S ?

B4 MrVEERENLE -

Al 484 R BD - DC =4 -3 FIARPIAIEA ABDAEAL © A ADCHIEE
4:3

Ehf - B FRMRELA ABD HVIEIEFy 4r ~ A ADC HYIEITE Ky 37 » & (8 r R 0
A E ArSCGER 28 ALMGH =7 o K oL B A DL 1S 2 AADC
R Ry 3% 7 =21

(2)

Eh - MRERT AT FfIeEER A DAE EiR—(E = AP EE

B2f 0 RAEE > ZADCE |

Ehl - REF - AT AT LUSE] A DCE WYERE - A DAERIIERE R MHIEE R~
HECE EA =5 2«

HHG B A DCE (WETER A DAE (YEIRESY 5K 51 F1 2r > A DCE 1
A DAE &HFRIDIISE] A ADC - HEifE R 21 -

T BTRAAPI AT DAL AR
5r+2r =21
7r =21
r=3-

Ehf - ke r Al A DCE S ARG 3X5=15-

1 B¥ 45 AT R O TR R
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Students can be more flexible through this question about the concept introduced in this
chapter in relation to finding areas of different figures by rearranging them. By doing so,

they can figure out answers.

(B3) In the diagram of trapezoid ABCD, AD //BC. If AD=1.3 and BC=5.2
Find the ratio of area of A AOB and A DOC.

(th32) 4 > #7 ABCD th > AD //BC > % AD=13 > BC=52>
K AAOB WA ¢ A DOC HYHIFS - A D

B C
( = e fiafeRA P71 g5Bnh)

Teacher: Firstly, A AOB is the grand A ABC without the medium A OBC.
Similarly, A OBC 1is the grand A DBC without the medium A OBC.

Teacher: Do you still remember in the previous chapter when two sides are parallel to each
other, what happens to their distance?

Student: They have the same distance.

Teacher: That is correct. Now, we can construct two perpendicular lines from Point A and D

respectively to Point £ and F on BC as of the diagram shown below.

A D

|
|

L
L

B B r C

Teacher: Because AD // BC, AE = DF.

Teacher: Because we also know that the area of a triangle is one half base times height, the
area of A ABC is equal to the area of A DBC.

Teacher: Exactly,so A AOB: A DOC =
(AABC —-AOBC) : (ADBC—-AO0OBC)=1":1.
The ratio of the area of A AOB :areaof ADOC is 1: 1.

12 B¥ 45 AT R O TR R
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HEf 0 B MY A AOB BRUKAEY A ABC & Z=HHY A OBC ; 5358 A DOC FEjik
KHJ A DBC JFZEHHIA OBC -

e B BRI AT N E B AR T o HOR B AR AR (TR
M2

g4 FREEEAEE -

HEH G858 | FRLITRAIEEE A - D D RIMETELREL BC SR E ~ F %G - 40 NE

1
B I C
ZHli © [N AD // BC - 7Ll AE = DF -
HH B I ERARSE S8 Bl A ABC BYFIREER A DBC HIFR -

2

ZER 0 88 FTL A AOB - ADOC = (A ABC —A OBC) : (ADBC —AOBC)=1": 1-
iRt o] A8 A AOB YIRS © ADOCHYEfE 11 -

13 ORI AN ERRE S S
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Students can figure out with real-world examples the length of the proportion of sides when
we have parallel lines in a triangle. Although the given diagram is three-dimensional,

students can visualize it as if on the paper.

(L3 ) On the diagram to the right, it is a pyramid-shaped cake. The base layer of the cake is
a square, 24cm on each side. A line of whipped cream is circled around the top third
of the cake, parallel to the bottom edge. Find the length of the whipped-cream circle.

(F30) AEE—EEFEER  CRIEREEEE 24 A0WNIENT
WHAEH B N =02 —mHYHRGE— B HTEE
AiE— YIS R %Dy ?

( = EEPRERAS P78 Al 3)

Teacher: First, we draw the side view of the cake based on the given description. The drawing
would look like this one below.

A

B C

Teacher: Let’s say the cream line as PQ. The base segment on this side is BC. The question
tells us that BC = 24 and PQ // BC. Given the triangle proportionality theorem,
AP “AB=PQ :BC=1 :3.

Teacher: We assume that the length of PQ is r, so the length of BC is going to be 3r.
Because 3r = 24, that gives us 7 = 8. The length of PQ = 8.

Teacher: Now, because this is a four-sided cake, the total length of this cream circle is

8 x4 =32(cm).

WY AR EE R TR EERR
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A

B C
ET REPYSRE SR PQ 0 F—BHEERE BC -
TRASRE H %1 BC = 24 H PQ // BC » MRIEPAT4REELBI4RES
AP :AB=PQ :BC=1:3¢
EHT PR PQ R Ey T3 BC (#id43r > AR 3r =24 AfRH r =8 At
PQ=8-
Ehh 0 AAMER B —(EERILIURE - BT HIRGE—EIAE RS f 8 X 4 = 32(cm) ©

15 ORI AN ERRE S S
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Ei= HALZER
Similar Polygon

BT EA LRI R L BT ~ BRZEEY
n 1= Introduction

AEE S T IRREAER T OSBRI AET > HERE TSR ERHVARRL - FESTER T I B AV 4E - 2
& DIEPHEERG | 2B DRTESR - B&ANH = AP0 - EHAE T =ARaH
BIMEE -

m %= Vocabulary

¥ 3 BEF th3Z
similar polygons LB scaling EEB4EnRT
corresponding sides | %ffEE corresponding angles HHER
segment AREY ratio EEA]
polygon % B pentagon &
hexagon NEE
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B HEQRBEERAGF Sentence Frames and Useful Sentences

O the lengths A and B are corresponding.

#l4] : In the following similar triangles, R and S, the lengths 7 and a are corresponding; the
lengths 8 and 6.4 are corresponding; the lengths 6 and b/ are corresponding.
U=/ T &ER THHEERRE o RERSHHEELRE 64 £
JE&Fy 6 HUHSIEE RS b

6.4

B [EEFERE Explanation of Problems

w EEEENGEE o
plE—
wiiH ¢ NSRS T ARARE IR R A

Students can understand scaling of line segments.
(#37) As shown, scale AB three times and get A’B’. The point O is the centre of A'B’.

If the length of AA' is4 cm, and the length of BB' is6 cm, find the length of AB.

(sP30) 40 > A'B" DL O Bifyrhits o B AB 4L 3 (E1AMIEN » 75 AA' =4 N5y

BB'=6 /x5 HIAB 25 /0A5 7

® ® -
o B B’

( = Emp A ERERA PO g5 lins)

® —-
A A
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Teacher: The question says that 3AB equals ﬁ, AA' is 4 cm, and BB’ is 6 cm.
Teacher: First, A’B’ can be seen as AA'+AB+BB’.
Teacher: Substitute 3AB = A’B’ for the equation, we get 3AB = AA’ + AB + BB'.
3AB = AA’ + AB + BB’
2AB = AA’' + BB’
2AB=4+6=10
AB = 5(cm).

EHR O FRIEEEFTER 34B = A'B > HAA' = 4\%y » BB' = 6\
Ehili 0 WIS ABBRAA +AB+BB’
ZHf © fCA3AB = A'B’ - {55I3AB = AA’ + AB + BB’

3AB = AA’ + AB + BB’

2AB = AA’ + BB’

2AB =4+6=10

AB = 5(A%%) °

18 B¥ 45 AT R O TR R
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Students can understand scaling of triangles through a case that happens in daily life.

(337 ) Using a copy machine to scale A ABC asits 200% and get A DEF.

The corresponding points of A, B,and C are D,E,and F, respectively. Which

statement is NOT true?

(A) The length of EF is 200Y% of the length of BC.

(B) The perimeter of A ABC is 509% of the perimeter of A DEF.

(C) The angle of D is 2009% of the angle of 2A.

(D) The angle of £C is the same as the angle of £F.

($132) FHFZEHIMGR A ABC 4EIBGZENRL 200 % #3E(|A DEF » Hif A -~ B ~ C HY¥IERS
53k D~ E ~ F > RINFIRcI & 5EER 2
(A) EF NEFEZE BC K& 200% - D
(B) A ABC WJEEZA DEF FHEHI50% -
(C) 4D WEHIELA ST 2005% -
(D) £C WYFEEELLF HIFSHAHEIE -

A CE F
( = EmpfaRERA P94 gL

Teacher: What are the keywords of this question?

Student: Scale A ABC asits 200% and get A DEF.

Teacher: Right. What are the features of scaling a triangle we learned in this chapter?

Student: When scaling a triangle as its 7 times, the corresponding sides are r times as the
original sides, but the corresponding angles remain the same.

Teacher: Good answer. So

DE = 2AB
EF = 2BC
DF = 2AC

And £A = 4D, £B = LE, £C = LF.
The perimeter of A DEF =2 X the perimeter of A ABC.

Teacher: So, the answer is options (C).

19 R AR EERE TR E RN
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20

E -
B
£
B -

i -

Eh

HARME TS H IR R T2 2

HRFA ABC HgfplsZ ElIEK 200% 3-8 A DEF

288 BRMEEEER T = APNERE S 2

= APHE r (50 HIERE R AFIERD r 5 HIER AR RS -
[AEAFIREF » AL

DE = 2AB
EF = 2BC
DF = 2AC

HzA=4D > 4B =¢E >» £C = ¢£F -
ADEF {EE =2 XA ABCHEE -
At LASE 2R 2ZETEZ(C) o

WY AR EE R TR EERR
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Students can understand how to determine whether two triangles are similar using

similarity SAS through a practical question.

(H£37) Asshown, in A ABC, AE=3,EB=5,AF =4,and FC =2.
Please answer the following questions:
(1) Are A AEF and A ACB similar triangles? Why or why not?
(2) If EF=3.3, find the length of BC. A

(H32) e » AABC > AE=3 > EB=5> AF=4 > FC=2
B IR -
(1) AAEF # N ACB S22 BoftTEE?
(2) % EF =3.3> 3k BC -

( = EmapRfaRERA P.105 BIRE 7)

Teacher: The question wants us to determine whether A AEF and A ACB are similar.
What are the three triangle similarities we learned in this chapter?

Student: SSS, A4, and SAS.

Teacher: Yes. It’s not hard to see that £A is the common angle of A AEF and A ACB.
First, we use similarity SAS to check if A AEF and A ACB are similar. So, we
should determine whether the ratios of the adjacent sides are the same or not.

Teacher: By calculating, we get
AE : AF =3 : 4
AB : AC = AE + EB : AF + FC
(AE+EB) : (AF +FC)=(3+5):(4+2)=8:6
AB:AC=8:6=4:3.

Teacher: Look carefully, if AE : AF equals AB : AC?

Student: No. The ratios are just the opposite.

Teacher: What if we exchange AB and AC? Does AE : AF equal AC : AB?

Student: Yes, it does.

Teacher: Now we know that they have the same ratio, we can make a conclusion.

(1) £A is the common angle of A AEF and A ACB.

21 R AR EERE TR E RN
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(2) AE : AF = AC : AB

According to (1) and (2), we get that A AEF ~ A ACB (triangle similarity SAS).
Teacher: Since A AEF ~ A ACB, we can conclude that AE  EF = AB : ﬁ, and we can

get

AE : EF = AB : BC

3:33=8:BC

3Xx BC = 26.4

BC = 88.

N BEAERTKEA AEF LA ACB Z&AAM - AhE =R MR =
=

Bir: : SSS~ AA ~ SAS =FEMMIME -

EHT 988 TIVBIZEGIE N EERIRA AEF BLIA ACBH:H2A » FrARME A S48
HIRR A AOHIEAA AEF B A ACB 25810 » FTARRMIRR S50k 24 AT
EHEPIEEAEME -

ZHE . ETREREE
AE : AF =3 : 4
AB 1 AC = AE +EB : AF + FC
(AE +EB) : (AF+FC)=(3+5): (4+2)=8:6
AB:AC=8:6=4:3>5

EHN 22 AE : AF 2% AB 1 AC?

B4 %R o ERBIMIEFAHR -

EHl I AB : AC Fi{R¥SHE > AE : AF ZERENAC © AB IE?

B HY -

EHT . HERLELEIMHE R - FRFIREEE— T aER ¢
(1)2AE A AEF B A ACBI3:FE
(2)AE : AF = AC : AB
FTDAFEER(D) ~ QIR IS E]A AEF ~ A ACB (SAS FEIIME) -

EHl 0 BEZRA AEF ~ A ACB > FiibL AE : EF = AB : BC > 155
AE : EF = AB : BC
3:33=8:BC
3 x BC = 26.4
BC =88 -

WY AR EE R TR EERR
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Exl HEl=ARE=FAt5
Similar Triangles & Trigonometric Ratio

ETEACATR A SR SR A T ~ BZ5sh

n 1= Introduction

B oeaT i (EAE O = AP A R S S - RAEREEERIR (R - #E TR EA=
AR DR - MRAR I = A e B PRR A E R B2 m 2 DI SR e -
A = AP SRS =Mt - S E A=A B RILEVA B SR
i sin ~ cos ~ tan FYRFSARFE - T B = A LREI R (4

B % Vocabulary

¥ b BF thZ
trigonometric ratio y==[n similar triangles HIU=AF
measurement HIE right triangle HA=AE
sine 1E5% cosine BRIZ
tangent EV]

23 R AR EERE TR E RN
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® : isequalto :

{54 : In similar triangles A ABC and A A'B'C’, BC:B'C’is equal to AD:A'D’.
A=A ABCELA'B'C' 1 » 43 EYBCEEARER B C'AELBIEH4R S AD EE4RER A'D'

FIELBIAE ) N
/N
B D cC B D C
® Suppose the angles of a triangle are respectively to , and

, then the sides of triangle becomes

#i4) - Suppose the angles of a triangle are respectively to 30°,60°and 90°, then the ratio of

sides of the triangle becomes 1:v/3: 2.
R R = AT =R 53 B Ry 30°, 60°F1 90° > (R = AipRyE RILR 1:V3: 2 -

D HTSE TR TR T T oo IR EEHEFT Y <

24 R AR EERE TR E RN
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m [5REE#E Explanation of Problems

w EEEENBEE s
BlE—
st ¢ AEREH A4S LR H A PR SAS MM ERYEIRIEM -

This question uses a real-life situation to enable students be familiar with SAS similarity

theorem and able to put the theorem into practice.

(L) In the diagram, Point A and Point B are marked on each side of the lake. Angie would
like to know the distance between them. First, she marks Point C on a space by the
lake. The distance of AC is measured 75m and the distance of BC is measured 90m.
Point M and Point N are marked close to Point C and intersect AC and BC,
respectively. The measure of MC =25m, NC = 30m, and MN=28m, find the width
of the lake, AB.

(H30) W&l - A A~ B IR > ZBVEAE EM 2 EAVEERE o B iE i 22 Y,
585 Co IS AC R 75 AR~ BCE 90 AR > B H C BiHE# 5y RIE AC »
BC EHUM - N ji%» (513 MC=25 /AR > NC=30 AR » i MN =28 /AR »
KiHIE AB -

¢
( = EmpA i ERER A P.116 B 4)

Teacher: First, we can easily see that 2C is common to A MNC and A ABC, next we
figure out
AC:BC=75:90=5:6
MC:NC=25:30=5:6.
Teacher: Alright, now we know the ratio of AC - BC and the ratio of MC - NC.
Is AC - BC equal to MC - NC?
Student: Yes.

Teacher: That is correct. Now, we have the following information:

25 B¥ 45 AT R O TR R
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(1) «C iscommonto A MNC and A ABC

(2) AC : BC = MC : NC

therefore, A MNC ~ A ABC (SAS similarity theorem).
Teacher: Because A MNC ~ A ABC, AC : AB = MC : MN

AC : AB = MC : MN

75 : AB = 25 : 28

25 X AB = 75 x 28 = 2100

AB = 84(meters).

EHR : EH o BREERMAESIEA MNCRIA ABCARA Ry4C o HERTHEL
AC:BC=75:90=5:6
MC:NC=25:30=5:6¢
il 4 BrESE AC S BCRHIMC < NCHIELHI% » AC - BC BEBZH MC - NCUE ?
B B -
TRE 288 0 PRDAFRMHEEEE T &
(1) A MNCHIA ABC/NFRfE B 2C
(2) AC : BC = MC : NC
FrPAA MNC~A ABC(SAS HHME) -
EHL - FEEZFIHA MNC~A ABC > FirLL
AC : AB=MC : MN
75 : AB = 25 : 28
25 X AB = 75 x 28 = 2100
AB = 84(AR)

26 B¥ 45 AT R O TR R
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BlE_—

S ¢ AREEARAUE R o SRR T =PSRRI 4 -
This question uses a real-world example to lead students to understand the relationship
between a triangle and its dilation.

(%37 ) Inthe illustration, Zhi-Hao is measuring the height of the tree. He set straight a wooden
stick, 1.8m in height, 5 meters away from the tree. Then, he continues to walk further
away and finds an observation point right behind the wooden stick. From the telescope,
it is observed that the tip of the stick overlaps the treetop. The horizontal distance
between the wooden stick and the telescope is measured 2m. The height of the
telescope is measured 1m. Find the height of the tree.

(F130) Al - EEEECAEENS - fAERHT S AREEET T —RE 1.8 AR
A BT [E T AR 5 PR EREORIRG - (e S B B E SR TH m B8 A -
KOAEAMR B =R /KRR 2 AR > EEFEMEASER 1 AR - K

f175 -

(= LR faRaRA P17 B 5)

Teacher: First, let’s say the tree height as AB, the height of the straight wooden stick CD,
and the height of the telescope Point E. From Point E, we draw a perpendicular line
to intersect CD and AB and mark two intersection points as G and H as the

diagram shown below. A

27 B¥ 45 AT R O TR R
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Teacher:

TIEFE R T 2 AR &

Because both CD and AB are perpendicular to FB, CD//AH.

0o I REHEFL Y <

Teacher: Do you still remember what we have learned in the chapter 1-2 about the length of

Student:

Teacher:

R

i -
2 -
B
2 -

the proportions of sides when we have parallel lines in a triangle?

Yes, we do.

Now, by applying this triangle proportionality theorem to A AEH, we can get:
EG EH =CG - AH

EG - (EG + GH) = (CD — GD) - (AB — HB)

2:(2+5 =(18-1) - (AB—-1)

2:7=08:(AB—1)

2x(AB—1)=2%xAB—-2=56

2XAB =7.6

AB = 38.

o iR AB - TEANLE CD - SEEE £ 5 E B{EEES R
CD #1 AB F G~ H {i%h - Wl N rEmE - A

(K% CD I AB ¥5#E¥ FB > fifbl CD//AH -
RECFIRAME 1-2 BB =AIPH A TR LB SR L E S 2
Z=ll

AAEA AEHH » TefMFFH = A H A T4 R EL BIR B E AT DS 5
EG ‘EH =CG - AH

EG : (EG + GH) = (CD — GD) - (AB — HB)

2245 =(18-1) - (AB—-1)

2:7=08:(AB—-1)

2x(AB—1)=2%xA4AB—2=56

2xAB =17.6

AB =38¢

Y RS R TR

EFRHRT F
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st ¢ AEEAEFGRIE A E A = APRVERLE -

Students can learn and know how to make good use of side ratios in special right triangles.

(J30)

(30

ERi

B

Teacher:

Student:

Teacher:

Student:

Teacher:

In the diagram of the right triangle ABC, 2A=30° 2B=60°, 2C=90°.
If AB=6,find the length of AC and BC.

418 - EF=FH ABC i LA=30° » LB =60° » £C=90° -
# AB =6 » JKAC ~ BC [ -

Oc
( = _LEgMR MR P.119 517 6)

Before we dive in, please tell me how many side ratios of a special right triangle
can have. We learned this in the previous section.

30° — 60° — 90° and 45° — 45° — 90°, total two types.

That is correct. Do you still remember what is the ratio of the corresponding sides
for each?

Yes, the ratio of the corresponding sides for 30° — 60° —90° is 1 :+/3 : 2 and
for 45° —45°—90° itis 1:1: V2.

Excellent! Obviously, the triangle in question is the 30° — 60° — 90° triangle, so

we can get:
AB:AC:BC=6:A4C :BC =2:v3:1
6:AC=2:3

2%xAC = 6V3

AC = 3V3

6:BC=2:1

2XBC=6

BC = 3.

FEFREREZ AT > SeHE R FAEEEARTE N FIEE 2] TR R R B A = A
FERTEREL ?
30° — 60° — 90° + 45° — 45° — 90°Fjfi -

A A R TR EE R R
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HHH 988 ATRFREBEUSHIE 7 A B TR E R LRI ?
BT 3E 30° - 60° — 90°HHENEREL T ¢ V3 1 2~ 45° — 45° — 90°HIfEIE
BEERA1:1:42
ZHH - 1REF > AMEEREN = AARABUE30° — 60° — 90°0Y =4 » FrAFRAM 7] LS
il
AB:AC:BC=6:AC :BC =2:3:1
6:AC=2:3
2XxAC = 6V3
AC = 3V3
6:BC=2:1
2XBC =6
BC =35

30 B¥ 45 AT R O TR R
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Eixh - HREBEZBENUERE %
The Relationships Between the Positions of Points,

IR EE T RER T FE EVEE AT

B A= Introduction

m = Vocabulary

Lines and Circles

[=r—

AE=

AEEHVEER b % - A L P AR S e R A S EC iR - [E
RIEEAE R B B HRE A FGEHVIEIL T - 41
ORES  ERTAHREAEEEFRI - s hlEhmE— R ORrS  SWRCEAERIGIE -

& A &F

EERIBIRINE - REINE T R =%

31

¥ 3 ¥ th3
center of circle [ETW segment (of a circle) 5
radius SEES sector R
diameter JERK tangent line IS
central angle Bl point of tangency I
chord 5 secant line 4R
arc (length) J(E) major arc =G0
circumference of (a) circle 5| minor arc Zil
external SNEREY 5 HNHEIFY | associate R
corresponding THE ERY term G

A A R TR EE R R

+: 1BE EX
i
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B HEQEEERATGF Sentence Frames and Useful Sentences

o be a portion of

5] = A circular arc is a portion of a circle.

SEERY—HE T

O divide into

{5l - The chord AB divides the circle into two unequal arcs.

5% AB [ (B3 R R (E AR AE ST ©

® Similarly,

4]« Similarly, we can apply the same theorem in the following part.

[EfHE > PP el AELL T &b A AR IR e 2

O Refer to

4] : Refer to the figure on the right, find the measures of the indicated angles.
WHEEFTR > RIS AR -

(5] can be associated.

4] : There are three different relationships in which a line and a circle can be associated.

—fRER K — BRI ERGRE =1 -

® We can conclude that

4]+ So, we can conclude that the central angle of the sector is 90°.

R - FeMTREHESm It P R EL LA B 90 £ -

32 _ oy
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@ Assume that

4] : Assume that A ABC 1is an equilateral triangle.
B =i ABC EFE=A -

©® There is a trick to

4] - There’s a trick to get the answer quickly if you add the three equations and then divide

it by two.
A—E/NRER - AR = A TAEIN - R R R RS RIS

-f#}

o

(9 , respectively.

{514 : The inscribed circle of the right A ABC is a tangent to AB and BC at points D and E,

respectively.

HAZ=AIE ABC HIWEABEBCEHAYE O 73 RIFHYI D ~ E Wik -

m [5REFE#E Explanation of Problems

o3 RAA =

We have learned some plane figures (two-dimensional shapes) and their properties, such as
triangles, parallelograms, trapezoids, and so on. In this chapter, we will discuss another plane

figure — the circle.

In this unit, we will learn the positional relation between points, straight lines, and circles. A
circle is the set of all points in a plane that are equidistant from a given point, and the given point

is called the center of the circle. Here are some terms that we need to know:

Radius — A line segment extending from the center of a ]
: : radius
circle to the circumference.
center

<

Chord — A chord is a line segment that has its endpoints on a circle. The diameter is a chord

that contains the center of the circle. The diameter is the longest chord of a circle.

33 _ oy
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Central Angle — A central angle of a circle is an angle where its vertex is the center of the circle.

In the diagram, £4AOB and £BOC are the central angles of circle O.
Arc — A circular arc is a portion of a circle. In the diagram, the B
diameter AC divides the circle into two equal arcs (semicircles).

The chord AB divides the circle into two unequal arcs. A Ji C

If m£AOB < 180°, then the circular arc is called “a minor arc”
and is written as: 4B (read as “arc AB”). The bigger arc is called

“the major arc” and is usually written as: ACB.

Segment — A segment of a circle is a region bounded by an arc and a chord.

Sector — A sector of a circle is a pie-shaped part enclosed by two radii and an arc.

Secant — A secant is a line that intersects a circle in two points. B
point of
Tangent — A tangent is a line in the plane of a circle that intersects . tangency
the circle at exactly one point, the point of tangency. \—/

This section contains a lot. We can divide it into three core concepts.

‘Core Concept 1‘ How do we calculate the arc length and the area of a sector?

We learned that the circumference of a circle is equal to m times the diameter. (C= m-d or C

=27r) and the area of a circle is equal to - 72,

If the measure of a central angle of an arc or sector is x°, then we divide B

x° by 360°, which is 3%’ The arc length is a part of a circumference and is
equivalent to :E of the circumference. Similarly, the area of a sector is A

equal to :E of the area of the circle.

The arc length and the area of a sector can be calculated with the radius r and the central angle

x° as follows:

= * .
Arc length = 360 2ntr

x 2
tor area= — - TIr
Secto e 360

34 e .
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‘Core Concept 2‘ The relationships between the positions of points, lines, and circles.

The relationships between the positions of points and circles. A circle divides into three
parts the plane it lies on. They are:

(1) inside the circle, which is also called the interior of the circle

(2) the circle and,

(3) outside the circle, this is also called the exterior of the circle.

Refer to the diagrams below,

(1) Point A is inside circle O with radiusr: 0A < r
(2) Point B is on circle O with radiusr: OB = r

(3) Point C is outside circle O with radiusr: OC > r

C

The relationships between the positions of lines and circles. There are three different ways
that a line and a circle can be associated:
(1) The line cuts the circle at two different points. (L is a secant line.) The distance
from the center O to line L is less than the radius (d < r).
(2) The line is tangent to the circle. (L is a tangent line.) The distance from the center
O to line L is equal to the radius (d =r).
(3) The line and the circle have no intersection. The distance from the center O to

line L is greater than the radius (d >7).

o« ¢ o ! pr o

*

r/

=
Le/
*u

35 _ oy
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Theorems Using Properties of Tangents
1. Tangent Line to Circle Theorem: On a plane, a line is tangent to a circle if and only if

the line is perpendicular to a radius of the circle at the endpoint on the circle.

In the graph to the right, line L is tangent to circle O if and only if
L 1 OP where P is the endpoint of radius OP.

2. External Tangent Congruence Theorem: Tangent segments from a common external
point are congruent.

In the graph to the right, if PA and PB are tangent

segments, and both points A and B are points of (
tangency, then 9, P
(1) PA = PB
(segment PA is congruent to segment PB) B

(2) PO bisects LAPB
(3) PO is the perpendicular bisector of AB

(proof)
1. Connect OA, OB and OP.
2. From the given information, PA and PB are tangent segments where A and
B are the points of tangency. We know that
(1) OA = OB (Both OA and OB are radii of circle O.)
(2) £L0AP = ~LO0BP (Both angles are right angles.)
(3) OP = OP (Reflexive property)
3. From the RHS Congruence Rule, we get A OAP = A OBP
4. Because the corresponding parts of congruent triangles are congruent, we can
conclude: (i) PA = PB
(i) 2ZAPO = ~BPO; PO bisects LAPB
5. Connect AB and intersect OP at point M. Since PA = PB and PO
bisects £APB, we can conclude that
(iii) PO L AB and AM = BM
from the Isosceles Triangle Theorem “In an isosceles triangle, the angle

bisector of the vertex angle is also the perpendicular bisector of the base.”

36 _ oy
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‘Core Concept 3‘ The perpendicular from the center of a circle to a chord bisects the chord.

In the diagram, AB is a chord in circle O and OP is perpendicular to AB.

Prove: OP bisects the chord AB

(proof)
By the given information, OP is perpendicular to AB, JO
then we get A \i/ B
£2APO =90° = £BPO
In A OAP and A OBP,
0A = OB (radii of a circle)
OP = OP (Reflexive Property).
From the RHS Congruence Rule, we get A OAP = A OBP

IR

Because the corresponding parts of congruent triangles are congruent, we can conclude:

AP = BP; OP bisects the chord AB.

w EEEENGEE o
plEE—
i TR R S AE BB RS 0 BHAS > 52 VNSRBI ER A -

(JL3 ) Write whether the line, ray, or segment best describes a radius, chord, diameter,

secant, or tangent of circle O.

(th30) £ MPIZER PR A ERZEE (R B 52 URRAEIR)

(1) 04
(2) AB D
(3) DE gy D -
(4) AE
(5) AC )

Teacher: The first example is to identify special segments and lines of a circle. What is
segment OA4 (OA4)?

Student: The radius.

37 _ oy
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Teacher: Correct. Now fill in the correct answers for (2) to (5). Tell me the answers of (2) to
(5).
Student: 4B is the diameter, DE (line DE) is a tangent line, AE is a secant line, and AC is

a chord.

Teacher: Good. Let’s look at the next question.

S PRSP S AT - G O R 2
M R -
R EBT  BAEEA Q) 5 () OYEK - BIEEQECREIEE -

B By 4B RS 0 H4t DE RV ES AE RHE o T AC B -
EE AR o BAEFMACE MEBE -

HIRE—
st ¢ EAIECANER - EAR R IR A ORI AR -

(3£ ) Look at the graph on the right. The radius of circle O is 10 cm and the measure of the
central angle(£AOB) is 120°. Find the answer:
(1) the length of arc AB
(2) the perimeter of sector AOB 0ol
(3) the area of sector AOB 0
(32) AralE OEI’HM%/%I Noy o Bl A £40B=120° - HI
(1) 4B MR RV ?
(2) B AOB &K%/ Vo ?
(3) R AOB INETE 2%/ V¥ T5 873 ?

Teacher: The arc length and the area of a sector formulas are:

Arc length = — - 2mr

X
Sector area = — - T
360

From the given information, » is 10 cm and the measure of £ZAOB is 120°.

38 . r ey
B TR EFRTT RSP R FRRT T



CORTIFERT 2 KT P o EEIKX

LEHBBHEDO

So, the arc length is equal to % 21 - 10 which is 23—071 cm.

In part 2, the perimeter of the sector A4OB is two radii plus the arc length of AB.

Now find the answer.
20
Student: (;ﬂ +20) cm.

Teacher: Correct. In part (3), the area of sector AOB is % -7+ 10* which is 13&71 cm

2

(“one hundred pi over three square centimeters”).

i IR EEN AR
ME == -2nr; EEE =— - o

360 360

R H Frsanyiett: - P r B 10 A7 > £A0B HIFEELE 120° - KL - 91

BER o 2m- 100 B T A%
BEZQ)INE - B AOB HEREWELEIE 4B AULE - SHE

2
e

" 20
g (B 420) 455

120

S BT o EEGYNE B AOB WEEE — w107 H]]

360

100
3

T SPITRGT

plE=

s KRS mEEE K -
(L) Look at the graph on the right. The radius of a circle O is 12 cm and the measure of
the central angle is 60°. Find the answer. y
(1) The area of the segment (the purple shaded region).
(2) The perimeter of the segment.

(P ) AT EIAEARE 12 /A% - LB 60° » I :
() EEEPEE RS VTIN5 ? 60_~"1
() BESHIEE RS VA 2

39 e e pn
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Teacher: The segment of a circle (the purple region) is bounded by a chord and an arc. So we
can find the area of the segment by getting the difference between the area of the
sector AOB and the area of AAOB. So, what is the area of the sector?

Student: The sector’s area is 247w cm?.

. , .60 .
Teacher Correct. The sector’s area is 30 T 122 that is equal to 24w cm?. So how do

you find the area of AAOB? It is not hard for you to find that A4OB is an equilateral
triangle because £4A0B = 60° and OA = OB. What is the formula for the area of

an equilateral triangle?

Student: ? - 5% (Square root of three over four times s squared.)

Teacher: You are right. Now, find the area of A4OB. Then find the area of the segment which

is the difference between the area of the sector and the area of the triangle.
Student: (247 — 36v/3) cm?

Teacher: Excellent. The second part is to find the perimeter, which is the sum of the arc length
AB and the chord AB. The arc length is equal to % or % of the circumference of a

circle. So, what is the answer of part (2)?

Student: The answer is (12 + 4m) cm.

EhI . BESE (REEE) ZHZgiATEREY o N UEEST R A0B 1Y
HTENIAAOB WHEZ AR G4 E Y ERE - A - RPRYEEZ 2/ VIE ?
B RIPHEREE 24 SPITAGT -

EHl . FHe - BIPAERE — -r-122 > B 24n SEHASY o BRRE - AIfalEELAAOB

360
AVTEITEYE ? KKy £ 40B = 60°H. O4 = OB> Fii AR EER LIS NAOB 2—(8%
B=AF -

AVEE > TR = APy AR ?

ERN %88 - BE > il A4O0B HYEITE - MRV RO SPHVE - KT EFEM

40
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i 3% A s

= AP HBEHE -
ELE T (24m — 36V3) ALY ¢
EHl . OREFT 0 5 2 NEURRREIR > BI5X AB YL AB RIEZAI - JIRSEIE

60 L1 e
S0 (1) I - B ?

360 6

R KR (12+4m) A5 -

plEM

wtBR ¢ A B D4R P SR AR (B O B UG AR 00 T BB L DTRERTUI4R)

(#37) In the diagram, PX and PY are tangent to circle O at the points X and Y. If the
radius of circle O is 8 cm and PX =15 cm, then find:
(1) OP 2) XY
(F32) A > B4 PX A1 PY BlE O HIVIER » X~ ¥ By)% -
FE[B] 0 P8R 8 A5y > PX =15 3%y » I -
(1) OP E2/DiNGy 2 (2) XY B2/ DNy ?

Teacher: We know that A PXO is a right triangle because PX is tangent to circle O and
£0OXP is a right angle.
From the given information, the two sides OX = 8 and PX = 15. Find OP by
using the Pythagorean Theorem. You have two minutes.
(After 2 minutes) Time’s up. What is the length of OP?

Student: 17 cm.

Teacher:  Good. Since OP = 15% + 8% = 225 + 64 = 289 we get OP = 17 cm.
For part 2, we know that OP is the perpendicular bisector of XY.

So, XM = YM =

N | —

XY.
XM?

So how can we find

We know that AOXP is aright triangle, so the area

X PO X

N | =

41

of AOXP is equal to %Xﬁ(x OX =
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XM.
The area is the same when using different bases and their corresponding heights.

Now, it’s your turn to find XM and XY.

- 120 _ 240
Student: XM = ETl and XY = TR

Teacher: Great job. Let’s do the next question.

FH . RIABAPXO B—HEAZAY K PX BU4GH 20XP B2—HEr -
FEBERE F AR B R OX = 8 fIPX = 15 » S5 /AR EHRiR OP 1E
FE o R TSy SEHINE R -
(2 43881% ) ISR - OP HIERERS/D 2

175 -

SRR | R OP = 15% + 82 = 225 + 64 = 289 » B, OP = 17 /A% -

i 5 2/NE > RITALE OP & XYWIEE For4k - bl > XM =YM = %XY °
HRPEZLERA BETRE] XM 1 ?

RS AOXPR—EEMA=FAF L AOXPINEM%EH ; x PX x 0X

:%xﬁ X XM -

E AR IR AR IR » ERURAHENY - BRIk XM Al XY -
120 oy _ 240

Bl '_:—a
B XM=— > XV ==

ZRN ARG AR —(EBRE -

42 - e e
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pIEER
st - EHEEVTIRIEE (BEY—BEBEIRY DGR EAEE ) OKEE -

(LX) In the diagram, AABC is tangent to circle O at the points X, Y, and Z.
If AB=AC =13 and BC = 10, find AZ, BX, and CY.

(H30) WAE > NABC =257 pIEE O MU X~ Y~Z =%k
=41 AB =AC =13 >BC = 10> 3k AZ » BXF.CF -

Teacher: AABC is tangent to circle O at the points X, Y, and Z. Using this we can get AZ =
AY; BZ = BX;CX = CY from the property that tangents from an external point have
equal lengths.

Assume that AZ = AY = x; BZ = BX = y; CX = CY = z, then we can get
x+y=13,x+z=13,andy +z = 10.
Now, find the values of x, y, and z.

Student: x=8, y=5,and z =5.

Teacher: Good. There is a trick to get the answer quickly if you add the three equations first.
You will get 2x + 2y + 2z = 36.

Then divide the equation by 2 and getx + y + z = 18.
Use the equation x + y + z = 18 to subtract the first equation x +y = 13; you will
getz =15.
Similarly, you can get y =5 and x = 8 easily.
So what are the values of AZ, BX, and CY?
Student: AZ =8, BX =5,and CY = 5.

Teacher: Yes, you are right.

EH . ERIAABCAEE O FHVVIBE AR X~ Y 1 Z > Al 34E © BY—REEIERY
V4R EEAH » [NIRAZ =AY ; BZ=BX ; CX =CY »
B AZ =AY =x-BZ=BX=y-CX=CY =z H[A[Bx+y=13"
x+z=13 FLy+z=10-
IWAE > Rkt x ~ y FI 2 Y(H -

BA . x=8-~y=5Kz=5"

EhEG: BHT o A /NI A RS EIE E > BRI =R - 15E]
2x + 2y + 22 =36 o ZAEITREAFREL 2 » F5Ex+y+2=18 ¢
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MAx+y+ z=18 BE—ETEXx+y=13> G155 z=75 FIEFERIECE - 7]
PIEEAGE y=5fx=8
ALEAZ ~ BXFI1 CYWERZEZ/D 2

B4 AZ=8-BX=5Ff1CYr=>5-

EHE O BET -

BIRE7N

St S OEERYIER] ¢ AR HIEE ESZR SRR E PO I

(¥37) 0X and OY are perpendicular to the chords PQ and RS
at the points X and Y, respectively. If 0X =20,
PQ =30,and RS = 48, find the length of OY.

(F32) 0X K OY 53RI=EE W52 PQ FI RS A X ~ Y [k -
B OX = 20 457 » PQ = 30 /%) + RS = 48 3%% »
K OY RE R /DN ?

Teacher: From the given information, we know that OX and OY also bisect PQ and RS

from core concept 3.

Hence, W=Q_X=%W=15 and RY = S =§E =24,

In the right A OAM, OP is the hypotenuse. By using the Pythagorean Theorem, we
get OP? = PX? + 0X?
Now find OP by yourselves.

Student: 25.

Teacher: Yes, you are right. Because OP? = PX? + 0X? =400 + 225 = 625; OP =25 cm.
Also, radius OR = OP = 25cm
Let’s find OY in the right A ORY, given that RY = 24 cm.

Student: 0Y =7 cm.

Teacher: You did a great job.

ERT R E RATERR R EI O 3 FAMA1IEOX 1 OY 4355y PQ Al RS
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BRI - PX = W:%ﬁ: 15> H RY = Y=%RS=24O

TEEA=MAY AOPX |- 0P Z#HE - ER AR EE - JAATATLIFIH OP? =
PX? + 0X?% -
BUEHHRH OP HIfE -

Bt 25

ERf 0 485 o [NF OP? = PX?2 + 0X? =400 +225=625; OP = 25 /Ny o AN » 2B
OR = 0P =25 \43 »
TA1 RY =24 4% » SBHHEA AORY H0Y HYfH » -

Bt 0Y =T A5y -

Ehl: REF

w EARE/ EE25EE
plE—
st - EHEAVUIRIEE (BB BNV DIGR AR S ) OKAE -

(337 In the diagram, the inscribed circle of the right A ABC is tangent to AB and BC at

points D and E, respectively. Find the length of AD.
(H32) Wl - BEfA=AE ABC N VIEIST AT AB ~ BC ABYIF D & - E B -
RABE PRI REEAE » 5K AD HYEME R ?

A =
B)~

©~

(D)<
(108 B 19)

Teacher: Let’s assume that the inscribed circle is also tangent to AC at point F and AF = x.
From the given information, the inscribed circle of the right AABC is tangent to AB
and BC at points D and E.

45
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We get BD = BE =1 and CF = CE = 4 and AD = AF = x from the Two-Tangent

Theorem. What are the contents of the Two-Tangent theorem?
Student: Tangent segments from a common external point are congruent.

Teacher: Correct. Then we can use the Pythagorean Theorem to find the value of x by the

given information that A ABC is right. Please do it now.

(After a few minutes...) Did you get the value of x?
5
Student:  Yes, x is 3 (five over three)

Teacher: Great. In the right A ABC, AC is the hypotenuse. We can get AC? = AB? + BC?
(The square of AC is equal to the sum of the square of AB and the square of BC.)

or (x + 4> = (x + 1)* + 57

You can get the value of x after you solve the equation.

EHN BN UETEL AC MU F BLE AF = x- 21 - AABC HYNTIEEL AB F
BC HHUIATE D Bif1 E B - FAEEEIISRELNEE TS5 BD = BE =1 il
CF =CE = 4 M} AD = AF =x - st{3EM I B E F RN A 2 8
g 2
Bl —BEEI B )R H A -
ERN  IEHE - P2 NRRBAABC TEHA =AY - Jff1o] LU A REH K x HY{E - 3]
FERH TR x BY(E -
(oorpEte...) Hillx T ?

pli
HE

- 5
B4 xER 3

sepm o REF  HEEFA AABC > AC Z4HE - FFIILIFIH AC? = AB? + BC? gt
B a+4)’=@x+1)°+5°
2R HTEE L x (E -
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(Z%3Z )In the diagram, circle P intersects the x-axis and the y-axis at points 4 and B, respectively.
Line L passes through the center of the circle P and is perpendicular to 4B. Also, line
L intersects the y-axis at the point C. What is the value of a (a < 0) if the coordinates
of A, B, and C are (a, 0), (0,4),and (0, —5)?
(A) —2V14 (B) —2+/5 (C) -8 (D) =7

(PS0) B - AT L 4 B RHS55Y B BSIE P EL x ) - y BHORES - H—HER L

W PERHELAB T CBLRy L 81y BHAYACEL 35 4 ~ B~ CHYEES I Ky
(@,0)~(0,4)~ (0, =5) Hf1a<0- [l a BYER( ? s y

(A) —2V14 %3
w2 LN,
p\

€ -8

() -7 c

(107 SR &+ 26)

Teacher: From the given information, L passes through the center P and is perpendicular to
AB. We know that L also bisects AB because the perpendicular from the center of

a circle to a chord bisects the chord (core concept 3).
Connect CA and we can get CA = CB by the perpendicular bisector theorem.
Do you remember the Perpendicular Bisector Theorem?

Student: Any point on the perpendicular bisector is equidistant from both the endpoints of the

line segment.
Teacher: Very good. So, CA = CB = 9.

If O is the origin of the x-y coordinate system, then 40" +0C =4AC (by the
Pythagorean theorem).

You can find the value of a from the equation a® + 25 = 81.

Then, a*> = 81 — 25 = 56.

47 e e .
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So, a= + 2v/14. What is the value of a if a <0?
Student: (A) —2+/14.

Teacher: Yes, you are right. That’s all for today. Class dismissed.

ZHEH B L &GRE P BNGEEAB - HIRSELOEZIVE B2 %y (%
OB 3) 0 FTDAE AR L 57 AB > « #FCA » FHEE L PAr4RERSK1 CA = CB -
REECIFEE B P 4n e B ?

B4 FEH I AT BB B R (s B R PR A S

ZHf - 1REFRIL > CA = CB =9 W15 O 2 x-y [EIE 41 B> Hil AO? + 0C? = AC?

(IR EHE) - RE] DAFIH o + 25 = 81 $4&] a IV{E ; ¢* = 81 — 25 = 56 FifLL>
a=+2V14 - Y1 a <0 aEESD?

Bk (A) =214 -
CRE B 0 288 - SRELEFEH 0 TER -
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BN BLA - ERAEIRE %
The Relationships Between Central Angles,

Inscribed Angles, and Arcs
TR EE R SR T EE B R AT
B A5 Introduction

AEEETETHRIELLFY ~ B ASIATE 5 - /420 A BB ST R B R (R E
R A5t B P T B = (59 - HE M e — (5 POt
DAY 3 SR H 8 5 AR L TC AT A B0 S S 2 » W & BB LA

m 3% Vocabulary

¥ 3 ¥ th3Z
central angle Bl A measurement HIE
inscribed angle JE measure (%)=
intercepted arc BEN semicircle F
intercept (V) wET(EhEE) pentagon HIBE
inscribed N inscribed polygon W
circumscribed SN circumscribed circle INEE]
concentric circles EINE! supplementary Y
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B HEQRBEERTGF Sentence Frames and Useful Sentences

o if and only if

4] © A triangle is an equilateral triangle if and only if it is an equiangular triangle.

—(E=APFEFE=Ps HEt=AF sER=AF -

(2] is read as

5] : The expression mAB is read as “the measure of arc 4B”

m ABHZTOEHE Tl AB RIS R | -

(3) is inscribed in

4]« Triangle ABC (A ABC) is inscribed in circle O.
=P ABC 2B O N =AY -

o is circumscribed about

4]« Circle O is circumscribed about the pentagon ABCDE.
O Z 18 ABCDE Hy5MEE| -

® Note that .

fil5) © Note that the measure of a semicircle is 180°.

EREAERIEEUE 180°

® Given that
%) : Given that triangle ABC is a right triangle, select a set of possible side lengths.
Eax =AY ABC R EHA=MAI » W42 mREnER ?
(7] so far

4] : Do you have any question so far?

FIHAI R L > A{ERREELS ?

>0 SEE T L EF S S RN ERRE S FT S
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® core concept .

4]+ A core concept is a fundamental, central concept that is essential.

RS R E AT S -

© The more/(adj + er) the more/(adj + er) .

%4 - The greater angle has the longer side opposite to it.
FARERECR - HERREE (REHRE) -

m RIEEFERR Explanation of Problems

«3 :RAA

In the previous unit, we learned how to find a sector's arc length and area. In this section, we

will discuss the arc measure in a degree measurement.

‘Core Concept 1| How are circular arcs measured? B

The measure of an arc is the measure of its central angle.

If m£AOB < 180°, the measure of a minor arc is equal to m2A4OB.

The expression mAB is read as “the measure of arc 4B.”
The measure of a major arc is equal to the difference between the C
measure of the entire circle 360° and the measure of the related

minor arc.

In the diagram, mACB = 360° — mAB.

The measure of a semicircle is 180° (mA/E'T) =mABD = 180°).

Theorem-In the same circle, or in congruent circles, two minor arcs are congruent if and only

if their corresponding central angles are congruent.

We know the length of arc 4B is equal to ﬁ) X circumference when x is the measure of the

We can conclude that:

. . B
central angle, and the measure of an arc is the measure of its central angle. A Q

c =)

In the same circle or congruent circles:
(1) two arcs have equal measures if and only if two arcs have equal arc lengths;

(i) an arc has greater length if and only if the arc has a greater measure.

51 _ oy
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‘Core Concept 2‘ B
Inscribed Angle - An inscribed angle is an angle where the vertex is on a circle and
c

the sides contain chords of the circle. (£ZABC is an inscribed
angle.)

Intercepted Arc - An arc that lies between two lines, rays, or segments is called an intercepted
arc. (Arc ACis intercepted by 2ABC.) D

Inscribed Polygon - A polygon is an inscribed polygon when all its vertices lie A "
A

on a circle. (Quad. ABCD is inscribed in the circle O.) B
C

Measure of an Inscribed Angle Theorem -

The measure of an inscribed angle is one-half the measure of its intercepted arc.

The proof of the measure of an inscribed angle theorem involves three cases:
(1) Center O is on a side of the inscribed angle.

(2) Center O is inside the inscribed angle.

(3) Center O is outside the inscribed angle.

The proof of case 1: (1) Connect OB; OA = OB (the radii of a circle are congruent)
B (2) AAOB is an isosceles triangle, n£ZABO = m£BAO
(3) From the triangle exterior angle theorem:

ms£BOC =m£ABO + m£BAO
and we get m£BOC = 2m+£BAO; m£BAO = %mLBOC

—\

(4) Since m2BOC = m BC, we get m£BAC(m<BAO) = ~m BC.

!

2

The proof of case 2: (1) Connect OB and OC. Then, draw AO which intersects circle O at
point D.

B
m (2) From case 1, we get m£BAD = %m@, msDAC = %mlf)-\C
? o : 1 1
3) msBAC = msBAD + msDAC = ~mBD +imbDC =1mBC
C 2 2 2
52
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The proof of case 3: (1) Connect OB and OC. Then draw A0 which intersects circle O at

B oint D.
c p

(2) From case 1, we get m£BAD = %mgl\), msCAD = %m CD

DK‘O\A
\\\\h,//// (3) m£BAC =m£BAD — m£CAD = 3mBD —3m €D = sm BC

The inscribed angles that intercept the same arc are congruent in a circle.

B
In the diagram, 2B = £C = 4D = %mAE.
C
A
D

‘Core Concept 3| E
The opposite angles of an inscribed quadrilateral in a circle are supplementary.
In the diagram, Quad ABCD is inscribed in circle O. Show that: 2B + 2D = 180°
(proof) We know 4B = %ADC and 4D = %ABC, then we can get , %
4B+ 24D = 5(ADC+ABC) =5 360° =180°

D

—
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(L3 ) In the diagram, the radii of two concentric circles with the center O
are 8 cm and 10 cm. If m£AOB = m£COD = 120°, find:
(1) mAB and mCD
—~ — C
(2) the arc lengths of 4B and CD
(H32) WGE - WELL O B ELLHIELLERFE AT 8 Aoy K ’

10 A%y » H £40B = £COD =120° > 3K : D

(1) 4B 81 CD Hypssy -

(2) 4B HLCDHTESE -

Teacher: Note that mzAOB = m«£COD = 120°. So, what are the measures of arc AB and arc
CD(4B and CD)?
Student: 120°.

Teacher: Correct. Also, the measure of an arc is the measure of its central angle, and the arc

length is equal to 3% X circumference where x is the measure of the central angle.

~. 120 16
So, we can get the arc length of 4B is 20 X lémr = 3

What is the arc length of CD?

Student: 20
? TT.

Teacher: Good. Let’s look at the next question.

S8 0 B4 mLAOB=m2COD = 120° - FiEEAB I LR CD (RS %/ Vg ?
BT 1200 -

HEf o EHE - H—IMVEEBS N LB ANER . MIlESER S xBEFEE  Hb x

360

120

BB FIRIRER - BEL - BPTRILUEE] 4B AURER = x lon =~ -

360

HEECD WE 2%/ ?
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EED RYF | EE MEGE -

BlE_—

SREH - FIHE -
(JL3Z ) In the same circle or congruent circles, two chords are congruent if and only if their
corresponding arcs are congruent. L M

In the diagram, MN = PQ if and only if MN = PQ.

(=0 fEFBEEEE S - EBHEEFNMIN (F90) HATHT *
RS REMEENRZ (F52) HArEfl&
UAEE R N

Teacher: This statement has two parts to prove:
(1) If two arcs are congruent, then their corresponding chords are congruent.
(2) If two chords are congruent, then their corresponding arcs are congruent.
In part (1), we know that m£MON = mMN = mIS-Q = m£POQ because MN = @
implies m MN = mP/Q.
Connect OM, ON, OP and 0Q. We know OM = ON = OP = 0Q (the radii of the
same circle).
We get AMON = APOQ from the Side-Angle-side (SAS) Congruence Postulate.
So MN = PQ.
In part 2, we can use MN = PQ and OM = ON = OP = 0Q to easily get
£MON = £P0OQ. Which Congruence Postulate can be applied here?

Student: The Side-side-side (SSS) Congruence Postulate.

Teacher: Correct. From 2£MON = 2P0Q, we get m MN = m PO or MN = PO.

T BB SRS
(1) FEBO SR (90 - HLFFEsL BARS -
(2) BRSNS (%) HATHILEHS -
E(DESY » FIEE meMON = mMN = mPQ = mePOQ » i MN = PQ f&
% mMN = mPQ -
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i OM - ON - OP f1 0Q - ©&1 OM = ON = OP = 00 (& BILEAIEE) -
FH SAS &% R » 54 AMON = APOQ - Kt MN = PQ -
B - RMFTLUFIA MN=PQ #l OM=0N=0P=0Q %
LMON = 2£P0Q - =] LATE FH R — {8 & % [ 7

B4 SSS £ HE -

BT 0 IFHE - B ZMON = 2P0Q » 184 mMN =mPO = MN = PQ -

|

AN

A

H

plE=
wStER ¢ A B A Y P B S LT S SIS Ay — 2P PR A

(337 In the diagram, AB is the diameter of circle O. 4
If £ADC = 46°, m BD = 110°, then find
(1) mAC,mBC and mAD. c

(2) the measures of £ABC, £ABD, and £ACD

(3) the measures of £ACB -
(4132) 4048 - AB BlH 0 HTEE - BAIZADC = 46° ~ BD = 110° » 3K

(1) AC ~ BC R AD (st -

(2) £ABC ~ £ABD F; £ACD HIfEy -
(3) LACBIFESE] -

J

Teacher: We just learned that the measure of an inscribed angle is half the measure of the
intercepted arc. What is the measure of 2&, if ZADC = 46°?

Student: 92°.

Teacher: Correct. Note that both ACB and ADB are semicircles where the measures are both

180°. Find the measures of the arcs AD and BC if mBD = 110°.
Student: 7 BC = 88°and mAD = 70°.
Teacher: Excellent. So what are the measures of ZABC, £ABD, and £ACD?
Student: 2£ABC = 46°, £LABD = 35° and 2ACD = 35°

Teacher: Good. Actually, we can find that ZABC and £ADC have the same measures

because they intercept the same arc. Similarly, we get ZABD = £ACD.
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So what is the measure of ZACB?
Student: 90°.

Teacher: You are correct. An inscribed angle is always right if it intercepts a semicircle because

the measure of a semicircle is 180°.

S AR E R A R B IR —F « W05 2 ADC = 46°» AC HIFEH
=5/ 2

BT 920

B 0 BT o 55EE > ACB R ADB EELE > HAESHELE 180° -
CUI mBD = 110° » 358y AD 1 BC #yiifesy -

Edd: : mBC =88° 2 mAD = 70°

FA 0 ARG o HVEE L ABC ~ £ ABD Fl L ACD HIFESSYRIES6/1 2

B ABC =46° -~ ~ABD =35°~ ~ACD = 35° -

EA ARG - HIE L N ETIFREAIER > IR 24BC il £4ADC
HIFESEIR © [EIREML » £ ABD = 2 ACD -

B JNEE 2 ACB NSRS/ ?

Rl 90°
B4 BHT - R —(EEEAEEVE AVEE SR EA - Wy —(E-FEHY
JEHURy 180°
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(¥7) In the diagram, 2COD = 80°, mAD = 70°, 2DAB = 110°.
Find (1) the measure of 2ABC. B
— N\
(2) the measure of BC.
(th32) 44518 > B4 2C0D = 80° ~ AD = 70° H. 2DAB = 110° » 0

(1) 2ABCHIFES] -
) BCHyrEs -

Teacher: Given that 2COD = 80°and mAD = 70°, we can get m CD = 80° and mADC =
mAD + m CD = 150°.
So what is the measure of 2ZABC?

Student: £ZABC = %mz@b = 75°.

Teacher: That’s correct. What can you get if £DAB = 110°?

Student: §C7) = 220°.

Teacher: Correct. So now find the measure of BC by using BCD = BC + CD.
Student: fg?j = 140°.

Teacher: Excellent!

Efifi 0 T 260D = 80°F1m AD = 70° » F(FIEI LIS CD = 80° LU Fem ADC = m AD +
mCD = 150° -
AEE £LABC WIFEHUEZ/VIE ?

Bt LABC =mADC =75°

EEf 0 BET o AEHEH 2DAB = 110° > {REESE(HEE 2
B4 0 BCD = 220° -

BHT : TERE - BIESSH BCD = BC + CDAcHkH BC HyFEsy -
B 1 BC =140° -

s il
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(H32) In acircle, two chords MN and PQ are parallel.
Show that MP = 1@

(Hps7) WS > 253 MIN Rl PQ GALSEAT - » N
Stau (P 1 MO &S -

Teacher: Draw NP. Since MN // PQ, we can find 21 = £2 from the property that alternate

interior angles of parallel lines are congruent.

Besides, 21 = %]@D and £2 = %1@ (Inscribed angles = %intercepted arc).

So 5 MP = 1Q: i1P = NQ.

Do you have any question so far? p \ N

Student: No.
Teacher: Good. Now let’s go on to the next part.

NI»—‘
=

4 Bl NP« 0 MN 1 PQ » B TRI D FAT RS S I E G 21 =
NQ (ERf =5 BIL) - NI 5 5P =

220 Ak 21 = S0P H 22 = “RQ

N =

MP=NQ -

EIAT R IE RS 2
B gA -
Al AT TIVRRAE T — (R -
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(¥ ) In the circle the two chords AC and BD intersect at E, and AB = BC. Which of the
following segments is the longest?
(A) AE (B) BE (C) CE (D) DE
(h32) [ElEH 4B~ C~ D VU%: » EArBWEFTR > H AC B BD fH55 E B> H
AB = BC - fRIBE P REURAVARE > HET N YIIURGE T & BT R ?
A

(A) AE
(B) BE
_ 1«  |E
(C) CE B VR D
(D) DE
C
(109 FRFHHFEZ 19)
Teacher: In the diagram, ZABE =44°, £CBD =42° and £ABE =~ 4D, +DBC = - CD.

We get AD = 88° and CD = 84°.
Besides, we can get AB = BC given that AB = BC.
In a circle, AB + BC + CD + AD = 360°.

So we get AB = BC = % (360° — 88° — 84°) = 94°,

Now, find the measures of the angles 2BAE and 2BCE.
Student: £BAE = £BCE = 47°.
Teacher: Correct. You can find £EDC =47° because both ZEDC and £ZBAE intercept the
same arc BC. Similarly, you can also find ZECD = 44°.
In AABE, £BAE > £ABE.
Can you tell which of the segments is greater?
Student: BE is greater.
Teacher: Great. In a triangle, the greater angle has the longer side opposite to it. Similarly,

compare the sides BE and CE in A CDE. Which one is greater?
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Also, compare the sides CE and DE in A CDE. Which one is greater?
Student: BE > CE and CE > DE.
Teacher: Very good. So the longest side is (B) BE.

2 0 B840 > < ABE =44° «~ ~CBD =42° > [/ ABE =%Zf) , /DBC =+ CD -

N =

HBLE AD = 88° F1CD = 84° « [14h » F%AB = BC » Ll AB = BC -
{F—[BlF » 4B + BC + CD + 4D = 360° -
FLAFRATS2] 4B = BC = £ (360° — 88° — 84°) = 94° -

AT > #ty 2 BAE F1 £ ABE WIS 8 -

B4 LBAE = /BCE =47°-

R s gREIUEY < EDC = 47°» R 2 EDC 1 BAE #5# A— BC - [k
- (R AT LA 2 ECD = 44° -
{EAABE th » 2 BAE > £ ABE - {REEbLEcH B LR B 2

2% BE HIRE -

L RAF o ESFE KRS - FIEE > LLERACDE Hity BE F1 CE  —i&
b 2 FEbLEE CE #1 DE » Wh—{E ¥ & 2

4. . BE >CE H CE >DE -

T IR o BT EEE®B) BE -
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(33 ) In the diagram, circle O passes through the four vertices 4, B, C, and D of a pentagon

OABCD. If ABD =150°, 24 = 65°, and 2D = 60°, find the measure of BC.
(A)25 (B)40 (C)50  (D)55

(FF30) iE(t) - B O @ TR OABCD HyPU{E [HE -
¥ ABD =150° » 24 = 65° > F. 2D = 60° > 3k BC (s
(A)25  (B)40  (C)50  (D)55

B ()
(105 FEEH &% 14)

Teacher: Connect OB where OA = OB (radii of the same circle).
Then we can get £OBA = £4 = 65°. Connect OC. What is £ZOCD by the same
method?

Student: 20CD = 4D = 60°.

Teacher: Good. By using the sum of the three angles of a triangle is 180°, we can get
£AOB = 50° and 2COD = 60°. What are the measures of AB and CD?

Student: 4B = 50° and CD = 60°.

Teacher: Yes, you are correct. Now, find the measure of BC by given ABD =150°. Who
knows the answer?

Student: The answer is (B) 40.

Teacher: Correct. You did a good job!

ZHf 0 EFE OB » Hh 04 = OB (B R[EINER) « /% » Mo LA RRHEN A S 2]
ZOBA= /A=65 @ OC » FAMEENITER 20CD 2%/ 2

B4 ,0CD= /D =60°-

LRl 1REF - R=AR AR 180° » BAM e IfSFE] 2 40B =50° F1..COD = 60° -

HOBE AB 1 CD ISR 2

Bl T QB =150° CD = 60° -
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LT RAF 0 3485 - BUE - BB ABD =150° 3 BC HIRER o SEAIEEZE 2

gk EZE(B)40 -
i BT

BlE=

SR« A B AR RS N H AT U B — PV E K (H 108 3R4H L MBRZ VI

ANE - ZETAESE AR AR E R ST » )
(32 In the diagram, ABCD is a trapezoid with 4D // BC and circle O passes through the
three points 4, B, and C. If 2B =58° and AD is tangent to circle O at point 4, find

the measure of Z§Z‘ }

(H32) 40fE - #6J ABCD & » AD //BC » H—E O @i A~ B~ C =% - H AD H[H O

FEETIHA A BE o 35 2B =58° 5 HI| BC FES B fa 2 4 D

(A) 116

(B) 120 0

(©) 122 .

(D) 128 B\—/C
(110 4B E 6% 17)

Teacher: In the trapezoid ABCD, note that B and £BAD are supplementary, given that
AD /I BC.
Given that 2B = 58°, you can get £BAD = 180° — 58° = 122°.
Then mAC =24B = 116° because 2B is an inscribed angle of 4cC.

Besides, £BAD is an angle formed by a chord and a tangent which is equal to

%mACB. So mACB = 22BAD = 244°.

What is the measure of BC? Explain how you get it.
Student: (D) 128.
Because m BC = mACB — mAC = 244° — 116° = 128°.

Teacher: Yes, you are correct.
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D HT SR FRT R NRT P

TR ABCD th > E451 4D /I BC > Fiibl 2B 1 ~ BAD E i -

B 2B =58° » R eI LASF| 2 BAD = 180° — 58° = 122° -
sR1% mAC =2,B =116° Rk 2B 2 AC WEIER - 41 > £ BAD ZrHEZAl

i -

VIR - HIEBER 5 mACB -

BRI mACB = 2/ BAD = 244° -
TREEFHBC (RSB A Al 5T 2

Bl KR (D)I28 -
HE mBC=mACB —mAC = 244° — 116° = 128° -

LRl BET -
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Bt BRI
Deductive Reasoning

I TR EE T REHR T EER BRILEEAD

B RIS Introduction

FEER S EAGHYRR (T IR T - fERTZHER M ARRIVEREZ b JEfft TEF2HVEHE -
[EiRF 3R T AEA EIRVEE Ty — S e - fEARER T - IERERE RO 3 5 6 21E

se I E R AR - BN AR B AFRSE A et e > nbl—

HAAERE R

EEPRR LM AT -

m = Vocabulary

BiERILI

¥ hX B¥ X
theorem T if-then statement (e (PR
definition TEF% hypothesis fra%

prove (v.) saHH counterexample [ 1
conclusion & biconditional R
statement RN parallel ST
postulate N4 corresponding angle EEa=E!
proof (n.) EELE| alternative interior angle | AI$5 4
given Al isosceles triangle FEHE =M
angle bisector IR height =

B P F AR B R

TR

EFRHRT F
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congruence 25 midpoint Rk
congruent 2EN segment HREL
similarity FEALL square =TT
similar RN quadrilateral TuiE
odd number e equiangular triangle FAZAP(E=A)
even number HE equilateral triangle FEZAFP(E=A)

B HEGRBEERHATGF Sentence Frames and Useful Sentences

O If , then

%4 - If two sides of a triangle are congruent, then the angles opposite those sides are

congruent.

MRE—E=APhAWEE2S I EREENVHNENAt g 25 -

® Given , prove

{4 : Given: AB = AC, prove: A4 is on the perpendicular bisector of BC.
B4 : 4B = AC > 3R © A {E4REk BCHYPEEL L -

©® Corresponding of congruent triangles are congruent.

4] = a. Corresponding sides of congruent triangles are congruent.

b. Corresponding angles of congruent triangles are congruent.

EEFEZAPHVEHIES HEAHSE -

6 e e X
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(4 BN = A by the congruence property.

e+ AABC = ADEF by the SAS (side-angle-side) congruence property.
(read as “triangle ABC is congruent to triangle DEF by the SAS congruence property.”)

H1 SAS 2F M EEH =AY ABC Bl = DEF K25 -

© If two parallel lines are cut by a transversal, then are

4] « a. If two parallel lines are cut by a transversal, then the corresponding angles are

congruent.

b. If two parallel lines are cut by a transversal, then the alternate interior angles are

congruent.

c. If two parallel lines are cut by a transversal, then the interior angles on the same

side are supplementary.

R T4 — EL SRR A A AT ~ POSB AadeT S - EIRIPS f i -

® Corresponding of similar triangles are

#E](1) « Corresponding sides of similar triangles are proportional.
MU =AE SRR LG -
#e](2) - Corresponding angles of similar triangles are congruent.

HIU=APrE EAHE -

@ If ais , then we can assume a equals

fla)(1) - If a is even, then we can assume a equals 2m, where m is an integer.

AR a JEBE > Tl UGS a 200 2m > Hotm Ry— 428 -

#la)2) : If a is odd, then we can assume a equals 2m+1, where m is an integer.

WK a =78 BT ARG @ F25% 2m+1 > ot m Ry— 588 -
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m RIEEFERR Explanation of Problems

s iAA w
When we prove the answer to a geometry question, we can use the theorems and properties we
have learned, such as the Pythagorean theorem, the congruence properties of triangles, and the
properties of angle bisectors, to be the reasoning to support our conclusions.
HAMTREM FH ERIAY E BRI B 1E R 28 IR AV B -
Conclusions based on accepted statements (properties, definition, previous theorems, and

given information) must be true if the hypotheses are true.

HEHRRVER - MHE eI HEE TR SER B E

w EFEENBEE o
BlE—

39 ARSI B R SIS - I S = A A - B A
S A IR Pt T — TR ey — LN © SRS - AU

AT
(H£37) Given: 4Band CD bisect each other at point M. a
- — “ C
Prove: AD // BC M .

(=) B4 ABHL CD WIARER ARSI M B »
sks% 1 AD // BC -

v

Teacher: There are several ways to show that two lines (or segments) are parallel. Please

identify some of these ways.

Student: 1 can prove two lines are parallel by showing that the corresponding angles are
congruent, that the alternate interior angles are congruent, or that the interior angles

on the same side are supplementary.

Teacher: Assume CD is one of the transversals that cuts through AD and BC. If we can

show 2C = 2D, then we can prove AD // BC.
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Student: I see. So how can we show 2C = 2D?

Teacher: For this question, we need to find the relationship between A ADMand A BCM.
Are they congruent with each other?
Now, we try to show that A ADMand A BCMare congruent. What is given in this
question?

Student: 4B and CD bisect each other at pointM .

Teacher:  Yes, by using the property of segment bisectors, we can say AM = BM and
DM = CM. We still need one more pair of corresponding sides or angles which are
congruent. We want to show that they are congruent.

Student: I found that Z/AMD = Z/BMC because vertical angles are congruent.

Teacher: Great! You have found the right one to complete the proof . Which property can we
use to show those two triangles are congruent?

Student: The side-angle-side (SAS) theorem.

Teacher: Since A ADM = A BCM, we can also conclude that ZC = /D . Why can we get
this conclusion?

Student: Because corresponding angles of congruent triangles are congruent.

Teacher: Well done! Since ZC = /D, we can deduce that AD // BC. If two lines are cut

by a transversal, and alternate interior angles are congruent, then the lines are

parallel. So far, this is the plan of the proof.

Let’s complete the proof now.

Statements Reasoning

1. ABand CD bisect each other at M. | 1. Given

2. AM = BM and DM = CM. 2. Property of segment bisector
3. ZAMD = /BMC 3. Vertical angles are congruent.
4. AADM = A BCM 4. SAS (side-angle-side) theorem
5. £ZC= /D 5. Corresponding angles of

congruent triangles are congruent.

6. AD // BC 6. If two lines are cut by a
transversal, and alternate interior
angles are congruent, then the

lines are parallel.

A A R TR EE R R
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T ARREITATT DS AR (BUARER) SRR o S -

S8 AT DA AR A S - PSR S S E P9 f A AR T M R G T
ffy -

LA % CD E—{RUIB AD 1 BC AELR - WM 2C = 2D »
Bk T L 4D // BC -

S TR - IPEEMEN £C = LD ?

B RPIEERE] A ADMAIA BCM 2 BB - It (= R S5
BIESTIA ADM 1 A BCMEAY - HEH & HIpEE R 2

E2E 0 AB A CD WIAREEEAR TSR M B -

L R (RGP ROOMEE - TR AM = BM DUK. DM = CM - Ff
(YRR — SIS B B S -

EBfE 1 JREEFH ~AMD = «BMC [N B HTEA SN -

T KIET | IR T S RS S (R - VB T LA R =
AR b 2

B SAS EH -

Eili: KB AADM = ABCM, BT LG £C = /D . HffR G EiEEss0h
[t 2

B RS = A e R

EHl AR - B £C = /DRFIBEETTLUGH AD //BC - A1RMIE S0 55— 4
PR BLASEAES > RIRIRE ST - BRERIae - BEEEHE T

ZRA -

Rt FHR

;E AB 81 CD WiREE O A0y M oy

2. AM = BM HDM = CM. GESP o E

3. ZAMD = /BMC HTEAMEE

4. ANADM = A BCM SAS EH

5. 4C = 4D W55 = A T FE A AH E]

6. 1D /) BC %%W%Eﬁﬁ—ﬁﬁﬁﬁﬁ’m
PR - A RE ST -
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pIRE—
st AR RS -

(BL3Z) Proof: If Xis an odd integer, show that x* is an odd integer.
(Hh30) 3807 - (EeraE 8- e s s -

Teacher: Let x be an odd integer. We can assume that x is an even integer plus one or minus
one, writtenas x = 2k+ 1 (or x = 2k — 1) for some integer K . What will you get
if you substitute x with 2k + 1?

Student: Then x? is replaced by (2k + 1)?

Teacher: Try to expand (2k + 1)2. Apply the formula of the square of a sum. What is (a +
b)?? (What is the square of a plus b?)

Student: (a + b)? = a* 4 2ab + b”.

Teacher: Substitute ¢ with 2k and b with 1, and expand (2k + 1)?.

Student: (2k + 1)
=k +2x2kx1+1?
= 41" + 4k + 1

Teacher: What could you tell from the sum of the first two terms?

Student: 4&> is even since it can be expressed as 2 X 2k, and 4k is also expressed as
2 X 2k. So, both 4k* and 4k are even. The sum of two even integers is also even.
Note that the last term, “1”, is an odd integer.

Teacher: What can you conclude about the sum of an even integer and an odd integer?

Student: The sum is odd.

Teacher: Great! So the square of any odd integer is also an odd integer.

N e (EE R BT LA x B (BRI —ER — > B x =2k + 1 (5
x=2k— 1) Heftk B—(8%% - FRIRHREET x Bk 26+ 1 F155]
{7 ?

BaE L (2k+1)% e

Hl SELRIAE T AER 2k + 1)« (a+b)? Fjr 2

B (a4 b)=a*+2ab+ b -

N a Ry 2k bR 10 ZARIERT -

BB 2k + 1)
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=2k +2x2kx1+12
= 4% + 4k + 1
ERH : FERTRIERYR R A] DU S 2

41 BB BT AFRTR 2 X 267 4k AT DIZET B 2 X 2k - [RIIL » 46° 1
Afe BB - WEE BRI R RS - S R —TE | S5 -

ERN  RAT A A B A BN By B R I 2
S B REER e -
ES IS - M) AR ERCIE (COREsRib ey &

1
HE

w EARE/ EE2R5EE
plE—

(#:3) Thereare AABC and AADE with point C and point £ on AD and AB, respectively.
BC and DE intersect at F . If 24 = 90°, 2B = 2D = 30° and AC = AE = 1, find
the perimeter of quadrilateral AEFC.

(H137) AABC ~ AADE 1> C ~ E WiE5YRIFE AD ~ AB |+ » H BC ¥i DE FHZH F Bk
/4 =90 LB=24D =30 AC = AE = 1 > RIVUER AEFC (195 E B ?
(A) 22
(B) 2V/3
(C)2++2
(D)2 ++/3

(106 B &+ 21)

Teacher: This is a question from the Comprehensive Assessment Program for Junior High

School Students in 2017. First, let’s read the question.

Student: There are AABC and AADE with point C and point E on AD and 4B,
respectively. BC and DE intersectat F. If 24 = 90°, 2B = 2D = 30°, and AC =
AE = 1, find the perimeter of quadrilateral AEFC.

Teacher: Thank you. Let’s find the perimeter of quadrilateral AEFC Given 24 = 90° and

72 . e ey
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4B = 30°, please find the measure of £ACB.

Student: I can do that. Since the sum of the measure of the three interior angles equals 180,
£ACB = 180° —90° — 30° = 60°.
Teacher: Correct. Now, you may use the same method to find the measure of ZAED.

Student: 1 got it! £AED also equals 60° because I also know the other two interior angles

in AAED are 90° and 30°.
Teacher: I need you to focus on ACDF now. Can you tell me the measure of ZCFD?
Here is a hint: you can think of ZACB as one of the exterior angles of ACDF.

Student: Yes, since the measure of an exterior angle equals the sum of its two remote interior

angles, we know the measure of £CFD is equal to 60° — 30° = 30°.
Teacher: What kind of triangle is ACDF?
Student: ACDF 1is an isosceles triangle because £CFD is congruent to 2D.

Teacher: We can also conclude that CF is congruent to CD because the sides opposite to base

angles in an isosceles triangle are congruent.

Student: It looks like we can use the same method to analyze ABEF. We can get the

conclusion that BE is congruent to FE.

Teacher: What kind of triangle is A4BC.

Student: AABC is a right triangle with three interior angles equal to 30°, 60°, and 90°.

Teacher: What is the ratio of the three sides of a triangle with three interior angles equal to
30°, 60°, and 90°?

Student: The ratio is 1:+/3:2.(one to two to square root of 3). Since AC =1,s0 AB = /3.
We can get AD =3 by the same reasoning.

Teacher: We are ready to solve the perimeter of AEFC now.

The perimeter of AEFC

AE+EF+FC+ CA

= AE + EB + DC + CA (because EF = EB and FC = DC)
= AB + AD
=2V3
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N B 2017 R EEREE - Bt BEES—TEE -

B2 0 AABC-~ AADE > C~ E W5y RI{E AD - AB &> H BC#1DE =) F % -
ELA=90" L B= s/D=30"AC = AE = 1 > HIVUEIF AEFC §9JE € Bfa] ?

EHT S - BAEACKRIUIE, AEFC HYfE&E - EA1 24 = 90° fil £B = 30" » 553K H
ZACB ¢

B4 By - ZAPNARER 180 > ATl £4CB = 180° — 90° — 30° = 60° -

EhN : ERE - BE ] DUBEIRER AR H £ AEDHIFE ) -

A RANE | LAEDWEERY60° o PRIRFRA1IE AAED N S5 {IE A 753 731 R 90°
30° -

i BIIEPRE ACDF - fREE &7 £ CFD IR 2
BN ¢ AL 2 ACB BEACDE HI—{EIME
BE A RSN EEE NN E N B ArI S8 A1 B ALE £ CFD 1%
BN 60° — 30° = 30° -
Efifi © ACDF ZTE=AE ?
B4 1 ACDF 2% = » Ky 2 CFD#L ~ DIF% -
N RPEEALIEGH CF = CD > NAEESE = AT » EANWIEEHEN -
B BRI AT A AR A T ABEF - FR{PIR LAS 4 o B BE 81 FE
il A ABC 2TE=AI 2
B4 B —E=ENAH R 30° 0 60° F190° iV E A=A -
HHL . =EPNASTHE 30° > 60°F1 90° Y = ATRERILE S /D 2
B 132 Y AC=1> bl AB=+/3 -
FeAPTET LA A E A HEER S ) AD = V3 -
I MR E AEFC R -
AEFC &
=AE+EF+FC+ C4A
=AE+EB+DC+CA (A} EF=EB-FC=DC)
= AB + AD
=2V3
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(BL3Z) a. Substitute each of the integers from 1 to 9 for 7 in the expression 7> +n + 11.
b. Use inductive reasoning to guess what kind of number you will get when you

substitute any integer for # in the expression n> + n + 11.
c. Test your guess by substituting 10 and 11 for 7.
(F30) a BT 129 HRE > +n+ 11 HT n -
b. BIREARMIGER » B HIR A FIRMA IS AR EERL ?
c. sWEFR 10 J 11 RIAFE] n® + 0+ 119 n SAGERIRIE b. FT NAY&ERR -

Teacher: Substitute 1 for N in the expression n? + n + 11. What do you get?
Student: 1>+ 1+ 11 = 13
Teacher: Good! Continue to substitute 2 to 9 for N in the expression n*> +n + 11.
Student: 2* +2+ 11 =17, 32 +3+ 11 =23, 4 +4+ 11 =31, 5> +5+ 11 =41,
6 +6+11=53, 77+7+11=67, 8 +8+11=83,and 9 +9+ 11 =101.

Teacher: Do all those numbers have anything in common?

Student: They are all odd numbers. Since n*> +n=n(m+1) is the product of two
consecutive numbers, it is even. Eleven added to an even number always becomes

odd.
Teacher: Besides them all being odd numbers, what else can you find?
Student: They are all prime numbers, too.
Teacher: Substitute 10 for 7 in the expression n”> +n + 11.
Student: 10* 4+ 10 + 11 = 121. 121 is the square of 11, which is not a prime number.
112 +114+11=143. 143 isa multiple of 11, which is not a prime number either.

Teacher: If there is a statement which says, “For any integer n, n> +n+ 11 is a prime

number,” is this statement true or false?
Student: It is false. 10 or 11 can be counterexamples to show it is false.

Teacher: Wonderful! From this question we know that the conclusion from inductive

reasoning might not always be true.
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ZHf
B
BT
2242411 =173 4+3411=23-4"4+4+11=31

FHf
= L
=i
D102+ 104 11 =121 - 121 & 11 fy°E )5 » REesyg -
112+ 11 + 11 = 143 » 143 5 11 fyfseg > R 2geyg -
=TT
B

R

W LA+ LU 1 SRS 2

P+1+11=13

R | HEER =289 RAPr +n+11-

] ggﬂij(

}dﬁ

~S 45+ 11=41-

6+6+11=53-7>+7+11=67-8+8+11=83-92+9+11=101

ORI SE Y 7
EAMRLRETE - KBy n® +n = n(n + 1) ZWEHAEETRR - ATLUZEE - 7

AIE 11 Ersplay iy -

PR T EMEE 8N - RIS EIR 2 2

et EE% -

IR AE RS 10 F1 11 AURE] n® + n+ 11T n

FTBL TP EE R n > n® + o+ TR EE ) SRR B2 ?
Ay » n =10 2 11 AT LUE (RS BIAREEHA LRI g aR -
Sl A —E H S Y -

R | e - FeMIRIERR AR

B g AR

BEAREFRIY E
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Circumcenter, Incenter, and Centroid of a Triangle

I TR EE T REHR T EER BRILEEAD

B A= Introduction

AEHEMHE=AIP =0 B8 TN BLEAL - ZAPIYMEI = AIHI =155

» LRSI =AY =8 FE » i O ATE— R PR A M YR E 2 U 0HY
—{E#ES T FERRRGE E S ORMEE 2R - BR TR =AY =0 E - Pt A
ERIET AR R AT LU S = ORI (O 2R -

B = Vocabulary

¥ hX B¥ X
circumcenter eI perpendicular bisector rhHEELR
acute triangle WA =AE circumscribed circle ANz
obtuse triangle FalyEE Ry =pi angle bisector S orEy
right triangle HA=MF inscribed circle At
incenter A0 centroid EEUN
median R equidistant Erh
7
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m HBGRBERTF Sentence Frames and Useful Sentences
O The of a triangle is the intersection of the three of

the triangle.

#14)(1) : The circumcenter of a triangle is the intersection of the three perpendicular bisectors
of the three sides of the triangle.
IMiE =P =1 R AR AT AR -

#14](2) - The incenter of a triangle is the intersection of the three angle bisectors of the interior
angles of the triangle.
N = =N A SR HIACR -

#14)(3) : The centroid of a triangle is the intersection of the three medians of the triangle.

B =AY =P ERAYACES -

® The circumcenter of falls

#4](1) : The circumcenter of an acute triangle falls in the interior of the triangle.

HAE=APHNME=AED -

#14)(2) - The circumcenter of an obtuse triangle falls outside of the triangle.

Pl =AY MME=AINE -

#14](3) : The circumcenter of a right triangle falls on the midpoint of its hypotenuse.

HA=ZAPHYMAE=APHREE P E L -

© The of a triangle is equidistant from

#4)(1) : The circumcenter of a triangle is equidistant from its three vertices.

SMOLEI=AIPHI = TRREREE -

#4](2) : The incenter of a triangle is equidistant from its three sides.

MO EI =P =& -
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O The distance from of a triangle to the centroid is two-thirds

of the distance from to

f5la) « The distance from a vertex of a triangle to the centroid is two-thirds of the distance

from that vertex to its opposite side.

0B TEB A P S A THR . AR 3

O If is the centroid of , then =

flE) - If G is the centroid of AABC, then areca of AABG = area of ABCG = area of
AACG.

G R=FA ABCHJE.L, » QIHRAABG = HIRABCG = HIRAACG -

m RIEEFERR Explanation of Problems

o8 :RAEA ®

Where can we build a library that is equidistant from three different schools? The circumcenter
is the point that can help us solve this problem.

W] T — el e B B = B  REE 7 S (R A A = AR MO RS T
Where can we build a playground in a triangular park, if the playground needs to be equidistant
from the three sides of this park? The incenter plays an important role in choosing the location
of the playground.

YL — (BB B —(E = AP AR =B FiEE 7 S Em R Rk = AP RN
ORIEE T -

Have you ever seen buskers (street artists) performing on the street? One of these artists might
use a long stick to balance a plate in the air for a long time without it falling down. You can
imagine that they must be good at finding the centroid of the objects. Imagine that there is a
triangular piece of cardboard on your index finger. How could you balance it without tilting to

one side? Before making it happen, you must first find this triangle's centroid.

79 _ oy
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(LX) If we want to build a library that is equidistant from three different schools A, B, and

C, where should this library be located?

(FP0) AR AP R — R 5 R B — FETERAC (A, B A O)— 14T AP E F e
WG 2

sagee

e school B

sagee e
school A 5
Safias
e school C

Teacher: Let’s connect 4B and BC. Construct the perpendicular bisector of 4B and label it
as L.

Student: I am done drawing L. school B

school A

school C
L

Teacher: Well done! Construct the perpendicular bisector of BC and label it as L,

80 e e pn
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Student: I am done drawing L, bool B
schoo

school A

school C

Teacher: Label the intersection between L;and L, as O. Since O is on the perpendicular
bisector of AB , SO 0A =
OB . And O is on the

perpendicular bisector of

BC,so OB = 0OC.

school C

Student: Therefore, I can conclude that 0A = OB = OC. O is the location of this library.

- s 15 FIBC - B AP AT - AL -

B BEYLT -

L ik | Bl BC RETG B L -

LR X

ST YL IL AR, O » b O 75 1B (B ETAE L » Fril DA = O -
FIBE > O {EOBRYEELF534 1 > Fibl OF = OC -

Sk L ReeTLlE G | OA = 0F = OC - 0 s B e s -
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(H37) O s the circumcenter of an obtuse AABC. If AB = AC = 13, and BC = 24, find the

radius of the circumscribed circle of A4ABC. ‘:1
(HF30) O BAABC =M/ MEEIRIIELL
- - . L Be ® oC
W AB=AC =13 H BC=24> 5k =
A IMNEEREEE -
s 0

82

Teacher:

Student:

Teacher:
Student:

Teacher:

Student:

Teacher:
Student:

Teacher:

Student:

If we know O is the circumcenter, what can we deduce from that?

We can say OB = OC because the circumcenter is equal distance from the three

vertices of a triangle.
The question also mentions AB = AC. What kind of quadrilateral is OABC?
Quadrilateral OABC is a kite.

We know that the diagonals of a kite are perpendicular A
to each other. So AABM = AACM (HL), and B : - C

BM =CM (Corresponding parts of congruent

triangles are congruent.)
That makes OA a perpendicular bisector of BC.

Assume OA intersects BC at M.

Because AB = 13, BM = %R’ = 12, can you find AM ?

Yes, I can use the Pythagorean theorem to find AM = +/ 132122 =5

Great. Now, let 0OA=0B=0C= X, express OM in terms of x
OM =x — 5.
Awesome! Now focus on ABOM. 1t is also a right triangle with the sides of x, 12,

and x — 5. Use the Pythagorean theorem to solve for x again.

X2 =(x—57+12%,

A A R TR EE R R
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Teacher:

4
g
4
=

A -

i
Bt

ZHhi

EH

DT ERT A EaRT P

169
=70

fo EMABEHBFEDL

(Use the Pythagorean theorem to write out the equation. Expand the right side,

cancel out x> from both sides and divide both sides by 10.)

Great! You have found the radius of the circumscribed circle.

YNERERIRIE O ZAh0y o FBERATOT DASEm AT R RTE 2
HAIETLIER OB = OC » R BAMOLEI = A = (E B0 EEHEfE 5 -
[REEES] AB = AC © JII OABC 2-(11EEERUETLIE 2

OABC JZE=T -

HMAEZEP I AR OAEE, JMTJLISE AABM = AACM(HL), H

BM =CM (Mi4% =i LR %) » a155] 04 & BC (I E 534 -

Bi% OA82 BC AHZCHS M % -

PRl AB=13 ’ﬁ/{:%l?_C’: 12 5

R AM 2

L o AAREEALREAM = V132 - 127 =5 -

ReF - BE > £ 04 =0B=0C=x,> il x % OMIESE -

OM=x—-5-

2 BRAEE =AM ABOM -EthZ2—EHEA=AF B&RHx 12 - Mx-5-

FERAE B E B K

Pl = (x =5+ 122,

XZ=x2—10x+25+ 144
10x = 169

169
10

X =

FARE RS T2« RBAAH > ZEmIfDEZE X AR RIHIBREL 10 «

A58 | IMEBIHFEAEHRE] T

B EF R EFRETREPY (EFR%
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(L3 ) If we want to build a water fountain that is equidistant from the three sides of a

triangular park ABC, where should the water fountain be located?

(H37) WRBAMEHELE —HEKIEEE = AP A BN =8 5T - BIMRZEEUKIEES
TEIFHEE 2 A

Teacher: Draw BK and CJas the angle bisectors of 2B and 2C.
Student: Iam done.

Teacher: Label the intersection as /.

Draw EJ_E, ITZJ_B_C,and IF 1 AC.

C

Teacher: Since [/ is on the angle bisector of 4B, therefore, ID = IE. And I is on the angle
bisector of £C, therefore, IE = IF.
Student: I get it now. So, ID = IE = IF and [ is the location of the fountain.
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S o 2B FI 2C ISR > SyAlEs BR Fi1 C -

B T

S REHAE T -
& ID - IE ~ IF.535If1 4B ~ BC ~ AC EH

i o KRB TAE 2B (NFSE5Y6R b FRLLID = IE 3G HLB6 104 2C B P54 |
FITBATE = TF ©

g T FTUID = IE = IF » B 1 sERE0KIATALE -

5l =& Y
sl A=A OIS 2GS B A = A IPE BRI E N RHE R I E R A U] [ERY -
RE -
(ZL37) 1 is the incenter of a right triangle AABC with 2C = 90°. Let r be the radius of

the inscribed circle of AABC, and show that

AC + BC = AB + 2r.

(5321 REF= ) AABC PBHEINIELY HoC =
00° - 45 r Bfiy = it AABC POBEEIN A K € Y

5 AC+BC=AB+2r-

Teacher: Draw an inscribed circle of A4BC with center /. Let P, Q and R be the points of

tangency and assume the radius of the inscribed circle equal to .

Connect IR, IPand 0. B
What kind of quadrilateral is APIR? 5
o' 1
c P A

Student: It looks like a kite to me.

Teacher: Why is it a kite?

85
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Student: First, /P = IR because they are the radius of the same circle. Second, AP = AR
because tangents to a circle from a point are congruent. By using the same
reasoning, we can also conclude that quadrilateral BOIR is also a kite with
BQ = BR.

Teacher: Wonderful! Let’s figure out why AC + BC = AB + 2r.

AC + BC

= AP+ PC+BQ + OC

=AR+r+BR+r

= AB +2r

(Substitute 4C with AP+PC and BC with BO+QC, using the segment addition
property.)

(Substitute AP with AR and replace PC by r. Substitute BQ by BR and replace QC
by r.)

(Combine AR+BR into AB and we complete our proof.)

il EEPL T BB AABC AVE - 35z N VIEIRY A Ey o HU)EST R By P~
O MR-
SR1% M IR ~ IP M1 10 » APIR 2 TEVUIEIE, 2
24 HBEAKBEER -
RN R(HEEEZEPE ?
g . B IP=IR > [REHEE—EEHIER - AP = AR - NE1EE: A FEH
VI RIS - FE - B DS HINETY BOIR 2351 » Hth BO =BR -
Sz (REF | IRBE BT AC + BC = AB + 2r
AC + BC
= AP+ PC+BQO + OC
=AR+r+BR+r
= AB +2r
(Y AC #1)2 AP + PC » BC i) BO + OC °)
(Jf AP #Fs AR > Wi PC # ks r - BO#E BR » OC Rl r °)
(AR F2BR HFf1 ks AB > HHIHAESE <)
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(L) [Iis the incenter of AABC. There is a line passing through /, intersecting AB at D, and
intersecting AC atE.If AD = DE = 5, AE = 6, find the distance from / to BC.

(d=0) W@ (+=) I B AABC WIN.L » B—HE4ERHEME 1 55 H 57 RS D B
E®L o ¥ AD = DE =5 » AE = 6 » HI| I 8% BC fFEHEE Byfa] 2

A
A =
(B) =
(C)2 D E E
(D) 3 -
B
BT (110 FEEH e 26 )

Teacher: Connect Al Let’s draw 1J L BC, IK L AB, and IN L AC. From the property of
incenter, we know IJ=1IK = IN. Assume IJ=1K = IN = r.
Next, let’s find the area of AADE. AADE is an isosceles triangle with sides 5, 5,
and 6. We draw an altitude DP from D, then DP will bisect AE. Use the
Pythagorean theorem to find DP.

Student: pp = /52 —32 = 4, so the area of AADE=%X 6x4=12. 4

Teacher: We can also think of the area of AADE as the sum of the area of AADI and the
area of AAEL
What is the area of AAD/ in terms of »?
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

X5
The area of AADI = -

What is the area of AAE! in terms of »?

6
The area of AAEI = % =

Therefore,
Sr
> +3r=12
H =12

2
What is ?

4
1

Good job!

N

r= , the answer is (A).

—

fo EMABEHBFEDL

Srp o GEUEAL - # IK 0 1) RN YRIFEE BC, AB 1 AC -

FRIENOME - HE J=IK=IN-3%1J=IK=IN=r-

PN RITK AADE [HifE - AADE ZEB = » HiBER 5.5 F1 6 < Ff¢
D E (= DP > SNMEGVAE > Al AR EHLE] DP -

Eh

. DP=+5"—32 =4, Fill AADE=%><6><4=12°

FeMtr ol IHEAADE W ERE G F= AADI AVTHEEFIAAEL KRS 2 I -

2 Fos AADI B EFE -

X5
2

DL rFoR AAELI BYHEFE -

o

AADI =

X6
NAEI = - =3r

AT LIS E] - 3+ 3r = 12

llr_12
=

iom
W
>
N)

DT
«_.\1
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(37 ) ABCD is a parallelogram with M the midpoint of BC. If BD intersects AC at O
and AM intersects BD at P,

(1) BP =6, find BD =
(2) If the area of AABP = 12, find the area of the parallelogram ABCD.

(*P30) 40 > {£ CABCD > W4 AC ~ BD 55Hr O B » M Bz BC (fyrpgf »

AM B BD 55} P B ©
A D

(1) #BP =63k BD WEE

(2) # A ABP WHEITR R 12 > K OABCD HYTHITR
B M C

Teacher: We know that diagonals bisect each other in a parallelogram, so 40 = CO.Is P a
circumcenter, incenter, or centroid of A ABC?

Student: Because A0 = CO, that makes BO a median of A ABC. From the question, M is
the midpoint of BC which makes AM the median of A ABC. Hence, P is the

intersection of medians and P is the centroid of A ABC.

Teacher: Correct! From the property of centroid, how many times as long as BO is BP?

Student: BP = %B_O (BP is two-thirds as long as BO.)

Teacher: Great! We also know BO = %E Then BP = %E = %(%E) = %E

Student: [ get it now. BD = 3BP = 18.

Teacher: From the property of centroid, how many times as large as area of A ABC of is
area of A ABP?

Student: The area of A ABC 3= the area of A ABP (the area of A ABC is three times as
large as the area of A ABP.So the area of A ABC is 36. The parallelogram is twice
as big as A ABC, so the area of the parallelogram is 72.

Teacher: Well done!

I EANETIUS A LR TSy RIE 40 = CO = H P ZA ABCHISM, ~

A A R TR EE R R
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AL ERAELD ?
{540 = CO - {# BO picks A ABC (Y4 - B3R M 2 BC 9% - (518 AM
ARy A ABC 4R o [RILL » P2 =P 4RIvAC B - /g A ABCHEE L,

LAl 398 MRIEEOMEE - BP AR BO AR ©

J— 2 —

%i: B :?BO"

i - fRHE | A% BO = ;BD - Fibl BP =2BO ==(;BD) =BD °

B4 AT Bt BD = 3BP = 18.

LA MRS E LM 0 AABC (EIREE AABP TIREHIZ(E

Bk 1 AABC RYTITERE AABP TFERI={% - Rt » AABC HIMETE R 36 < PATVLEIY
FEIREE AABC HIRIME > RIS AR B 72 -

ES IR Gl
plE=

S - EEE = APAVELHIERE -

(H3X) ABCD is a parallelogram with M the midpoint of CD. If BM intersects AC at X,

prove that CX = %A_C a4 &
(Hint: draw BD.) X
(430 EFATIER ABCD > M 2 TD i . ;
— — ) D M C
B o A BM B AC 2R X0 OKEE
CX'=SAC - (4&77 : it BD - )
Teacher: Let’s follow the hint by drawing BD. 4 g
E
X
D M c
Student: I have drawn BD.

90 . r ey
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Teacher:
Student:
Teacher:
Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

- -
B
1
B
- -
B

EH

LEHBBHEDO

Assume that BD and AC intersects at point £

E is labeled.

What conclusion can you make for BE and DE?

BE = DE, because in a parallelogram, the diagonals bisect each other.

If BE = ﬁ, then CE is a median of A BCD. BM is also a median of A BCD
since M is the midpoint of CD. What can we say about point X?

X is the centroid of A BCD because X is the intersection of two medians of a

triangle.

Great! What is the ratio of CX to XE?

CX to XE is 2 to 1. That makes CX equals two thirds of CE. Write CX = %C_E

We also know CE is equal to half of AC. Substituting CE with %A_C, we get

CX=—CE
yTe
= — X —
2
T
3
Fantastic!

{B#% BD 1 AC i\ E B

AP EELT

EIFHZKBE 1 DE HIRAGIE 2

RBEPATIUE R $IAGHHEE 45y > BTl BE = DE

15 BE = DE > CE §tiE ABCD {943 o M 255 CD 1@k > Firll BM H12
ABCD (45 o BEASEL X BafS T IF4E SHTE 2

NE X Z=AF ABCD FifikT4RAYSCEL - ALl X BEZ ABCD HYE L °
CX PR XEMJELBIZES /D 2

CX R XE (EERFy 2:1 0 ke CX=CEM =52 -

DAE SEEY £ LR SRS NES 5 S
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1=

SRR CX = 2 CE - BlPHiAliE CE %5 ACHY—F - I CE i+ AC %
o 155

Ci=2CF
3

Ehl - JREL
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BSNEEER More to Explore

B X BE R4

AR

https://terms.naer.edu.tw/search/

HEE P BRERS

BRI E R R
https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99
%ES8%AA%IE

Oak Teacher Hub

BISNEER R B EIR 0 bR T R RRHIE A 2R

https://teachers.thenational.academy/

CK-12

BN Fos BEIR 0 bR T BUERSEIE A H A
https://www.ck12.org/student/

Twinkl

BN R EEIR 0 bR T BEREEF MR E > & R
B R ERAINE

https://www.twinkl.com.tw/

A A R TR EE R R


https://terms.naer.edu.tw/search/
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https://video.cloud.edu.tw/video/co_search.php?s=%E9%9B%99%E8%AA%9E
https://teachers.thenational.academy/
https://www.ck12.org/student/
https://www.twinkl.com.tw/
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Khan Academy

ATERE - AR R R R R T G

https://www.khanacademy.org/

Open Textbook (Math)

B/ MR B A R E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common
/toc/toc en.html

MATH is FUN

BISNEERER - A EER R Y Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BIYNER LR > B #=CE RS - bR T EEEEE  BEAEA
7o
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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https://www.mathsisfun.com/index.htm
https://phet.colorado.edu/
https://www.youtube.com/c/misterwootube
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B = Fh S R R E A R Ok
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching
Worksheets

2023 FEMNERSENEERAX(ESP)EENAE

I ECETOHBIZ - bR 7 BRI 2 HAtheH -
https://sites.google.com/view/ntseccompetition/%E5%B0%38%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%9IB%B8%EI%I7%ICHEE%I5%II%E
6%9D%90?authuser=0
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