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The Principle of Mathematical Induction

Let P, be a statement involving the positive integers 7.
If

1. P is true

2. Py being true implies that Pi+1 is true. Then P, must be true for all positive integers 7.

B HEQRBEERHAGF Sentence Frames and Useful Sentences

O Write the first __ terms of

#l4](1) © Write the first four terms of a, = 2n — 3.
BT HEI< 2n — 3 SHYRTVUIE o

#i15)(2) : Given the general terms of a sequence are a, = 2" — 1, write the first five terms of

this sequence.

ERI an (I—fIH Ry a, = 2" — 1 > SER LS IAYRIFIHA -

O A(n) rule for a sequence gives

fl4)(1) = A recursive rule for a sequence gives the beginning term(s) of the sequence and then

an equation relating the nth term (a,) to one or more preceding terms.

AR E Fe PR B R AE A —(E 4S5 n JEATAT (2%) IHAYITHRESC -

#14)(2) : An explicit rule for a sequence gives the nth term (a.) as a function of the term’s

position number 7 in the sequence.

B SRR n TG BB L B E (n)HI R EL -
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©® Write the rule for the sequence.

fl5](1) : Write the recursive rule for this arithmetic sequence.
e E (S YR AR E = -

f5](2) © Write the general rule for the sequence.
HHE MBS = -

® Recognize/Describe the (number) pattern and

#4)(1) : Recognize the number pattern and find a rule for the nth term.

o B AR M HES n AT o

f4)(2) : Describe the pattern and write the next term.
AR > MR TN —TH o

©® Substitute 4 for B.

#i41(1) : Double-check the solution by substituting the solution for the variable in the
equation.
RS AT R A A B TR -

fH15)(2) * To find the first term, substitute 1 for n.
1A n A EREISE—IH -

® This sequence is defined recursively/explicitly by

a; = 1
#ey(1) - The Fibonacci sequence can be defined recursively by a, =1 for all
a, = dy.| + %)

positive integers n => 3.
BB o] DAIRAE 8 SRl EIEAI S RSN 1 - B =THE » 5 n THER AT
WATERA ©
#4](2) : This sequence is defined explicitly by a, = 2 + 3n.
E(EES TN E R RS n TZ 2 0 3n

AU EEGRRERETREL (EERERY
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@ Prove that for all positive integers n > 1.

n(n+1)

#l5)(1) - Prove that 1 +2+3+ ... +n= is true for all positive integers.

SHE 1 ] n HTTEREIRISER " SHE R IEAE M n kT -

147(2) : Prove that 4" — 1 is divisible by 3 for all positive integers 7.
s HES T A HYIERE R n > 4" — 1 AT LIRE 3 B2k -

O Assume that is true.

#l4](1) - Assume that the formula is true for » = £.
BEEZ ATAE n = k FFREIL -

#15)(2) - Assume that 3n < 3" is true for n = k.
B 3n<3"{En=kiEBHE -

© The next term on the left-hand side is

fH15)(1) : The next term on the left-hand side 1s £+ 1.
EHXEBN N —IHE k+1-

(k+1)][(k+D)+1]-[2(k+1)+1]

#H15)(2) : The next term on the left-hand side is .

RN k+1)][(k 2(k
SRR R T (k+1)][( +1)4;1] [2(k+D+1]

(5 * AR R AR B ER A A A EE I R By T —IH)
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B RIEEFERE Explanation of Problems

©8 RAEA

In this section, we will focus mostly on arithmetic and geometric sequences. We will learn the
general and recursive rules of these sequences to solve real-life problems. In addition to the
sequences, we learn to apply mathematical induction to prove any theorems involving positive
integers. This process can be visualized as a series of dominos toppling over, where each
domino represents a case, and the induction hypothesis is used to knock over the next domino
in the sequence until all cases are proven true. Any kth domino will knock down the (k + 1)th
domino as long as the first domino is knocked down. Eventually, the infinite sequence of the

dominos will be knocked down.

w EEEENREE o
plE—
st ¢ LR R IRARARE - SRR A BRI e R B [ — R TR B 56 n JHAYE -

(Z£37 ) Write the first five terms of the sequence < 4" — 1 >.

(F130) FHEGI< 4" — 1 >HYFIAIEA

Teacher: 4" — 1 represents the general term of the sequence. Who can tell me how to find the

first term?
Student: Substitute 1 for n. We will have four minus one, which is 3.

Teacher: Great. We apply the same logic to find the other 4 terms. Plug in the numbers from

2 to 5. What are the results?
Student: They are 15, 63, 255, and 1023.
Teacher: Do you notice the pattern in these numbers?
Student: I know, they are all multiples of 3

Teacher Glad that you were able to find out the pattern. Well done! Studying the pattern of

numbers is usually a good start when analyzing a sequence.

AU EEGRRERETREL (EERERY
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RN 4" — 1 BEEEYH—BIEAT - BRI ?

B B n Bk 1 5541 e 3 -

Zhl R o WP DI M ERV A L E 4 185 - R H 2 2 5 AL
SRR ?

Bt 3RIE 15~ 63 ~ 255 /11023 -

ERl  BEDEE TS ?

B4 0 IE - #E 3 AR -

Ehl R UM | OTRESI R SR IR

HIRE—
s ¢ LR RS ARAE R - B T~ RREEKAT n THAAT -

(L) Three is the first term of an arithmetic sequence. Its common difference is 2.
(1) Find the first four terms of the sequence and its general term.
(2) Find the sum of the first 20 terms of the sequence.
(P30 FEBOIEHR 3 RNER 2
(1) SRS RTUEA—RIE AT -
(2) woRERT 20 THAYAI -

Teacher: For an arithmetic sequence, each term is found by adding the common difference to
the previous term. According to the description, a; = 3 and d = 2, what are the
second, third, and fourth terms?

Student: If we keep adding 2, they will be 5, 7, and 9.

Teacher: Correct.

How about the general term of this sequence?

Student: We can apply the formula @, = a; + (n — 1)d to find the general term.

Itwillbe: a, =3+ mn—1)X2.
After simplification it will be: a, = 1 + 2n

Teacher: Very good.

To find the nth term, you have to add the common difference for n — 1 times.
Therefore, we have (n — 1) X 2 in the formula.

Then how can we find the sum of the first twenty terms?

AU EEGRRERETREL (EERERY
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Student: I remember that there is a formula similar to finding the trapezoid area.
Multiply the height by the sum of base one and base two. Then dividing it by two
will lead to the trapezoid area.
Similarly, multiply the number of terms by the sum of the first and the last term.
Then dividing it by two will lead to the partial sum.

Teacher: Correct.
To apply this formula, we have to find the twentieth term first.
What is it?

Student: It is 41.

Teacher: Since we have the values of the first and last terms, what is the partial sum of the
first twenty terms?

Student: One plus forty-one is forty-two.
Twenty divided by two is ten.
Forty-two multiplied by ten equals four hundred twenty.

Teacher: You explain the solution clearly. Thank you.

RN - EEEYINE—IE > FURRTTEMN EAZE - (RIBEEAUE > 0y =3 d =2 ¥
EEEFINE « FE=FFENESHIEZ /D ?
B RN 20 RIDUEH 57 R 9 e
Ehl  IERE o NS EE N —RIRA T UEER R ?
B4 WM LERARK a, =a+ (n— Dd » K—KIH -
a,=3+m—1)x2 - {EfEERK a,=14+2n-
EHN . JEEY -
FEREFE T I (n— 1) HAZE - WL AKX FALIEE m—1)x2 -
AREE EAE T H AT 20 TERYFIUE 2
B4 IECEAEEBRLSREPEEN A . BRI TR SR A 5L R LI EE
JPIHTE © FEREH - RIEERERLETANATARYA » AR ERLL 5L LIS EIH -
CRN IEHE - FEREEAZ AT - FAFTMEEEE - IHAE -
B F4le
AN BRI &SRS T 5 — T2 —THAVE - ISR 20 THAYATZE
B4 1+41=42
20+-2=10
42x10=420
EHED ARSI | ERRELE -

/
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(L3 ) Given a geometric sequence < a, >, the second term is 6, and the fifth term is 162.
(1) Find the general rule for this sequence.
(2) Find the recursive rule for this sequence.
(30 FLLEG < a, >H » RIS IHE 6 » FHIAE 162 -
(1) KHE—IH -
(2) KEHRERA (% -

Teacher: For a geometric sequence, each term is found by multiplying the common ratio by
the previous term. According to the description, a, = 6 and as = 162. Can you
figure out the common ratio?

Student: Multiplying the second term by r cubed will lead to the fifth term.

Therefore, we have the equation 6 X r* = 162
r cubed is 27. r should be 3.

Teacher: Thank you for the clear explanation.

Since we know the common ratio, how do we find the first term?

Student: The second term equals the first term multiplied by 3.

Therefore, the first term is 2.

Teacher: With the first term and the common ratio, we can find the general rule for this
sequence. What is it?

Student: Ttwillbe a, = a; X "' =2 x 3"}

Teacher: How do you find the recursive rule?

Student: First of all, we write down a; = 2.

We then need an equation to relate the nth term to its previous term.
By the definition of a geometric sequence, the nth term is the (n — 1)th term
multiplied by 3.
a,=3Xa,
Teacher: Great.
The recursive rule of a geometric sequence is related to its definition.
Also, whenever you write the recursive rule, don’t forget to write the beginning

term.

AU EEGRRERETREL (EERERY
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LEHEHEBEWMEF DO

N FHRESIHVE—IE » #HAT—IERL ARG o MR > a, = 6> a5 = 162
ONEEFEAS RS 2
BRE R TR r (V=R BB I > FTRARTDATIHY 6 X P =162 ©
P =27>r=3¢
ZHh REF  IRBEEE - BEARRIEALE T » AR EE—IE 7
B4 BUIHENFE I3 il —HE 2 -
EEN A TEIEALE » BT DA —REH » EERRIE ?
BA G B g, =a, x " =2x3""
EHN  IRERA (REUEEK ?
B4 BEET ag=2- aﬁ%ﬁﬁ {EDTR A LSS n TN ERYRT—IH
MR ELLEYINER » B nTHES (n— 1) IET\L/L 3
EFE ay=3Xa,, -
EEN R - FLEEGIRVIRIER (G EFA R -
ISR B R (R - IR BRI B A -
=&
SR ¢ R BUERER A AR A - B AT LURE B AR S B B A A0 ] SRR
(#37) Prove that 12422433+, 4n?= i t1)@nt1) is true for all positive integers n.

(P PP BERRAERE 12422435+ . 4n2= "D ippr E ey o S4BT -

Student:

Teacher:

integers.

Usually, we start the proof by establishing the truth of the theorem for

Teacher: Mathematical induction is a powerful tool for proving the theorems about positive

n=1, and

then we assume the statement is true when n = k. Next, we try to prove that “the

truth of the statement for » = £ implies “the truth of the statement for n = k+ 1.”

To check whether this statement is true for » = 1, we substitute 1 for the variable

n. What are the values on each side?
Both sides have a value of 1.

This statement is true for n = 1.
Great.

Who knows the second step of the mathematical induction?

BB EERE TR EEERY B
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Student: I know. It’s pretty easy.
Substitute & for n into the formula.
Replace “prove” with “assume” because the second step is an assumption.

Assume that 12+ 22 4+ 33 + ... + i =w

Teacher: Very good.
If you have a problem with mathematical induction, remember to write the first two
steps even if you do not know how to do the third step.
The next term on the left-hand side of the given formula is (k + 1)2.
Combining the assumption and (k + 1)2 , we can rewrite the left side as

k(k+1)(2k+1) + (k+ 1)

Who can simplify this expression?

Student: We can factor out: (k+ 1).

2% +k

We then get: (k + 1)( +k+1).

It becomes: = (k + 1)(2K* + 7k + 6)
Factor the quadratic expression, and you will get: é k+ D(k+2)2k+3)

Teacher: We can think of this expression as: é(k + D[+ 1)+ 1][2(k+ 1) + 2]

It is the same as the right side of the formula when n is replaced by &k + 1.
What is the last step?
Student: Rewrite the statement, indicating that it is true for all positive integers n.

Teacher: Well done!

ERN : ARIIERECEENEED - EHEEEWE -
RAtaRE IRV > GILHEE n =1 BRRCIET - WEETEn = k Rtk
A
MR TEI ROy n= &k BRIz > AFn = k+ 1HREKAT -

Rl BEEREUEn = IRFEEROL BAPTRARKIE n 1358 | IHETESR W E{EE
%07

B WENEARL - En = 1REOL -

LRl 4 o BERERGANSE S ?

10 , o o
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R T 2 AURRT P o EEMALBEHBHREF D

DOHRAE > ARAEE - n AR KRS 2RI TR L R T e, R

FH R

kD@D

B P+22 430+ K=

IEEH -
ARGEEFFAENIN » RN BT =20 BIEP B —E B -
T4 SR N —IER Gk + 1) -

s TR REREL(k + 1) 454G 0 FEE T LIS
BT A B LEE 2

k(k+1)(2k+1) + (k+ 1)

20 +k

+ht1)
BEERRIA I TE S [t QR + Tk +6
= L+ D+ Dk +3)

BT a] LURFE (R B R - -(k+1)[(k+1)+1][2(k+1)+2]°

i G DR SRR
et AR 7

@%@ LB F 0 S LR ST TESE n A

1R |
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BlE—

st ¢ PUEE HAHEERE - SRR B EAE R - A (84 —0 8
PHAERIEITEH R - BRI R EHEIVEARR

(L) A geometric sequence has both the first term and the common ratio as 10.

ai, ap, as, a, stand for the first, second, third, and fourth term respectively.

Assume that b = loga1 a, + Zoga2 as + loga3 a4, which of the following is correct?
(H2<b<3 (2)3<b<4 3)4<b<5
45<b<6 (B56<bZT

(FEE) 8% ay, ay, a3, ay = EHHEy 10 ~ AEER 10 AYFELRES -
L b= log, a; + log, a3+ log, aa, s B IEHERY5ETE o
(1)2<b<3 ()3<b<4 ()4<b<S5
@5<b<6 (5)6<b<7
(dmE 111 FH55HF)

Teacher: This problem seems difficult. Let’s list what we know first.

Student: a; = 10, a, = 100, a3 = 1000, and a4 = 10,000

Teacher: We can replace these terms by the corresponding values.
Then we have b = log,, 100 + log,,, 1000 + log, ,, 10000.
If you cannot tell the answer directly, you can rewrite them as the exponents of ten.
Then you will have log,, 10 + log, 10° + log, 10°.
What is the answer?

Student: Two plus one point five plus four-thirds.
That equals twenty-nine over six.
It is four point something.
Therefore, (3) is the correct choice.

Teacher: Great.

Ehh - ERERARIREE - FPLIIH TR -
B0 a4 =10 a; =100 ~ a3 = 1000 » DKz aq = 10,000

12 , o o
BYEENBEFRETRIPN (EFR%Y S
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o EHASEHBHE
EEN BN AT DU A2 2% TH (R R B E BV ([ 0 5 F logy, 100 + log,,, 1000 +
l0g, 00 10000 ©
WRFEAERHENE R A S B R 10 T
log,, 10% + log, 10° + log, 10*
EREEES D ?
B 1S+ =2 BRAES  FILERREHEC) -
RN R -
=8 —
S - AR IR EE IRV - B R N E LB R - BINGEaE -
(L3 ) The recursive rule for a sequence is givenas a; =1 and a,,, = ;z—tlan. nisa
natural number. Please select all that are correct
(30 BRI EBEGI< 0, >HE a1 = 1> @y = 150, > n BIEEE - SEHIERED
BT o
(1) ay =3

() a; =9

() <a, >RFLEHES

Any questions about this?
Student: No.

Teacher:

We can use similar logic to find the third and the fourth terms
Do any of you want to give it a try?
Student:

Let me try to find the third term

Substitute 2 for the variable n; we will get the third term
_AHl s
BTy T30T

Teacher: Very good. How about the fourth term?
13

w7 A

PEERRET RN &

(4w 110 B I55H% )
Teacher: Substitute 1 for the variable #n; we will have the second term
241
a2=2_1a1 =3a1 =3

FEEGT

o

~

i
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Student: Substitute 3 for the variable n; we will get the fourth term.

6+1 7
6_1a3=§a3=7

a, =

Teacher: According to the values of the first 4 terms, do you think this sequence is
geometric?

Student: The first term is 1, and the second term 1is 3.
If it is geometric, the third term should be 9.

Obviously, this is not a geometric sequence.

Teacher: Therefore, the correct answers for this problem are (1),

LR REE RS 1 GRS H -

2+1
2-1

FiEEA RS ?
Ba4 o 8H -
W - A DARIAR (AR S R St 55 = A1 EE PO -
ARG — T ?
24 BEEEES = -
2L n s FREEE=IHA -

4kl s
4127307

Rl JEEF o AR IUIHNE ?
B 3R n > SEEIHEIH -
6+1 7

a, = a1=3a1=3.

az =

a4=6_1a3=§a3=7

D MRBRIUE - BB S AEFEEES 7

B4 FIEE D BUHEE 3 REHEES - B=THEZE 9
HUANEFES -

Zhh . RSN EREEZEZ0) -

14 , e
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SZ4GHE ¢ https://artofproblemsolving.com/wiki/index.php/2021 _AMC_10B_Problems/Problem_8

(LX) Mr. Zhou places all the integers from 1 to 225 into a 15 by 15 grid. He places 1 in the
middle square (eighth row and eighth column) and places other numbers one by one

clockwise, as shown in part in the diagram below. What is the sum of the greatest

number and the least number that appear in the second row from the top?

1211221232425 --

b
=
|
(v ]
w
—
o

—
(o &
o
s
%]
—
| ]

17116 (15 )14 |13 ] -~

(Hh32) FEEER 1 2 225 IEREE U5 x 158548 « IEHRREAIAEE /(T8 /51
MVLE > AEEE 1 - ANMEFTR > DU ST iesss sUR AR IR R - sl -
FH_ET MoV S0 S K NYE P ALZE 2 /) 2
(2021 AMC 10A)

Teacher: If you have no idea of how to start, look for the pattern.
(Circle 1, 9 and 25 before giving explanations.)

Perfect squares of odd integers appear on the right upper diagonal, as shown in the

yellow blocks. ¢ >|4
What is the value of 42 He :
What is the value of B?

Student: Ais 15° and Bis 137

B EEAEREFRET RSN EFRRTF
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Teacher: The numbers go clockwise from the least number. In other words, the numbers go
counter-clockwise from the greatest number. Check the red route, D is the greatest
number in the second row, and E is the least in the second row.

What are the values of D and E?

Student: Eis 169 — (15 —3) = 157.
Dis 225 —-14—1 = 210.

Teacher: Very good.

Next, find the sum.
Student: 157 + 210 = 367.

EHN R AKUEEERRG AT DA -
(ZEMPEEE "1~ 9 25 ) P TesE - ) TBEV TR BIEL BArTH A
& b AEFTRAY B S o
A BIE B ? B A BT 2

B4 A B15Y 0B 137 -

EHN  ESEEH NEORIE IRIRR ST T BRI 5 MR egEEaR - HORED NANEET £ 5 R HE
1] o BIZZALEpE4E > D 25 TR AHES - M E &5 TR/ NI -
DM EfVERZ/D ?

B2k E By 169 —(15—3) =157«
D 5225 —14—1=210-

EHN R o EfR SR AFIRYAT -

B2z 1 157 +210 =367 -

16 , e b s e e e
BYPBREABRERIRETREL BERKT E
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Series

BT TR R E S TR R T R R
B Fi= Introduction

BEER T AE RS IR BB - AR Fr - ISR AE AR - R - HE
B/ réa s VSR A - Br T e TR S A BEAELLR BN > B EA ST AYIE
> AER R R R R AT E RS o MRS R R 2R AR At L B 2 SRR By
RO > WMTEEBEERE T ] LR B SR G R EZ 55 - 2
2

TR AR GEH IR ARG T R E MR fawE -

B % Vocabulary

XEFRERNBUIETERER

E¥F thiE ¥ thi
series aRE interest FIE
period HHA interest rate Fil==
simple interest R compound interest vyl
principal K& deposit 73K
denote FR partial Ry
forward [ A backward ] 1%

AU EEGRRERETREL (EERERY



|

SRR KT P » EMAEFZHBEWMERPC

"1
-

B HEGRBEERTGF Sentence Frames and Useful Sentences

o denoted by .

f4](1) : The sum of just the first # terms of a sequence is called the nth partial sum and is
denoted by S, =a; +a,+a;+ ... +aq,
BEAT n SEATRIRE By n TEERO A > LS, =a; +ay+as+ ... +a, T
f147(2) : The absolute value of a real number a is denoted by |a].

BT a HYEHHEH ol TR -

® Find the partial sum of the sequence

#4J(1) : Find the 4™ partial sum of a, = 2n — 3.
BHEGI< 2n — 3 >HTRFTIUIEA]

f4)(2) : Find the fifth partial sum of the series 0.2 + 0.02 + 0.002 + 0.0002 + ....
B L AR R AR -

® Construct the sequence forward/backward by

#i4)(1) : We can construct the sequence forward by starting with 2 and adding 3 each time.

IR LALL 2 By E I - (RFI0 3 - KR5S N8 -
#4)(2) : We can construct the sequence backward by starting with 2 and subtracting 3 each

time.

HAFTATLALL 2 BT > (RFPRk 3 - RIS & -

® This formula works only for

fla)(1) « This formula works only for arithmetic sequences.
EEAX A BEHNEEZEY] -
#4j(2) : This formula works only for geometric sequences.

EE A ABEHNFLES -

18 , e o s e e e
BYPBREABRERIRETREL BERKT E
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©® The sum of the first terms

fla)(1) : The sum of the first 20 terms of the sequence is 210.
S (EEFRT 20 TEATHEARLE 210 -
#4)(2) : This formula can be used to find the sum of the first » terms of an arithmetic

sequence.

(AT AR ACK 2= BB AT n THEYAT -

® A principal of P is invested/borrowed at r % annual/monthly interest.

#4)(1) © A principal of $1000 is invested at 5% annual interest.
—TICARE DIEHE 59T E -
#14)(2) : If a principal of 1000 dollars is borrowed for a period of ¢ years at an annual interest

rate of 1%, the simple interest charged is 1000 X 1% X t.
AR —TITABLENR 1% & - BAZEE  FEHTHEZ1000 X 1% X t.°

@ A deposit of P is made/invested .

#4)(1) © A deposit of $1000 is made at the beginning of each month.
B HYIFEK—T 7T -

f4)2) = A deposit of $1,000 is invested at compound interest.
HE—TITLLAENZEE. -

m [5REiE#E Explanation of Problems

8 :RAEA ®

In this section, we will work on a series. When the terms of a sequence are added together, the
resulting expression is a series. We will develop the formulas for finding the sum for an
arithmetic sequence, a geometric sequence, and several special series. Additionally, daily life

applications like compound interest problems will be instructed.

19 , e o s e e e
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(¥£37) (a.) Write the 5™ partial sum of the sequence < 4" — 1 > in terms of a series.

(b.) Find the 5™ partial sum of the sequence < 4" —1 >
(FF30) (a) DI - BHEEI< 4" — 1 SIFTAIHA
(b.) KEFI< 4" — 1 SHIFIARIAI -

Teacher: 4" — 1 represents the general term of the sequence. Who can tell me how to find
the first term?

Student: Substitute 1 for n. We will get four minus one, which is 3.

Teacher: Great. We apply the same logic to find the other 4 terms. Plug in the numbers from
2 to 5. What are the results?

Student: They are 15, 63, 255, and 1023.

Teacher: To write this sequence as a series, we add a plus sign between the consecutive
terms. It becomes 3 + 15 + 63 + 255 + 1023.
What is the sum?

Student: It is 1359.

LT 4" -1 UREEBSIN—IH o sERIEEIERE—H ?

A R Bl 1 E4-1 ELE 3 -

Zh R - R > 2T 4 THMREERREK - R H 2 2] 5 AL &R
fa] 2

BA L RIE 15~ 63 ~ 255 F11023 -

ERN R TREE(EBS R R (@5 & P ME 2 0 gk -
Fa )y NEEEZ 3+ 15+634+2554+1023 -
AR 2/ g 2

BA T 1359 -

20 , e o b v = e .
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1004+97+94 + ... + 31

(L3 ) (1.) Find the number of terms of this arithmetic series.
(2.) Find the sum of this arithmetic series.

(30D (1) REZYHYIHEEL -
(2.) KEFEZEHIATHD -

Teacher: For an arithmetic sequence, each term is found by adding the common difference to
the previous term. According to the description, a; = 100 and d = —3, what is the
general term of the arithmetic sequence?

Student: a, = 100+ (n — 1)-(—3) = 103 — 3n

Teacher: By using the explicit formula, can you tell me the number of terms in this series?

Student: We can solve the equation 31 = 103 — 3n to find the value of n.

It will be 3n = 72.
After simplification, n = 24. There are 24 terms in this series.

Teacher: Well done.

Who can remember the formula of the sum of an arithmetic sequence? It is similar
to finding the trapezoid area.

Student: Multiply the number of terms by the sum of the first and the last term. Subsequently,
dividing it by two will lead to the sum.

One hundred plus thirty-one is one hundred and thirty-one.
Multiply one hundred and thirty-one by twenty-four, then divide it by two. It is the
same as multiplying one hundred and thirty-one by twelve. The result is 1572 (one

thousand five hundred and seventy-two).

Teacher: That’s a very clear explanation.

EHN  FEBYINEIEEEAT LA - ([GEH A DIEL a) = 100H. d = -3
—FRIH AR 7

B4A aq,=100+(m—1)(-3)=103-3n-

S IIRNEIIVNGE Ry i ZEVANRWAIEEL SETIESE 207 =1l e

B BT 31 =103 — 3nZkK4RE] n BY(H -
HREIABREGE  3n="72

21 , e o b v = e X
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HE—LEEE n =24 HEFIH247H -
SRR ISR

HHEBEEFEEYIRAAAZ ? P miary A =TRELL -
B HIENCRIEMEIIsR RS - 2MBERDL 8L DUSEIEEAT -

100 + 31 = 131

131 x 24 > FHRELL2 » it E131 x 12 > B E 1572 -
EEN ARG MREREIRELE -

plE=

st ¢ R B FLLARBOR I RAGE R - R ERIAVR E RIS —I0 ~ AtER—fReH
#E—25 a] DA FF LSRR AR -

(FL37 ) Given a geometric sequence < 2" >,
(1) Find the 10" partial sum.
(2) Find the nth partial sum.
(FF30) RS <2 >
(1) SKAiI-TIEAYAI -
(2) KAl n TEAYAI -

Teacher: For a geometric sequence, each term is found by multiplying the common ratio by
the previous term. According to the description, a; =2 and »=2. Can you

remember the formula for the sum of a geometric series?

: 1— : . .
Student: It is: a; X % (Read as A one times the quantity one minus 7 to the nth power

divided by the quantity one minus 7).

Teacher: Substitute a; =2, » =2, and n = 10 into this formula. What do you get?

1_210

Student: 7 x =2x1023 = 2046

1-2
Teacher: As you can see here, the common ratio is greater than one. So it will result in a

: : . n_1
negative denominator. I suggest that you rewrite the formula as: a; x rrTl to find

the sum of the first #n terms. Who knows the answer to part (2)?
Student: Itis 2 x (2" —1).

22 , e o b v = e .
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Efl . FHREYIWE I G HR AL -
R E RO AT DASHL > ap =2 Hor =2 - REEEECEFEESIRAY TS ?

B NFHE a X

BHE ¥ ay=2>r=2 Fl n=10 fRARR > HHEE -

510
B 2 X ———=2x 1023 = 2046 -

Efl ARATR SRR U Frblr BEE R R EETE Fray ¥ % LICKH AT n T80

FA -
ARPERERTE S5 (2)/ NERTE 2 e 2

Mg BRR2xQ -1

plEM
st LR R n (B IE AR R N ~ SO EL LRSI AU

(337 ) Find the sum of the following series.
(132) SKNFILREAIAI -
P+22 43+ ...+ 9410

P+22+33+ ... +9°+10°

Teacher: The formula of the sum of perfect squares and the sum of cubes of the first n positive
integers are proved with the mathematical induction in the previous section. Using
the formula listed in this section, we can find the sum of perfect squares of the first

ten integers.

10(10+1)(20+1)

. =385.

Student: Can I add these numbers one by one?
Teacher: If there are not too many terms, you can find or check your answer by adding the
terms one by one. Who wants to solve the second question?

Student: I know. It’s pretty easy.

10(10+1)
=

We then square 55. That equals: 3025.

55

We start from finding

23 , e o b v = e .
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10(10+1) .

Teacher: Well done. is the sum of the first ten positive integers. When this sum is

squared, it becomes equal to the sum of the cubes of the first ten positive integers.

Zfh A E—FET o BERERGUASEH T AT n ({IEREHIE 2 PRI AR LU LA
NE o AEEITINHAT AT DA E AT E Y 56 271

10(10+1)(20+1)
6

B 0 ] DURR S SRl — (IS 7
EfR . RETAZ o LA EE IR EEE o RS INE ?
g Wl EREE -

HFHERE] = = 55 Bith » AMETRITHSSTITSR 3025 -

=385

ER Ao o S (E TR -
PRI > SISk A (B A B T 5 A -

w BARE/ BREEE o
BlE—

st ¢ LR F A E A - SRR ~ F(sigma) YR SEA ST BV A AE R - FET7A
5L — b — PP I TE TR - DR > FEE L =APREEAR -

(<32 ) There is an equilateral triangle with a side of length 1. First, divide this triangle into
four congruent equilaterals by connecting the midpoint of the side of the original
equilateral. Remove the central equilateral. Repeat the steps of each smaller equilateral
and remove the central equilateral again. What is shown below involves two stages.
(a) How many equilaterals are removed in the first, second, and third stages?

(b) Find the area of all the remaining equilaterals in the third stage.

(c) Write a general term for the total number of removed equilateral after the nth stage.

24
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(30 —EF] EEFENE=APERR | 270 EF Wt HEEZECNE=APZ=

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

E PRI ERVU(E/ N IE =T - MRS BRI T R = A BT Y B -
B R TR IR TR SR -

(@) THPRH A LEE=APEEE—m - 55 A =imishk ?
(b) FUKEE —Hats - FERIVIE = AP HEER
(c) 1T n wiz - HL/VIE=APHESER ?
(4w B AR EE R 1-2 fiE

Check the figure. How many removed equilaterals in the first stage? In the second
stage?

There is one removed equilateral in the first stage. There are three more removed
equilaterals in the second stage.

Connect the midpoints of the remaining equilaterals in the 2" stage. How many
equilaterals would you remove in the third stage?

I would remove 9 equilaterals in the third stage.

Correct.

Now, let’s find the area of the remaining triangles.

There are 3 triangles left in the first stage. There are 9 triangles left in the 2" stage.
How many triangles are left in the 3" stage?

Three to the power of three is twenty-seven.

There are 27 triangles left in the 3™ stage.

The side length of the equilateral left in the first stage is one-half. The side length of
the equilateral left in the 2" stage is one-quarter. What is the side length of the
equilateral left in the 3™ stage?

It is one-eighth.

. . 3 : : .
The area of an equilateral is §52, where s is the side length. What is the area of one

equilateral in the third stage?

P HEEAEEFRET RSP EF KT
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

4 -
B
4 -
B
4 -

FRET 2R T P S EMALEHBBHIEDL

V3 (1)2 3
4 ~\8/ 256
What is the area of all the remaining equilaterals in the third stage?

V3 273
2T X — = ——

256 256
So far, we have found the number of triangles and areas from one stage to another.
Actually, we can develop a general formula for it by recognizing the pattern.
For example, we notice that 1, 3, and 9 triangles are removed in the first three stages,
respectively. We can apply the sum of the geometric series to find the number of total
triangles removed after the nth stage. Who can explain the logic for solving this
problem?
The expression of finding the number of total triangles removed is 1 + 3 +
9+...+3"!

n—1 n—1_
The sum would be 1 x> 11 =3 > 1
Not quite.
Note that there are n terms in the series, even though the last term is 3t
The answer is —
Very good. You can always check whether your answer is correct by substituting the
values of 7.
BIZEHIE - B—imishr 7 2% EE=SF ? % _imiE ?

F—wmiEhR T —EE=/AF - 5 " SRR T =EIE=AF -
P R FIER E=AIPay s B =i iR D EIE =M 0
FUAE -
ﬁ%oﬁfﬁ&ﬂ%%ﬁzﬁ%@%ﬁo

—RF =W =AF B @wmFUE =R - TS =R %/ 0 E =5
%.
3HN=TTE 27 » BE=wR T 27 [H=AJ -
%—%ﬂTWEE%%Wéé’%l:%Z%ﬂT%EEﬁ%%%éﬁﬁio

2

AL = THE=APHEREZ /D ?

o

oo | —

=
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EH B =EmPTAREGRNE =M ERES ) ?

, ; V3 27\/—
Eg :
27X 256 256

HIELE &ﬁ?‘%’iﬁﬁ%%ﬁ??fﬁﬂ&%ﬁ%ﬁﬁ °

EESREBCKRAT > 2R E R n Emt& MERAVR = AP E -
aHERE AR R L I R Y 2 7

B4 SRBBIRIIMES AT 43+ 9+ .+ 37 BRI 1 X

ER C RoRA IR > BERS—TEE 3" (LA 0 IE -
%érgiﬁy?o

BT T | R DR T A n A -

flzE=

3n1 311

LEHBEWMEFO

0 S AIROTRARED S B s BBE « F ol —(EE S AR
%7

. V3 (N2 V3

B Tx () =5

Eh . FIHAT AL > SRS - Rl - =iwmiRHY = AP ms -

Bian - BRI — ~ = ZEmorplitER 7 1 38 9 (B = > Frlnl DU

1

s+ RS AR R - 08 R AT - SERTRE A BR 08T > mTDARIEEAE

SR EARAYE 5 =X -

(L) A deposit of ten thousand dollars is invested at the beginning of each month into an

account that pays 0.1% interest compounded monthly.

(a) At the end of 5 years, what will the balance in the account be?

(b) How much time would it take for the balance to reach 1 million dollars?

(P30 NEAEE H H A ASRTT 10,000 7T > DLAFER 0.1 %t EFZEE -
(1) A&/ NS FR2/ 0% 2
(2) 2851/ NIRRT DL S & 2

27
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Teacher: Recall that the formula of compound interest is P(1 + r)".
Applying this formula, what will the balance be after 5 years? Actually, you have
to think of the period as 60 months.

Student: Substitute 10,000 for the variable P, 0.001 for the variable » and 60 for the variable
t, we will get: 10,000 x (1+0.001)%°

Teacher: Based on the description, Min deposits 60 times since there are 60 months in five
years. Who can change the answer?

Student: 10,000 x (1.001)*® 4 10,000 x (1.001)> + 10,000 x (1.001)°® + ... 4+ 10,000 x (1.001).

Teacher: What kind of series is it? Do we have a formula for finding the sum?

Student: This is a geometric series. The first term is 10,000 x 1.001 and the common ratio

1.001%°-1

is 1.001. The sum for the geometric series is 10,000 x 1.001 x ——

We can find the numerical answer by using a calculator. The balance after five years
will be 618,665.

Teacher: Now, let’s work on the second question. How much time will it take for the balance
to reach 1 million?

1)
-

Recall that the formula for finding the sum of a geometric series is a;-

Substitute a; = 10,000 x 1.001 = 10,010 and » = 1.001
We need to solve the equation 10,001,000 x (1.001" — 1) = 1,000,000
Who knows what the next step is?

Student: Divide both sides by 10,001,000. We will have: 1.001" — 1 = 11(;)00001
imoli : S n 11001
Simplify this equation, it becomes: 1.001" = o001

Take logarithms for both sides.

We will get: n = (log o) + log 1.001

The calculator shows n = 95.3 months
Teacher: If we deposit 10,000 dollars per month without interest, it takes 100 months to reach
1,000,000 dollars. In this question, compound interest is added to the savings

account, taking less time to reach the balance of 1,000,000 dollars. The answer, 95

months, is less than 100 months. So it is a reasonable answer.

28 , o o
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Ll BT 2 ETEOBAENAR PA + )" FHEEARKE L %/ N ]
DIFEIZ/ 088 - sTENIHESIEAFEEIEZ 60 HH -

B4 110,000 FRA P 0.001 FRA 7 K 60 FRA ¢ &FEE] 1 10,000 X (1+0.001)%° -

ZET - EHER > /INHERK 60 K > AR HEA 60 #H - sETMEIEEZE ?

E2E 110,000 x (1.001)%° + 10,000 x (1.001)> + 10,000 x (1.001)°® + ... 4 10,000 x
(1.001) »

EET SRR 2 E AR AERIIE ?

B EE AR - B5—THZ10,000 X (1.001) » AEEZ1.001 -

60 _
SELEBTIRIHAZ10,000 x 1001 x ~0ot « IR SIHEETAUE 302 618,665 -

S R BRI Q)N - A4 NIRRT DR 2
B — R RS A a2

1-r

£ Aa; = 10,000 x 1.001 = 10,010 F1 = 1.001 -
fE 772 10,001,000 x (1.001" — 1) = 1,000,000 > FHEKIE T —Z B ?

1000

Eg o RRTEELEREL 10,001,000 885 1.001" — 1 = ——= - FEEA(LfE{55]1.001" =

11001
= 10001

10001

11001

HRTEHEE © n = (log555;) + log 1.001

FEtERE L =~ 953 {#H -

ERl - ARITEE HFEA 10,000 [ASTFIE - 752 100 ([ H A REFE—HE - 58
L HE > AR > NS — H B RV S -
E2E 95 [ H/IN 100 8 5 > ArPUE—E & ENE S -

plE=

st ¢ L B ERAIE A - BR TR ESEBSIN - iR B R e
MAEEATT AR -

(L) The snake model below is used to explain network operations. Number 1 is in the first
row. Numbers 2 and 3 are in the second row. From left to right, numbers 6, 5, and 4
are in the third row. Numbers 7, 8, 9, and 10 are in the fourth row. What is the 67

number that is in the 99" row, counting from left to right?
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(P30 NENZIE RS TIEE A Fo Rt i EAY g oA

By 1 HIRAES 1515 805 2,3 HBRAESS 2 91) 5 807 6, 5, 4(Te 2 20 HBRAE SR
3505 B+ 7, 8,9, 10 HIRAELE 4 51 ¢ RILHEHHE - SUHEE 9951 [AEEAR -
= 67 8T Ry °

(94 FHIEH)

Teacher: There is no shortcut to solving this problem.
Try to break this problem down into several steps.
If we want to count the numbers consecutively, sometimes we count from left to
right, and sometimes we count from right to left.
For the 99'" row, which is the correct direction to count the number consecutively?
Student: In the odd rows, we count the numbers from right to left.
In the even rows, we count the numbers from left to right.
Therefore, we count the numbers in the 99" row from right to left.
Teacher: Can you tell what the greatest number is in the 99 row?

Student: It would be the sum of the first 99 positive integers.
(1 +99) x 2 = 4950.

Teacher: Let’s consider the 99™ row as an arithmetic sequence. The first term is 4950, and
the common difference is —1.
What is the 67" term?

Student: 4950 minus 66 is 4884.

Teacher: Correct.
This question is all about the arithmetic sequence.

It is not very difficult if you can break it down.

ERN AR RER  SBERHERE 25— -
WIRFEGEE T (EE H AV E rT DI ANEREAEEE A RIERE A EE
HHEE 9917 » IEMEHYTT A= 1ENEE ©
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B4 FREITHRERAENE  mEIT A RS -
RIEEER 99 T A2 AR
LRl BEEETECE 99 TTHYRAEUE 2 /DI 7

Bk ERUZAT 99 [EIERIIIA 1 (14 99) x 3 = 4950 -

A B 99 TR AE AW - EIHR 4950 » AR - T 67 TR/ ?

EAAE 1 4950—66=4884

T EET AN S R S AN R H R - R
T

plREM

StE ¢ R R BORIEJT RSV R B » Frll & e B R R 1A= -
SZZUGHE ¢ https://artofproblemsolving.com/wiki/index.php/2020 AMC_10A_Problems/Problem_10

(L7 ) Seven cubes, whose volumes are 1, 8,27, 64, 125, 216, and 343 cubic units, are stacked
vertically to form a tower in which the volumes of the cubes decrease from bottom to
top. Except for the bottom cube, the bottom face of each cube lies completely on top
of the cube below it. What is the total surface area of the tower (including the bottom)

in square units?

(Fp30) EEIET S - BRIl R 1, 8,27, 64,125,216 F1343 > By Nifl_EHEDR - #8fEHcK
MIETTRG B i M - NIL > EBIEJT SRS & &E NE R RerITHE -
SCKICHEERI MBI IR (S B RIETReHYERmE ) ?

Teacher: It is obvious that the side lengths of these cubes are 1, 2, 3,4, 5, 6, and 7.
How do you find the surface area of these six cubes if they are not stacked?
Student: There are 6 sides to one cube.
The surface area of the seven cubes is: 6 X (12 +27+ .+ 72).

Teacher: We can apply the formula of sum of perfect squares. The answer will be:

Tx(7+1)%x(14+1)

6 X c

= 840.

Do you think this would be the answer to this problem?
Student: Not really. We have to take away the overlapped area because these cubes are
stacked.

Teacher: Between each consecutive pair of cubes, the smaller cube's face on the upper layer

is completely covered. An equal area of the larger cube's face on the lower layer is

31 , o o
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covered as well. The covered area is thus 2s?, where s is the side length of the
smaller cube on the upper layer. What is the total area of the overlapped parts of
these cubes?

Student: The total area of the overlapped parts of the cubes is thus equal to:

6X7x13

217427 4 ... 4+ 6%). Itis: 6x = 182.

Teacher: Note that we only add up to six squared, rather than seven squared because the
bottom of the greatest cube is not covered.
Therefore, the correct answer is: 840 — 182 = 658.

FEh 0 e E T DHEE S o S R E SRR 12345617 -
A IE LT R G B e R T MIRIFRERE ©
B4 (@ TEEE 6 (HE - CET EERRES e x (1P +22+ .. +7)

A RITATAERISE & o TFIAT - BHIR ¢ 6 x XD

6
ERUEEE T ?
240 AR BEIEEENEE - NAESTREEL L -
LR AR R H > BT RRH RS N T aeAy THm - [FE
NERCRIE T et A Rl gleE R AR -
R - BEAEE 2 0 s B LER/NITBIEE -
PEER S e TRy AR A Y SRS -

= 840 -

6X7x13

B 212+ 2% + ...+ 6 EBISTHIEERERE 6 X — 182 -

Zhh - EEEEEE > BMAEME 6 YT > MAE 7T » RARKILT RSN
BB A W -
BB IFHEEZE 840 — 182 = 658 -
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Bi= —H#HEESN
One-dimensional Data Analysis

BT TR R E S TR R T R R
u 1= Introduction

—HEBIR TR A A —EEENGET T B SE - BEE ~ R A T E A —
5 FS B FE AR s R B VR - ARG DA it h/ NS I ([ Bl i B S et
e R iR - M R BB AVAR A R B LB - AR /48T B Sa e - ] RA
AR oG s ERR (R ok B BB A haeac iR - B0 - /rég RS | IS (EE S
I - AT DAFE Y ECIE S0 Ky “standard deviation” » N SREHSLSC4EES “SD” B rhsorr T ARAEE |
EFHVHIERA (% - BERAVEER AT DB B A BRI SC IR SRS - BREESE S
[T R ESEERS -

B % Vocabulary

XERER AR ETTERH R

BF thE BF th3
statistic SistE ; gratsuz arithmetic mean | BfifEiy
quartile Pa sz s geometric mean | £&{n[SZ15
percentile B weighted T
25%_ percentile 525 HONLE lower quartile 1w
50 percentile 550 58 ; 9 | upper quartile Bt
75t percentile %75 B rE first quartile E—IU g
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cumulative Z2IER third quartile FE=DU5 A8
relative FHEHY round AL IEIEEYEL S
horizontal axis V=t transformation il

vertical axis Ef translation SR

vary &k variation sk

variance S EH rescale EEHTHEI
standard deviation | EEAEZE deviation 7=

standardize b dispersion R

Method for Finding the Percentile

Say there are n data values. Follow these steps to find the m-th percentile:

1. Order the data set from least to greatest.

2. Solve | =n X —
100

(1) If I is not n integer, round / up to the nearest integer, say M. P,, is the M-th data value.

(2) If I is an integer, Py is the average of the /-th and (/ + 1)-th data values.

34 , s b e e s et e X
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O The mean of a numerical data set is the sum of data
divided by the number of data values.

#l4)(1) : The arithmetic mean of a numerical data set is the sum of the data divided by the

number of data values.

BRI RGP S BaR R PR U RHERL -

#14)(2) - The weighted mean of a numerical data set is the sum of the weighted data divided
by the number of data values.

BRI 2 IR B SRR AR RHE S, -

® The geometric mean is

fla)(1) - The geometric mean of two positive numbers, a and b, is the side length of a square

whose area is the same as the area of a rectangle with side lengths a and b.
T[] 1E B ST~ Bm] DR R IE T TP RVB AR - Horp > BEIE DT IR R e —
IERBIP &I RS -

#14)(2) : The geometric mean is the nth root of the product of n numbers.

SAPIYRUE n (ERERAYIAERE n K5 -

©® The falls above the lowest of the data.

#4](1) - The first quartile falls above the lowest 25% of the data.
F—PU I EQUEAE R DIy 2 —EIEZ | o (B/VF 25%H8HE/ N
72 Qu) °

#l43(2) - The 75™ percentile is the number that falls above the lowest 75% of the data.
55 75 F L E(PrsEAE 2D TS%HEE 2 ERVEUE - (BF T5%HVEEE/NL
BEERL Prs) o

® Order/Sort the values before finding the .

fla)(1) : Don’t forget to sort the values before finding the percentile.
KE BRI TREETET -
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#14](2) - Order the values before finding the median.
KL ERT AR B -

(5] is 2 measure that examines how

#4)(1) : The deviation (from the mean) is a measure that examines how far each value is from

the mean.

HlE 7 R R B 2%

fi4](2) : Precipitation is a measure that examines how much liquid falls from the sky onto the

ground during a specific period.

feE Pl e — e R AT R 22 [ 7 B it i Y /K &

® What is the standard deviation of ?

#4)(1) : What is the standard deviation of the study hours listed in the table?
TASTIRHIT B R BB 2 e ] 2

4](2) - What is the standard deviation of hourly wages?
R BT 22 Ry o] 2

(7] with a standard deviation of

#iEg(1) + The batteries of this brand last an average of 12 hours, with a standard deviation of
0.7 hours.
Sk BRI 4ERF 12 {E/NRF > 0.7 /NEFHYREAE RS

$47(2) - On this math test, students averaged 83, with a standard deviation of 6 points.
BRNHEEE - FENPHERETE 83 77 IEEEZ 607

® A small/large standard deviation means that the data

#4](1) : A small standard deviation means that the data are clustered around the mean.

/IR RFEREE T BRI E AT

#l4)(2) © Alarge standard deviation means that the data are more spread out.

RIEREARF BRI A -
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(9 when a real number £ is each value in the numerical
data set.

#4](1) : The mean of the new data set can be found by adding £ to the original mean when a real

number £ is added to each value in the numerical data set.

RFUAERHER I —(EE 8L - rE e ER S rBEN L e -

#4](2) : The standard deviation of the new data set can be found by multiplying & to the original
standard deviation when a positive number k& is multiplied to each value in the

numerical data set.

IR ERHEIR SR —(E R8RS &R AR 2 S B R R DA% IR R -

@ To standardize a value, we

#4)(1) : To standardize a value, we subtract the mean from it and then divide this difference

by the standard deviation.
BRI P E PR DUSEAEE - RSB BUE -

#l4](2) : To standardize the data, we shift the data by subtracting their mean and then rescale

the data by dividing by their standard deviation.
AR AP E AR DR - BRI -

B RIEEFERE Explanation of Problems

«8 :RAE ®

In this section, we focus on one-dimensional data. One-dimensional data refer to the values
recorded for one variable, such as heights, weights, and grades. Students will learn the
differences among arithmetic, geometric, and weighted means. They will further learn how to
apply the arithmetic mean and standard deviation to compare and standardize the data set. They

will also learn the effect of these statistics when a data set is transformed.
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(L3 ) The following numbers represent your term grades for Chinese, English, Math, Science,

and Social Studies.

88, 90, 85, 84, &0

(a) Find the arithmetic mean of your term grades.
(b) Your school adopts a weighted grade system depending on the teaching hours of
each subject per week. Four, four, four, two, and two are the weekly teaching hours for
Chinese, English, Math, Science, and Social Studies, respectively. What is your
weighted mean grade?

(F130) LU AR IRATERS » 3650 B058 ~ S AT @ -
88, 90, 85, 84, 80
(1) BCRIRAYEAEHY E P93 -
(2) TREVERMIE SRR AR BOH S AR BT TR - SUR SR AERY T
P8

Teacher: The first one is a basic question in statistics. Most statistics questions have
something to do with the arithmetic mean. So, who would like to take a shot at
answering it?

Student: Let me do it. To find the arithmetic mean, we first add up all the numbers. The sum
is 427. Divide four hundred and twenty-seven by five, which equals 85.4 (eighty-
five point four) °

Teacher: Great.
We will apply similar logic to find the weighted mean. First, we must find the sum
of the weighted grades. Each subject grade has to be multiplied by its weekly
teaching hours. That is, multiply 88 by 4, multiply 90 by 4 and so on.
What is the sum?

Student: The sum of 352, 360, 340, 168 and 160 is 1380.

Teacher: What are the total teaching hours in a week?

Student: Sixteen hours.
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Teacher: Your weighted grade is calculated by dividing 1,814 by 16, resulting in

approximately eighty-six point two five.

Ehh 0 B ERIRE RS T AV ERERTRE o RE s B B R T TA R -
HRPEE - SRR I — TUE ?

B FBIOKGEE - EHREEE - BRI ATE B - 48R 427 -
427 BrELS > 1551 85.4 -

RN OREFT -
Pl FE IR ARV E AR Fe ETIORE 1T » Hok - TR ETIIRERCARAYARAT
EHERE AR AT DL A A B NP R - 2R - KF 88 DL 40 90 T
L4 DU -
HMEZ D ?

B2z 1 352~ 360 ~ 340 ~ 168 F1 160 AYLEFIE 1380 -

Hh . BB NS D ?

BB L 16 /NEF -

ERN  ERETIIRERC SR E 2 1814 FREL 16 » tElE K4 86.25

plEE—
st ¢ LRE Ry A6 AP R N R - REILSRERAE T AR AR PR B R e Y 2 A

(FL3Z ) Consider an investment that grows by 10% in the first year, grows by 20% in the second
year, but declines by 30% in the third year. What is the average growth rate of the

investment?
(30 HEIEREEFE R 10% > F R 20% Al =FREE 30% - HIEERY
IR Ry f] 2

Teacher: If you add up 10%, 20%, and negative 30%, the sum is zero. It seems that there is
no growth for this investment after three years.
Assume you have 100 in the beginning. One hundred times one hundred ten percent
i1s 110. Your investment grows to 110 by the end of the first year. What will it be by
the end of the second year?

Student: One hundred ten multiplied by one point two is 132. The investment is 132 by the

end of the second year.
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Teacher: Correct.
When we say the investment declines by 30%, it means that 70% of the initial
investment is left. Can you tell me how much is left at the end of the third year?
Student: One hundred thirty-two multiplied by seventy percent is ninety-two point four.
Teacher: Very good.
The amount left at the end of the third year is less than one hundred. It means that
your investment does not break even. The growth rate is absolutely not zero. As you
can see from the previous calculation, multiplication is applied to find the balance.
Here, we have to use the geometric mean concept to find the average growth rate.
We see the product of multipliers in the consecutive three years first. We then find
the cubic root of the product. The product of 1.1, 1.2, and 0.7 is 0.924. The cubic
root of 0.924 is about 0.97, which is less than one. One minus 0.97 is three one-

hundredths. We would say that the average rate of decline is 3%.

R AIRIRE 10% - 20%F0E 30% 0 - SRR - BRACEBREE = FE Y
HHE -

110 n

B —RataIRA 100 JC - 100 bl 55 FH 110 » IRV EAES —FERIERE]

110 - BT _FREEZ/VIE ?
B 0 110x1.2=132 » & &EEF FK Ay 132 -

D I
ERMERE T 30% » ForRl NFIGIERT 70% - REE ST = FRE
R 2/ D0 2

24

70
132 ﬁuﬁ FEHY92.4 -

Rl FEEAF
=R MRV 100 - BFORRRENABC T - ERREH
AEE - AEZAHETRFUR - JMIEATRAIREERE - 28 FMAEM
AP S AG R B R - B > TAMTE ST = SRR -
A% > B A TRIRAYILITAR © 1.1~ 1.2 1 0.7 AY3RETE Ky 0.924 » 0.924 HYT7ITHREY

Ry 0.97 > /N 1o 18 0.97 155 100 ° FMTAT LA P R By 3% -
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(3£ ) To make a decision about the closing time, a fast food restaurant recorded the number

of customers between 10:00 and 12:00 pm on weekdays. The results are summarized
in the frequency table and cumulative frequency table below.

Number of 1 2 3 4 5 6 7 8 9 10
customers

Frequency 37 8 5 10 5 18 5 6 4 2

Cumulative | 37 45 50 60 65 83 88 94 98 100
frequency

(1) What are the upper and lower quartiles?
(2) What is the 88th percentile?

(th30) HEfg s R 7 ERAP TR > Boek 180G B 10 BhZ 12 BhAVReE A8 -
(1) SRR A BRI AR -
(2) FCRHACE EHEERAYER 88 fli 5 i -

Teacher: The upper and lower quartiles are the 75™ and 25" percentiles, respectively. The 25
percentile means the value falls above 25% of the data. What is the lower quartile?

Student: Itis 1 because 37% of the data are 1.

Teacher: How about the upper quartile?

Student: One to five only covers 65 percent of the data. The 75" percentile means that the
value falls above 75% of the data. It would be 6.

Teacher: Great!
How about the 88™ percentile?

Student: Iknew it. It must be 7.
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Teacher: Let's revisit the definition of percentile. The 88th percentile shows a value that is
greater than 88% of the data. If we consider that "zero to seven people" make up
88% of the data, it shows that the number corresponding to the 88th percentile
would be 8. This explanation also clarifies why the concept of the 100th percentile
is invalid. The 100th percentile would suggest a value greater than 100% of the data.
Since there cannot be a value surpassing all the data points, the notion of the 100th

percentile is not applicable.)

LRl AEARERST RS 75 (8 E o AL BOsE 25 (# 5 ir8 - 28 25 {EE &t
REEET 25%MHE - BiFEE%/0 2

B4 BIEE 1 NRE 3T%HIEIRE 1 -

Zhh AR ?

B R 125 HEET 65%HEHE - 5 75 S LBFREUES N T5%HVERE < Fr
LIRTEERZE 6

R OKEF T

B2 U 88 A e ?

EEH: BFIE 2T

Ehl R T E I ERIER - 56 88 ([EHE I BRE 88%HVEHRAVEL
{H o ARKMIFZER] T ZRCE A 4HRL T 88%HVEE - 2 HIRE R ENSS 88
(&5 o LBV TIEZE 8 -
SRR T R (TTEAFES 100 {E 5538 - 25 100 5o L8R —(E =5
100%HYEHERVEUE » N Rl @3 —(EEE =] DURHY A Bk - ArLLSs 100 (& 5
T LB S AL A AL

o
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(L3 ) The hourly wages (in NTD) of different stores in the two cities are listed in the table.

City A 176 176 180 180 186 188 190 196

City B 180 180 182 182 186 186 188 188

(1) Find the arithmetic mean of the hourly wages in each city.

(2) Find the standard deviation of the hourly wages in City B. (Round your answer to
the nearest hundredth.)

(3) Compare the greatness of the standard deviations between the two cities without
calculating the actual value. Explain your reasoning.

(3) TR Wl e R R A TSRO -
(1) 353 IR R A AR A 1 -
(2) 300k B B A © (U A MR i)
(3) ERFHE A SRATSH A R T » SRELWEm (B s 7 ke
NI A TR

Teacher: The arithmetic mean can be obtained by dividing the sum by 8. However, the great
values of hourly wages would make our calculation complicated.
Let's begin by subtracting each value from 180 since all the values are centered
around it. This adjustment will enable us to work with a more convenient range and
avoid complicated calculations.
In the case of City A, we would have -4, -4, 0, 0, 6, 8, 10, and 16. The sum of these
values is 32. The quotient of 32 divided by 8 is 4. We then add 4 back to 180. Here,
we can find out that the arithmetic mean is 184.
Can you use this way to find the arithmetic mean of the hourly wages in City B?

Student: Let me try it. | would use 180 as the baseline as well. Subtracting 180 from each
value listed in City B will lead to 0, 0, 2, 2, 6, 6, 8, and 8. Add up all these values,
and then we get 32. Obviously, the arithmetic mean of the hourly wages in City B
is the same as that in City A. It is 184.

Teacher: Thank you for your clear explanation.
Since we know the arithmetic means, how do we find the standard deviation?

Student: Find the deviations by taking the mean from each value. Then add them up.

Teacher: Not really.
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Because some deviations would be negative, we have to square them before adding
them up. The final step is to divide the sum of squared deviations by 8. Who would
like to share your work?

Student: Subtracting 184 from each value listed in City B will lead to -4, -4, -2, -2, 2, 2, 4,
and 4. The squared deviations are 16, 16, 4,4, 4,4, 16, and 16. The sum of 4 and 16
is 20. There are 4 pairs of 4 and 16. Multiplying 20 by 4 equals 80.

Teacher: Very good. You have applied the concept of weights to find the sum.
Next, divide 80 by 8 and take its square root. The square root of 10 is about 3.16.
So, the standard deviation is about 3.16. It means a typical hourly wage in City B
differs from the mean by 3.16.

Student: How can I compare the standard deviations in two cities without a detailed
calculation?

Teacher: Check the dispersion. The more dispersed the data, the greater the standard
deviation. Do you want to guess?

Student: I think the data in City B are closer to the mean because they have a smaller range.
So, they should have a smaller standard deviation.

Teacher: Certainly. Well done!
This question is a good example of how the standard deviation matters when the

two data sets have the same mean values.

RN RGP ] USRI ER L 8 AL - 280 Rp#ry R E G (E R MR
SR - N PTARUEELSETAE 180 [T - S SoREHEEE R E 180 - 15
BRAVEREEE M RE S B — (B 5 & TAVaEE - o THEFEAVET R - LA T R
B> FTEEE4~-4-00~6~8~ 10 /1 16 - BLELAHAYAINI Sy 32 - 32 FREL 8
PSR 4 » R TRATTERF 4 RIS 180 L« 3345 » BAM o] UG BT F35 fy 184«
{REE ISR T A2 B AR ET R -Paus ?

B4 BAGEUE - AEEA 180 fFRALE - i B A AR EEE R E 180 1% - 3k
fIEE]0~0~2~2~6~ 6818 - R LL(EMIN - FMIGE]32 - B> B
RTS8 A HA(E o By 184 -

ERN ORI -

BEAFRAMIRIE T 5l F-55 - ALk BIEAE 220E 2

B4 iR E RS P E AR E R - AR ErME -

ERN . HIE EAZERD -

R R R e R RE - ARV EAEAE I Z AT E AP TT « Et& -1
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B B YAV EERE 184 & - HfIGE4 4222 2 47145
EefmzZfy~P 553 Bl 16 ~ 16 ~ 4~ 4~ 4~ 4~ 16 M1 16 - 4 N1 16 KIS S 20 - 55
4 41 4 7116 - 1 20 3RLL 4 1551 80 -

L JEEA o IRIER T IIRERRE ST B AR -
PETC > FefMTiF 80 FrEA 8 SHUEFE AR » 10 Y- I5HRARLTE 3.16 » Frll > 7
HEFERLE 3.16 - IEEIRE B MiHVA AR B PH (EHZE 3.16 -

R WA TRRAIE T R IS0 R R (B T AR 2 7

EHN R EHURIEE - BUREET - PEEEEOR - BISIRENS ?

B4 0 BEEA B BRI I9E - WHEMAVEEE/] - ALl EfEZAE
NI -

ERf 28k o S |
iRt R T E W E IR SR B A tHEIY P (ERr - AR E M -

plER

st ¢ L A B S A B AR R A e 4 B VRS P BN AR 2 o 2

(LX) Followed by the previous question,
(a) Find the mean and standard deviation when each hourly wage is increased by 10.
(b) Find the mean and standard deviation when each hourly wage is raised by 10%.
(c) A new store in City B offers an hourly wage of NTD328 because this job needs a
specific skill. How would it affect the mean and standard deviation of the hourly wages
in City B?

(HP30) MRIBAT—RERRL -
(1) EE—RIENEFHEI0 10 7T - UKL BIRH P ER R -
() EB—ZEAIIFETIE 0 10%0F > ORI BdRH P E AL -
(3) LWriBe T —ZME - HEERY TR Ry 328 It - IEE{ER A2 L
ST Y R S P (RS A 222

Teacher: The hourly wage in City B has a mean of 184 with a standard deviation of 3.16.
Because each value is increased by 10, the new mean value will be increased by 10.
The new mean is 194.

How about the standard deviation?
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Is it increased by 10?

Good guess, but it is wrong.

The standard deviation considers the dispersion of the data. If every value is
increased by 10, the difference between the data point and the mean stays the same.
In this regard, the level of dispersion does not change. Therefore, what is the new
standard deviation?

The new standard deviation stays the same. It is still 3.16.

Very good.

Now, let’s consider the second situation.

What is the new mean when each hourly wage is raised by 10%?

We multiply the original mean by 0.1.

It becomes 18.4.

Oh, no. It is less than 184.

We have to multiply it by 1.1.

Therefore, the new mean is 202.4.

Correct.

How about the standard derivation?

Do you think the dispersions will change? Explain your reasoning.

Take 180 and the mean 184 for example; the values become 198 and 202.4 after a
10% raise. The difference changes from 4 to 4.4. The dispersion changes because the
difference is increased by 10%.

I think the new standard deviation is 3.16 multiplied by 1.1, which is about 3.48.
Thank you for offering a clear explanation.

Now, let’s work on the third question.

Do you guess that the new mean and standard deviation will increase or decrease?
The sum of all the values increases a lot. Consequently, the squared difference
between 328 and 184 also increases a lot. Therefore, I think both the new mean and
standard deviation will increase.

Your explanation makes sense.

Three hundred twenty-eight is an outlier. It makes the data more spread out and thus

increases the new mean and standard deviation.
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FELYET > BN LB PE R 184 > fEAEZ Ry 3.16 -

R R EFEE S0 T 10 - Frey P (ERIE I 10 - kSR 194 -
TREEE 7

BEINT 1015 ?

AR - B -

FRAEZZ R T BB B - AR EEIE AN T 10 > BEREE S {H 2 fHHY
ERORFFAE o NIt - EERI T > BIRH BRI AR -
ARVEE > SRR %/ Ve 2

HTAUEERE A - (IR0 3.16

FRHAF - AL > FITH RS AF -

EEV/NGLEWE 10%E - Frey P ER 20 2

CO MR ESREL 0.1 SR T 18.4 -

I R o EEE 184 BB\ » TMFEZ 2RI 1.1 » Rt - AV {E R 202.4 -
TEHE o BEAEZZE ? IRE0 R EAE S & s ? S BH— T IRAVHEEE -

LA 180 FISEH51E 184 Fufdl » 458 10%HYIE 1% » {H5E Ky 198 F1202.4 -

RN AN 44 - BUTEERBZEREIT 10%[MEE -

WAl R ERAE A2 3.16 LU 1.1 » R&YE 3.48

ARG EAERE - 34T - SEIRIPREEE () IVE -

TR SRT Y I BRI 2= E iy g 2 ek D 2

TR BUERVEIRIRIESE N - By 328 A1 184 Z[EHYFIT 2= A& A0 -

I~ FRE2 R B PR (E AR = B N
IRiERE SR A R -
328 T (B EHE - TEEBIE EINTHL - IR P [EREE = Er i -

BOOBEAREERETORLY EEER
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i BRSO AR S BRET AR - B DA IR R
SRy AL BT o (L BB (% - B — P AR IR RIS T BRI a8, -
(4 https://ghresource.mt.ntnu.edu.tw/uploads/16159526951351h9RBxTN.pdf)

(3£ ) The math grades of 40 students are listed below. A and B are missing.

Given the median is 65, find the 80" percentile and arithmetic mean.

Grade 30 40 50 60 70 80 90 100
frequency | 1 A 1 18 6 6 B 2
(F3Z) 23t 40 Ar[A1EE R NERAEI N5 -
ik 4E 30 40 50 60 70 80 90 100
KE 1 A 1 18 6 6 B 2
ELAHIEE 40 SEEEER AL 65 0 RII(1)EE 80 H 432 Pso= VAl
QFET-FEEn=___ -

(BERER LA U )

Teacher: There are 40 data values. Who remembers how to find the median?

Student: The median is the average between the 20™ and 21° values.

Teacher: According to the description, the median is 65. Sixty-five is the average between 60
and 70. So, we can conclude that the number of students who have grades no greater
than 60 is 20.
How do we find the value of A?

Student: 1+ A+ 1+ 18 = 20. Aiis zero.

Teacher: The 80™-percentile is the number that falls above the lowest 80% of the data.
Forty multiplied by 0.8 is thirty-two.
The 80™-percentile should be the average of the 32" and 33™ values.
What are the 32" and 33" values?

Student: The 32" and 33™ values are 80 and 90, respectively.
Their average is 85.

The 80™-percentile is definitely 85.

Teacher: Very good. How about the arithmetic mean of all the grades?
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Student: We have to find the value of B first. 6 + 6 + B + 2 = 20. B is six.
We then multiply the grade with the corresponding frequency.
The products are 30, 0, 50, 1080, 420, 480, 540, and 200.
The sum is 2800. Divide 2800 by 40. The arithmetic mean is 70.

EHN . EEA 40 (HEIRE o SRS E g ?

B i 8UEE 20 (EAE 21 {EEERY-FAE -

EEN AR ERCL - PAIEUE 65 - 65 & 60 F1 70 FYFISME « ALA » F-AFTA] UG4S
s AR RN 60 HYERAE NBR 20 - P Hs] A HY{E ?

BA  14A+14+18=20° A K0 -

EEN 5B 80 HoiIHUE M 80% B/ NVEUE © 40 FelL 0.8 ZER 32 - 55 80 H oy
frBERZ =56 32 BRI 33 (EEERYEE -
EEEES D ?

B 55 32 {lEFNES 33 {EEE ST AiE 80 A 90 - BEAMIHYFME R 85 - 5 80 Hoir#
5 85 o

Ehl . JEEY o BEENENEBIER S D ?

B BMosES T E] B iV(E o 64+46+B+2=20 - B & 6 - ZR7% TS EAE ERY
KEFEIE - AL ST F5 30 ~ 0~ 50 ~ 1080 ~ 420 ~ 480 ~ 540 A1 200 - FEFIZER
2800 - j&F 2800 [R2L 40 » HffrFHEUE 70 -

B EEAEREFRET RSN EFRRTF
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Two-dimensional Data Analysis

B TR S E R

B A= Introduction

THEEIBE LR W B EHVAET T 0 B R 4IRS I R AR R
o (EBLEERD - TR
FELLR » FEILAEREEN YRR WA (552 2 2 AV T RA G - S
> T RIS R 5B (% correlation does not imply causation. | fIfEE2:
BV EE ERE R B RE N RS [EEETRERE IR -

o L BIEH B

2 i

TIEERE AR
Y e N

Hrp

B % Vocabulary

XEFRERNBUIETERER

o EoAEE B 35 Bl
SR EERRY P EE AT
A B AR T S N ] 2R 4 SO R (R
HEAR T HE R

¥ thiE BF th3

scatter plot BT plot el

trend = relationship BRI %

tendency A causal RIS
correlation il causation g TR
coefficient 148 fit iy

regress ol regression Aol it

association el pattern =

BYBREABREIRETREL

EEHER



BT R TR ST P , EAMEHBH R
underlying IS direction J71A]
strength R reveal oz
cluster RS

Method for Finding the Correlation Coefficient

1. Standardize the paired variables (zx, zy) so that the units do not affect the measure.
(Subtract the mean of the variable and divide by the standard deviation.)

2. Add up the product of the paired standardized values of the two variables.

3. Divide the previous result by n, the number of pairs. The result is the correlation
coefficient.

B HEQRHEERAGF Sentence Frames and Useful Sentences

O In a scatterplot,

#41(1) : In a scatterplot, the two data sets are graphed as ordered pairs.

FERCHIEE > SR (B R B RFRC R B -

#14](2) - In a scatterplot, we use dots to represent the paired values for two variables.

FERUREIE - PR ARECH I E = E A EIE -

® There is (a) positive/negative/no association between and

#l4](1) : There is a positive association between heights and weights.

B e NG B 2 R AR -

#4](2) - There is a negative association between the temperature and the amount of ice cream
sold.

SRR MR GH & & 52 P S AHRE -
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© A pattern running from to represents

f4](1) © A pattern running from the upper right to the lower left represents a positive

correlation.

Fa BRI MRV E AR SRR IEAHR -

#l4](2) © A pattern running from the upper left to the lower right represents a negative

correlation.

/e EEPAE MBI AR AR -

® What conclusions can you make from ?

#4)(1) : What conclusions can you make from the line of best fit?

IRET LA BB B4R N PG 2

#14](2) - What conclusions can you make from the correlation coefficient?

IRE] DAGERHRE (88 ™ (EEssm

® What tends to happen as ?

#4)(1) : What tends to happen as mobile phone use increases?

(P RTINS » 745 6 S5 HEEE
f4](2) - What tends to happen as the temperature decreases?
OB TIERS - FTRE S 1R 2
6/ tell whether

#14](1) + Only time will tell whether the prediction was correct.
S R P 2 {1 PRI 2 A T

#l4]2) : Tell whether the data shows a positive, negative, or no correlation.
HErERIE 2R AR - BfHRER AR -
® Write an equation that models
#E](1) - Write an equation that models the grades.

(BT A A A -
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#14](2) : Write an equation that models the sales as a function of the temperature.

55— (E TR USROS 54 & B HYIEAY -

(8] show a (non)linear relationship.

#4](1) - When the data show an approximately linear relationship, you can model the data

with a linear equation.

BRI ZIRGRIER (R > TP ] UG G R AU R AR -

#47(2) : When the data show a nonlinear relationship, using the correlation coefficient to

describe the association between the two variables is not suitable.

O IR - 678 2 PR B (B e e -

B [EEFERE Explanation of Problems

o8 :RAA ®

In this section, we focus on two-dimensional data. Two-dimensional data refer to the paired
values recorded for two different variables, such as heights and weights. Students will learn
how to use a scatterplot to check the strength of the association between the two variables. We
can find the correlation coefficient between the two data sets by employing the standardization
technique we learned in the previous section. We further use the correlation coefficient to find

the line of best fit (sometimes called regression line) to model and predict the data.

53 , o o
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(L3 ) A convenience store successively records the temperature and ice cream sales for 10

days. The data is shown in the table below.

Temperature (x) |26 |30 |32 |36 |31 28 |29 |28 |34 |33

Ice cream sales (y) | 48 50 50 70 51 54 50 52 72 58

(1) Make a scatterplot of the data.
(2) Tell whether there is a positive, negative, or no association between the temperature
and the ice cream sales.
(130 FEHERGaCsk#E T RAVRIRCOFIKH M & £ (y)
(1) SREEEHIE -
(2) FREEHCTE AET RO & SRR -

Teacher: A scatterplot can help us tell the data's tendency.
When you plot the scatter plot, make sure the scale is reasonable.
Can you demonstrate the scatterplot on the board?

Student: 1

a0+

Teacher: Great.
When you make the scatterplot, don’t forget to label the x-axis and y-axis so that the

readers can tell what the data represent.

54 . o b b e e e .
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Student:

Teacher:

TR EANKT D EMAEERBHAEHR

A pattern running from the upper-right to the lower-left represents a positive
correlation.

What tends to happen as the temperature increases?

Ice cream sales increase as the temperature increases.

Correct.

One thing I have to remind you about is that the relationship between the temperature
and the ice cream sales is not necessarily causal.

Only a well-designed experiment can show causation.

AATIE] ] LB B M E R RIS - SERUmlEy - ZHERIEPIR G2 - IR
RETER *)ii?%ﬁ—?ﬁﬂﬁi“*”%*ﬂﬁ [ 2

My

701+

601

501

201

301

204

101

e

HE

BT - EEICTIEINE » BT B x WAy BT  SERRREA TR
BHRHE -

eh BRI MY — B ARIEMR » B0 BT > G A HEED 2

PEERE BT ACHMA T & B g -
TEHE

> BHERERZYE o TR & 2 RIFBE (AR —E R R (-
A iat BRI R RRR G -
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plE_

BRI ~ STEAER B E 4R -
(H{FE https://ghresource.mt.ntnu.edu.tw/nss/p/MathematicsApproach05)

(F30)

A convenience store records the temperature and ice cream sales, which are shown in
the table.

Temperature (x) 26 28 30 32 34

Ice cream sales (y) | 58 54 66 50 72

(=0

(1) Find the correlation coefficient between the temperature and the ice cream sales.
(2) Find the equation of the regression line.
(3) Predict the value of y when x equals 35 using the equation of the regression line.

HHEPEEC R S ISRUROELKHMSH EE =)W T3 ¢
FOBR(X) 26 28 30 32 34
THIMSH EEE(Y) | 58 54 66 50 72

Teacher:

Student:

Teacher:

Student:

(1) KRR ELKHIM I B B HIAERE AR EL -
(2) k¥ X #VEERES RN - (AERITREAFE U y=mx-+k WPAFR)
(3) FIHEEFELR - IS X=351F > Y (VERZ /D ?
(B L HE R S )

We have to standardize the values to find the correlation coefficient.

To accomplish this, we need to calculate the mean and standard deviation first.
What are the mean and standard deviations?

I calculate the sum of 26, 28, 30, 32, and 34 first and divide the sum by 5. The mean
for the temperature is 30. The squared deviation from the mean is 16, 4, 0, 4, and
16, respectively. Dividing the sum squared deviation by 5 leads to 8. The standard
deviation is the square root of 8. It is two times the square root of 2 (2v/2).

Very good.

Who wants to find the mean and standard deviation of the ice cream sales?

Try to use 60 as the baseline to find the mean first. This can avoid complicated
calculations.

Let me try it. By using 60 as the baseline, the five differences are —2, —6, 6, —10,:

12, respectively. The sum of them is 0. The mean is 60!

AU EEGRRERETREL (EERERY
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Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

EMAEFHBHRF O

Great.

How about the standard deviation of the ice cream sales?

Subtract 60 from each value; we have —2, —6, 6, —10, and 12, respectively.

The squared difference is 4, 36, 36, 100, and 144, respectively. Divide the sum
squared difference by 5 leads to 64. The square root of 64 is 8. The standard
deviation is 8.

Since we have the means and standard deviations of the two data sets, what are the
standardized data sets?

Recall that to standardize a value, we subtract the mean from the given value and
divide this difference by the standard deviation.

Use your notebook as scratch paper and write the answers in a table.

Temperature, x 2 _T\/E 0 \/72 V2
-1 -3 3 -5 3
Ice cream sales, y — — - — Z
4 4 4 2
The product of each pair is \i—i, %E, 0, %ﬁ, %E
.32 . . .
The sum is —~ - What is the correlation coefficient?
Dividing the sum by five leads to the correlation coefficient. R is %}E .
Well done.
r_ 32, .
Now, we can use y' = - X to model the standardized data sets.
How about the unstandardized data sets?
. o 3W2 8
Using the formula y — p, = ro—i(x — ly), we have y — 60 = TR (x —30)

(y minus mu y equals » times sigma y over sigma x and multiplied by x minus mu
X).

Itis y =§x+24.

Well done.

Now, let’s use this equation to predict the y-value when x is 35.

Divide 35 by five and then multiply by 6. It is 42.

Forty-two plus twenty-four is sixty-six.

Thank you for the clear explanation.

AU EEGRRERETREL (EERERY
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ZH

BA

ZH

B

EH

EH

REFF R T 2 RS & o EmoAL 2 5 5 5 il
LRI A LU R (0 - TR B R -
SR RS 2
LR BEHE 26+ 28+ 30~ 32 1 34 M4  SREAGELIRLL S o SEREHTTE(E
7 30« BITHSEATT TSR 1640 4 1 16 - BT TAALERIERLL S 15
F] 8 - PR 8 (IR 2VD) -
L JRRAT - SRR B T R 2
SRED) 60 (R - StREITAIIE R RT DU MO -
LSRG - DL 60 BALAR(E o F(EAERAHIE 2 —6 6 —10 A1 12 -
HERIE O+ IR 60 -
ﬁﬁTomfwﬁﬁﬁm@%#mﬁv
HERHIEE P 60 + eIy RIEE] ~2 66~ —10 il 12 -
FEBEFERISE TSR 4~ 36~ 36 ~ 100 A1 144 - T ITREAT5ERIBRDL 5 1350 64 -
64 HYFITIE 8 « fEAfEEE 8 -
TR M A A RO R T (BRI » B (LT R A
EE—T - B AL - R RS T - R U
;léo
ST AR - ERRTPE AR -
B V2 | 22 0 e vz
A EEY) | 2 - 3 = 3
4 4 4 4
SRR AE 2220 2202, g 2
R ER S ) 2
IR S EEIBGE - R R 22
LR - BT RITAIA ' = 22 St LR o HE - e (i
ZERHIE 2
AR Y-y =rZ - 135 y-60 =22 L (x - 30) -
ity = gx +24 -
JERAT - BUE » BRI I TR AT x B 35 WA {2 -

BOOEEASEFRETRL N EFRR
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Bk 35 BRDLS o ARATRLL6 + R 42 - 42 JILE 24 S5 66 -
A BRI -

BlE=

wtH ¢ BEEGREEE ST — NE LASTERAH BE B 5 [ o ZET AT DU S5 R AR R
A BERERESTERYRIER T AR (R AR R R AR - R — Py
AR E AR N RIRTE R -
(HiBZ https://pre-ap.collegeboard.org/media/pdf/pre-algebra-1-cg-wr.pdf)

> 48

(L) Eli is purchasing beads for an art project. The supply store sells the beads in bulk in

multicolor assortments. Eli only wants to use blue beads for his project, but the store
won’t allow him to pick through the beads to select only blue ones. From the large
bin of assorted beads, he takes five small samples of varying weight and counts the

number of blue beads in each sample. The scatterplot represents his findings.

20
18 ®
/4
16
% 1 /
12 /
®
5 10 /
5 8 z
|
2, /
24 I I / I I | |
0o+—+—+4—+—+—+—+—+—+—+>

0 0.2 04 06 08 1 12 1.4 1.6 1.8 2
Ounces in sample
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(1) Tell whether the data shows a positive, negative, or no correlation.

(2) To determine an equation for a trend line, Eli uses two points that he thinks to lie
on the line: the number of blue beads for a sample that measures 0.6 ounces and the
number of blue beads for a sample that measures 2 ounces. Which of the following is

the correct equation of the trend line that Eli determined?

16 41 38

(A) y=_,x—— (B)J’—HX——
673 1.4 1186
©) y= g * 200 D) y=7x———

(th30) NREZEM Ry M RERE R T - PG RN E R CHVER T A T B &

Teacher:
Student:

Teacher:

Student:

Teacher:

R T B - BRI BASRMHE A FEECAERT - WREGE T AREEA
—HPREERT > LS RNVERHEE ORTHE - ERHEYENEUREDT -
(1) FErtBeRE 20 IEAERE - SRS AR IR -

(2) SCREZFEF A (R R B AR EAY MR ARG R B ELAR - i BT R 5 0.6 23
F]E 2 %aﬂ’ﬂfﬁmémﬁibﬁﬁﬁéﬁﬁkﬂ > sl B TR ] 2

16 41 15 38
(A)y=,x—— B) y=x——
673 1.4 1186
(C)J’—; * 200 D) y=7x———

( Z£[#] Pre-AP Algebra I srapzdH )

What tends to happen as the weight of the mixed beads increases?

The number of blue beads increases.

In the scatterplot, the pattern runs from lower-left to the upper-right. What would
be the direction of the correlation?

Positive correlation.

Very good.

Now, Eli would like to find the regression equation.

To avoid the complicated calculation, he only selects two imaginary points that he
thinks would be on the regression line.

The selection of these two points varies.

The key point is to make sure the given points are close to the imaginary line formed
by the two imaginary points.

For example, I would say it is inappropriate for Eli to select (1,6) and (1.9, 18)

BB EERE TR EEERY B
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:
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to find the fit line. Do you know why?

When we draw the line formed by these two points, all the other given points are
below this fit line.

Correct.

If all the other given points are below this fit line, the linear equation will
overestimate the number of blue beads.

Here, Eli imagined two points so that the fit line would be in the middle of the given
points. According to the scatterplot, what are the coordinates of the beads with
weights of 0.6 and 2.0 ounces?

I think the coordinates are (0.6, 1) and (2, 17).

Let’s use the point-slope form to find the linear equation formed by these two points.
Who wants to give it a try?

17-1

y—17= 2-0.6

x—2)

(v minus seventeen equals seventeen minus one over two minus six-tenths
multiplied by x minus two)

By checking the slope, we can tell Choice A is the correct answer. If you are
uncomfortable with the choice, you can simplify the equation to confirm the y-

intercept.

EVROERTHVE RN - S EE ?

B OB TR EE G -

FERlE > RS NEIG L - AR T R R 7
1EAHPE -

FEHAF -

AT > MATEEE R T RE - Ry TR R ETR o A S T I
Ry A _E A EUECRS -

5B W ERLAYBERE I DUS AT AR - BESEAE B OREG E HYREREAT i s W (1 SR
FRHY B ELAR -

pan > Fegran SONEERE (1,6) F1 (1.9, 18) R EIRBEEGRENEEN - {RALE
Ry HEns 2

BT M S W R EHERET B HAASS ERVES R E S R E AR T
55 o
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© IFRE -

WIS HA 45 BRI B R E B AR T 77 iR g e b ek T
VSR -

TEiEt - SGHIERAE T WA ERG » (RS AR 4a E BT R ] ARIERAE -
EER 0.6 HEF 2.0 BEIVERFIVEEZTE ?

FEfER (0.6, 1) FI (2,17) <

SR (o PR P AR B 28 R (E BT R Y 4R M T2 20 - SR8 7

17-1
2-0.6

y—17 = (x—=2)-

AR > WFTATLIRIEA) BIEWESRE  RIREE(EZEZEAKHEE » /)
AU BT A AR v & -
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B Fi= Introduction

AREHFIH AN BAESS TR EETY A BRI B E S8 80k - hikE -
ILERE R SRARH « B4R EHERIFIH S AR RS 4R & S =B

TR e ZIHFUE R » RIS T 4EA

=5

A=A

Rf o AT DA EREZ Bl & tH B E B ER -

R BEE R > AL TP RS BRI - N R ARSI SN AT

A NS IER E AT RE S A 2]

JEE I T el S R A AR B2 A M AR R T/ -

B :@% Vocabulary

XIEREERNBIE TENFE

AREFGE ARV F A KRR - & i& DL

63

E¥F thiE B¥F P&
permutation HEF 1] combination HE
arrangement HEY1| binomial theorem ZIEIEH
tree diagram ARINE] Venn diagram SES
factorial Pes e Pascal’s triangle B =/E
multiplication rule FeEFHE coefficient %E
addition rule hA R inclusion (G
exhaustive method EEEL exclusion HEER

BB EFIRET AP (mFRRYE
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the inclusion-exclusion
visualize 72w Hps H B
principle
repetition HiE expression B

B HEQRBEERAGF Sentence Frames and Useful Sentences

(1) is defined as

#i4) : The value of 0! is defined as 1. (0! is read as zero factorial.)

0! (P8 #oERR 1 -

® In how many ways ?

%4 - In how many ways can the letters of the word “permutations” be arranged if the word

starts with p and ends with s?
i permutations %= (& HYFREEHHRY] - WL P BHEH ~ S SERAVPYIFHA 2/ VIET;
= 7

(3) is read as

4] = This expression can be written as 10! and it is read as “10 factorial.”

BRI IR A 101 HEE &3 (ten factorial)” -

(4) consists of

4] : The question consists of three parts, and we need to finish them one by one.

B H R = EE R > BT —(E—{EH 5K -

© Refer to

%4 : Refer to the figure at the right, and find the measures of the indicated angles.
AUEREIFTR - SR REY S AR ERL -

64 , b s s e e
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3

® correspond to

#4] : Find the length of the arc which is corresponding to the chord.
e Btz AR TERY MY RS -

@ We can conclude that

4] © So, we can conclude that the two events are mutually exclusive.

I - ST LG tHasEm - ERESE S AP THY

O There’s a trick to

%4 : There’s a trick to get the answer quickly if you add the three equations and then divide

the answer by two.

A—E/NGRER  AERIRR = (E=TAE - BRI R RS B E 2 -

v

B [EEFE#E Explanation of Problems

o8 :RAEA ®

How many different ways can you arrange the three letters A, B and C in a row? If you list all
the different ways, they are ABC, ACB, BAC, BCA, CAB, and CBA. So, it is clear that there
are six different ways. This way is called an exhaustive method. In some cases, we can count
the number of ways by listing them out or using a tree diagram,

: - B—C
which helps us visualize the number of ways. A< c — &

B<é:§
C<2:E

This tree diagram shows the 6 different ways for the

permutations of the three letters A, B, and C.

When the number of the ways is too large to list them all, we could use the following rules to

figure out the number of the ways.

Addition Rule: If one event can occur in m ways and a second event with no common

outcomes can occur in n ways, then the first event or the second event can occur in m+n ways.

65 , e o b B = e £ W S e en
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Multiplication Rule: If one event can occur in m ways and a second event can occur in n ways

after the first event has occurred, then the two events can occur in mxn ways.

Inclusion-exclusion Rule

If A and B are both finite sets,

then: n(A U B) =n(A) + n(B) — n(A n B).

n(A U B) represents the number of elements in the union of A
and B.

A U B isread as A union B or the union of A and B.

n(A N B) represents the number of elements in the intersection of A and B.

n(A N B) is read as A intersection B or the intersection of A and B.

Also, we can use a similar method to get

nNAUBUC)=n(A)+nB)+n(C)—n(AnB)—n{B nNC) ‘
—n(CNA+n(AnBNC). "'

Permutations '

A permutation is an arrangement of objects in which the order

is important.

How can we find the number of permutations of the ten letters A, B, C, D, F, G, H, I, J, and K
inarow?

The Multiplication Rule can be extended to three or more elements in permutation.

You can find the number of permutations of the ten letters:

= (Choices for the 1st letter)(Choices for the 2nd letter)(Choices for the 3rd letter)(Choices for
the 4th letter)(Choices for the 5th letter)...(Choices for the 10th letter)

=10-9-8-7-...-1.

This expression can be written as 10! and read as “10 factorial.”

For any positive integer n, the product of the integers from 1 to n is called n factorial and is
writtenasn!=n-(n—-1)-(n—2)-...-3-2- 1.

How many ways can you arrange 4 of the 10 letters in a row?

You can find the number of permutations of the four letters:

= ( Choices for the 1st letter )( Choices for the 2nd letter )( Choices for the 3rd letter )( Choices
for the 4th letter)

=10-9-8-7

_10-9-8-7-6-5-4-3-2-1 10!

6-5-4-3-2-1 6!

66 , e o s e e e
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When permutations involve repeated symbols, they are called repeated permutations (or
permutations with repetition).
If n objects are taken k times and the objects can be repeated, then there are

n-n-..-n(ktimes) = n* ways of permutations

Core Concept
The number of permutations of n distinct objects in a row is given by:
P, =n!

The number of permutations of n distinct objects taken r at a time, where r < #, is given by:

n!

no__
Pr o (n—r)!
When r =n, we know: P* = - = " = “ andalso P =n!.
(n—r)! (n—n)! 0!
So, “0!” is defined as 1.
When r =0, we know: P! = - = 2 =% -1

(n—r)! (n—=0)! n!

So, the value of P, = 1.

Core Concept

The number of permutations of n objects with m; of one type, m, of the second type, ...
and m,, of the kth type is:
n!

mll ml! mk!

Combinations

A combination is a selection of objects in which order is not important.

Core Concept
The number of combinations of n distinct objects taken r at a time, where r < n, is given by

n!
n _
Cr

- (n-r)!r!

The permutation of n objects taken r at a time can be separated into two steps: take r objects at
a time and then do the permutations of the r objects.

P (permutations of n objects taken r at a time)

67 , s b e e s et e X
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= C; (combinations of n objects taken r at a time) x r! (permutations of r objects)

Hence, C =

1:%

= r), - (n factorial over (n minus r) factorial times r factorial)

Binomial Theorem
We have learned Pascal’s triangle to find binomial expansions. The table shows the
coefficients in the expansions of (x + y)" correspond to combinations.

B 38 ol

68

n | Pascal’s Triangle Pascal’s Triangle as Binomial Expansion
as Numbers Combinations
0 1 Co x4y’ =1
1 11 ¢, C x4y =1x+1y
2 1 2 1 G o G (x+y)° = 12 4 2xp + 2
3] 1 3 3 1 G G o G x4y = 16 + 3% + 302 + )P

The results in the table are generalized in the binomial theorem.

Core Concept
For any positive integer n,
@+ =Cox"+CIx" Y + G+ L+ G Xy + Gy

The formula for Pascal’s triangle is given by:
= +c!
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(3237 ) How many integers in the range of 1 through 300 are multiples of 4 or 6?
(FF32) 50K 1] 300 HyFEEh > 2 4 AURFEEL 6 HUE By S s E gy, -

Teacher: Let 4 represent the multiples of 4, and B represent the

multiples of 6.

To find the multiples of 4 or 6 is to find n(A U B).
From the inclusion-exclusion rule,

n(A U B) (=n(A4) + n(B) — n(4 N B).

(AU B isread as A union B or the union of A and B.)

n(A N B) represents the number of elements in the intersection of A and B.
n(A N B) is read as A intersection B or the intersection of A and B.
Find out n(4) and n(B) first.

Student: n(A4) =75 and n(B) = 50.

Teacher: You are correct. What does 4 N B represent? Also, find n(4 N B).

Student: A4 N B represents the multiples of 12. n(4 N B) = 25

Teacher: Very good. Then there are 100 integers are the multiples of 4 or 6 by using
n(A U B) =n(4) + n(B) — n(4 N B).

ZHN AR AHIEE > B FROR 6 HYEEL - FHRE] 4 50 6 AYREEL - BLEEE]
n(A U B) - fEHFEIREL > n(4 U B) = n(4) + n(B) — n(4 n B)> Jeikth n(4)F1 n(B)-
B T p(4) =75~ n(B) = 50.
EHT: BT BIERH n(AnB) » AN BEHTERERE?
B4 ANBFER 12H9EE - n(ANB)=25-
ZHl 0 ARAE o #EHH n(4 U B) = n(4) + n(B) — n(4 N B) TJ{5H4EHFT 100 (EELHE 4 5
6 HIfEHL -
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(%37 ) (a) For a city parade (See figure a), all floats need to start at the Theater, pass by the
City Hall, cross the Rose Garden, and arrive at the Museum. How many ways can a
float finish the parade?

(b) How many ways can a float finish the parade if all floats need to start at the Theater,
pass by the City Hall or cross the Rose Garden, and arrive at the Museum (See figure
b)?

(F32) (a) FEHTHHIICEE T > FraftEEFEH R L > BHEIT > BELE - 24
RIKEEYIEE - W0 N El(a) - ZACHILA KA FERYEE ?

(b) TEMTHEEE TS > FrEfCEEHR ARl % - SO BUFEEEiE - 24
IR - 20 NEl(b) - LA R A FNEE ?

(2) (b)

B S
A Museum /\
X

= \ Theater
ose
R
Garden N Gacr)jgn
C C
A—-B—-C—-D A—BorC—D

Teacher: In part (a), which rule should you apply?

Student: The multiplication rule.

Teacher: Correct. Using the multiplication rule would help because the floats need to pass
through these spots. Find out the number of ways now.

Student: There are 60 different ways.

Teacher: Very good. In part (b), note that the float needs to “pass by the City Hall or cross
the Rose Garden.” Which rule could you use here?

Student: The addition rule.

Teacher: You are correct. What is the answer?

Student: There are 25 ways.
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BB SRR -

Ehl - Jgsh e TDIRSRARE [N R E G OB T - I ER R T 2/ Tk

B4 F 60 EARNITE -

ERN : ARE - ARG NERYE > - BUERICHEE T &R EREEE | o 58T HYE
AR ?

B4 0 AR -

ERl 28k > BEETEE ?

BT F25HE -

pIRE=
stHA ¢ T AREAE SR

(LX) How many different car plates can be made if every car plate has three letters and
four numerical digits?

(P30 HRHEEREH 3 EHRCFR R 4 (@85 (0~9) FraHk - sl — 3 DI ES
DA SRR FAS Y EERE 2

Teacher: There are 26 letters in English, 10 different numerical digits, and all the letters and
numbers can be repeated. So use the formula for a repeated permutation to find the
answer.

Student: There are 175760000 car plates.

Teacher: You are correct. The answer is 26:26-26-10-10-10-10 = 175760000.

R BT R 26 (8 > B 10 (8 0 B2 R o L
Fr A EA (I HEEHRY I A AP A & -

B 1 45 175,760,000 {F o

T EE 2R 26:26:26:10-10-10-10 = 175760000 -
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(L3 ) Consider the number of permutations of the letters in the word April. How many ways
can you arrange (a) all of the letters and (b) 3 of the letters?

(30) #F APRIL Tuf{EFREES - S 2/ DIPRS00 2 25 B o = (E = 851 > Al
HRREHEI = ?

Teacher: As we just saw, the multiplication rule states that if there are n ways of doing
something, and m ways of doing another thing after that, then there are nXm ways
to perform both of these actions.

So, the number of permutations = (Choices for 1st letter )(Choices for 2nd
letter )(Choices for 3rd letter )(Choices for 4th letter )(Choices for 5th letter )
Find out the number of ways that you can arrange all of the letters.

Student: The number of permutations is 120.

Teacher: You are correct. There are 120 ways you can arrange all letters in the word April.
Also, you might notice that the number of permutations of 5 letters is 5!.

In part (b), the number of permutations = (Choices for 1st letter )(Choices for 2nd
letter )(Choices for 3rd letter ). Find the answer now.

Student: The number of permutations is 60.

Teacher: Good job!

RN IEWIFTR  SRAFERR » 5A n BT EAE > NMBH m TS
—{FE > A T E R EEIERY T EREGE n X m e
AL - BRI =B —E RV EERE 750 X (35 {EFRAVEERE T30 X (5=
{[E R EEFE T 20) x GEVUE TRV EEE =0 x B AE TR ERER ) -
FEEHEZE -

B g 120 fEPEY R -

R 85 > “April’T{ESERE > 7 120 AR - [FEEZAEEE S (EERaYHE
W%E%%ﬁo
55 (MR - 2 R A = (A SR 51T Rl = (B — (e AR S
) X (B MEFRAVERETTF0) X GE={EHFVEETT ) - BEE

B4 I 60 fEHRFITT -

EHn TR

%109
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(L) If we arrange the numbers 1, 3, 5, 7, and 9 into a 5-digit number, how many different
numbers are there? If we list all the 5-digit numbers from least to greatest, what is
the 76th number?

(FF30) % 1,3,5,7, 9 F R EEFHERL S 8 > WAZ/DREIEE ? EREt 5 1 8E /)
HEEIR > 55 76 (¥ Ry{ 7

Teacher: The number of permutations of 5 different numbers is given by P2 = 5!. What is
the product after you expand the factorial?

Student: 120.

Teacher: Good. To find the 76th number from least to greatest, we need to do it step by step.
First, how many numbers are in all if the first digit is 1?

Student: 4! =24.

Teacher: Good. 24 numbers where the first digit is 1. It is the same situation when the first
digit is 3, 5, or 7. The 76th number is one with a first digit of 7.

Step 2, on the condition of the first digit 7, the 2nd digit should start with 1.
7 1 2?2 2?2 2

There are 3! = 6 different numbers.
They are 71359 (73th), 71395(74th), 71539(75th), and 71593(76th).

So the 76th number 1s 71593.

EH S EREBFOHTIEE R Ps =5 BHEREENSD 2

Bt FR 120 -

ERl  RY o AR DGR EIH/NEIRES 76 [HE - Bt > WRmESUEE 1
WAL/ DEHT ?

B H41=24 {%‘&? °

EH {Eﬁ SIS | M 24 8 - el 80 3 ~ 5 507 Rt 2 M EE

%76 {Qﬁi%%u 7 R E L HVEF -

%Zfﬁ » LUEL Ry 7 BIIROE T > B (irfEsZ LA 1 BB -

7 1 2 2 2
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FIT™H 3! =6 M RENVELT -
WP T1359(5 73 {[&) » 71395(55 74 {[&) » 71539(55 75 {[&)F1 71593(F 76 {E) -
RIEEEE 76 {E% 2 71593 -

BlRE7S

st © AHEYIRIE RIS -

(3232 ) (a) How many different ways can you arrange all the letters of the word MISSISSIPPI?
(b) What is the number of permutations of the letter in the word MISSISSIPPI if the
four S’s are not coming together?

(FF32) (a) FF#PEPYEL MISSISSIPPT HYSSZ - REEHHRY - SiA 2/ M iEA FERHRE ?
(b) AIERVU(E S FREABEREHIIE L > AIEZ/ IEAFEERE ?

Teacher: The word MISSISSIPPI has one M, four I’s, four S’s, two P’s and a total of 11 letters.

11!
4141217

Since some letters are repeated, we could use the formula to get Find the

answer by expanding the factorial and dividing the common factor.
Student: 34650.
Teacher: Good. In part (b), it is more complicated to calculate the permutations if the 4 S’s are

not together. So, we can use the opposite way and combine the 4 S’s together.

The number of permutations of the 4 S’s not being together

= Total permutations — the number of permutations of the 4 S’s together

We can take the 4 S’s as one, then MISSISSIPPI —  MIIIIPP [SSSS|.
So thereis 1 M, 4 I’s, 2 P’s, and 1 [SSSS|.
We can think of the number of letters to be 8 when we tie the 4 S’s together.

= 840.

.. 8l 8765
So the number of permutations is: TR

Find the number of permutations of 4 S’s not coming together now.

Student: The total number of permutations of 4 S not coming together: = 34650 — 840 =
33810

Teacher: Excellent.
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il 0 MISSISSIPPI i& {ElzalA —{[ M > VUfiE 1 PU(E S » if P - 3 11 {HF5) -
R Fs— L REEHE - M AF PR AR " BFRBAI EHIAZE -
B4 T BEE 34650 -
T HBO)AYES - 4 8 S REEREHEYIE—IL - STEHRYIAH & SIS © FrLAFRAT AT A
EFAMAR AT 4 18 S 4HETE—E
4 {8 S FREREHEFIIE—HE = 48558 — 4 8 S TE—FCAVHEFIRL - FATRIDUR
4 (& S 1 B —(EFRE > 281430 MISSISSIPPI 7 {E MIIIIPP o
FRUCSERCH | (E M > 4 8 1> 2 {8 P F1 1B [SSSS - &HAHE 4 (8 S 4l &L

3% TR AE 8 T - RILHITIBR 5, = 5 =840 -

RAEEW 4 # S @ FEHHFE—©ENHEE -
EZA: 1 34650 — 840 = 33810 -
ZEN: RAF o

414121

Bl=Et
s A AR -
(JL3Z ) May likes to order a hamburger at a restaurant. She can choose two different side dishes
from a menu of nine. How many different combinations of side dishes could May
choose?

(P30 /MEEEEEREL - B EER A FAECR - s B REie Ot 9 TEfcSe nI gt -
A/ %/ DA [E R B 520 7

Teacher: The order in which May chooses the side dishes is not important. So we should find
the number of combinations.

9 __ 9
G =

Expand the factorial and find the answer.
Student: There are 36 different combinations.

Teacher: Good job.
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LRl /MEEBERERCRIR A ER > NIEEERR M EaHEH -

i O =4 EBIEHIEE -
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(FL3 ) Welcome Guest House has 8 rooms. One person lives in Room 01, 2 people in Room
02, 3 people in Room 03, 4 people in Room 04, ..., and 8 people in Room 08. The
guest house is holding a drawing activity to provide special gifts to two guests at night.
In how many different ways could two guests who don't live in the same room be

paired?

(h30) HARMEASHEE B IHEEL A B2 E2 A FBIMEI AN F4fEE4
A B8 [EE 8 A o EETHISEEE) - RIEEA WL - SRE 2 iz 3 AR
EAEFE—HERIHEE A%/ 01 ?

(BEZE#HEWE - FRBEBEREERRE ) BET)

Teacher: To solve this question, we need to know the total number of people living in the eight
rooms. How many people live in the eight rooms?

Student: 36 people.

Teacher: Good. Second, should we use the permutation or combination formulas? Does the
order matter?

Student: We should use the combination formula. The order doesn’t matter.

Teacher: Correct. It is more difficult to directly find the number of different ways that two
guests who do not live in the same room can be paired.
So, we can use the complement (set theory). Let A be the event where the 2 guests do
not live in the same room. Then: n(A) = C§6 —n(A’)

It is easier to find the number of combinations when both of the guests live in the

same room n(A’).
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Student:

Teacher:

Student:

Teacher:

1
Bt
A
st
1

EH

B
i

TETEENET P o EMIASEHBHEFL

Since only 1 person lives in Room 01, we could count the 2 guests from Room 02
which is C%, C%from Room 03, C‘z‘ from Room 04, ..., and Cg from Room 08.
Now, find the sum of G5 + 3 + C3 + C5 + C5 + C) + C5.

The sum is 84.

Excellent. There is a trick to find the sum of C3 +C3 + C5 + C3 + CS +C2 + C5 .
By using the formula for Pascal’s triangle: C!' = CP-1 + CR™?, we can replace C2
with C3 (because C3 = 1= C3), then we will get
CC+C+Cr+C3+C8+C+C8
=Ci+Cr+C3+Cs+Ci+C8=Cc3+C3+Cs5+cC)+C8
=CS+CS+Ci+C8=Cci+Cl+C8=C8+C8=1cC3 =84

Now, find the answer of C36 — (CZ +C3 + C4 + C5 +CS+CJ +Cd)

It is 546.

Excellent job! C3¢ — (C3 + C3 + C¥ + C3+CS+CJ+CH)

6L _ 2L _ 630 — 84 =546
341!12! 6!3!

:CEG_C‘?:

So, there are 546 ways in which two paired guests do not live in the same room.

FRIERE » GBS 8 BRI DA -
36 Ao
47 o BT B EEEYT B RS ? IEF B ?
IEFFRES - B4 -
Ja$E o
(BFEE B 2 A s AR AR E — R B L 8 - FRFT ] DA Sk
K.
% 2 fr g AR R —BRERE A B4 Bl n(A) = G° — n(A’)- B n(A)
b 2 fir s A (EAE [ — R A & L B
%1%%%D&1MA’%uﬁﬁ%zﬁﬁﬁtﬁzmﬁg’@:
53 MBS 2 iIEE - O 5 4 BEMIEE 2 (1 E% > O DULER. ... -
%S ERIEIE 2 M EE G -
WE K G+G+ G+ G+ G+ + 3 HIA
YA R 84 -
EHT B G+ G+ G+ G+ + O+ CHRIEE/ NS - AT LAE T
By A i G i S i
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EH BHE CF ik 3R G =1=C) TUREIR G+ G+ G+G+ 0+
)+ C
=C5+C;+C3+CE+CI+C=C3+C3 +C3 +C5 +C3
=C+C3+C+C3=C3+CI+C3=C3+C5=C3=84

I BEED G- (G+G+G+G+G+C+0)

B4z 0 546 -

BN AR 1 G- (G + G+ G+ GHC+CG+C) =G — G

0L _ 2L = 630-84=546

T 34121 613!

Rt > 2 iz 8 AAMEERE BRI A 546 14 -

w ERAREE/ BREEE o
plE—

e | EAESEL -

(L) There are 8 buildings in a row, numbered 1, 2, 3, ..., 8 from left to right. The telecom
company plans to set up three base stations on the top of three buildings. To avoid
signal interference, the base stations cannot be located in adjacent buildings. In how
many different ways can the three base stations be set up if Building 3 is not an option

for base station establishment?

(30 B/EKRERL—Y » HEZATHIERE 1,2,3,4,5,6,7,8 - SEEE/AEFEEEL
Hrp=f KENREIET AR —BEEEME SR G R LR AR
BRKIE » DAREASE EAE T8 - 5UR7E 3 i REAR A EmE R~ » A%/
FHEE 1L SV EERUT A 7
(1) 12 (2) 13 (3) 20 (4)30 (5)35
(111 FEHEEE B 5656 3 78)

Teacher: We know some restrictions in setting up the base stations from the given information.
So we can use the exhaustive method to solve this question.
First, if one base station is located in Building 1, then we can list them as follows:
(1) the second one is located in Building 4. (1, 4, 6), (1,4, 7), (1, 4, 8)
(ii) the second one is located in Building 5. (1, 5, 7), (1, 5, 8)
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(iii) the second one is located in Building 6. (1, 6, 8)
Next, can you list all the arrangements if one base station is located in Building 2?
Student: (2,4,6),(2,4,7),(2,4,8),(2,5,7),(2,5,8),(2,6,8)
Teacher: Correct. The arrangements of setting up the base station in Building 1 and Building 2
are similar. How about the situation of setting up the base station in Building 4?
Student: (4, 6, 8).
Teacher: Very good. And you can find that we already listed all of the possible arrangements.
So what is the answer?

Student: (2) 13

EHN : B5eMH o CHEAMGHIR] - R DB A E(EEE -
Bt MR —EER G 1 9ERE - AT LAY
() FEEEHEAIN 4 98KE - (1,4,6),(1,4,7),(1,4,8)
(i) EEES AR SHEARE o (1,5,7),(1,5,8)
(i) 25 A AN 6 5ERE - (1,6, 8)
TR R — R G AT 2 9ERE - geF I FrA RIS 1 D7 =005 2
B (2,4,6) (2,4,7) (2,4,8)~(2,5,7)~(2,5,8)~ (2,6,8) ¢
EHN . BET - A ERAT 155 2 5ERERIERFIT U LIEY o HREERAE 4 5ERE
HITE e 2
B4 (4,6,8)
ZHT : REF  ANRIRELE B MY FTA aTRERHEY T T AREERE I ?
B4 (2)13
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(L3 ) Anice cream shop needs to prepare at least # buckets of ice cream with different flavors
to satisfy its advertisement “there are more than 100 combinations of two ice creams
with different flavors”. How many ways can a customer choose two scoops (different

or the same flavor) from n buckets of ice cream?

(H0) FIACHMIE R P FRLER n A ECIEREY KGR - A RE e B Fig | EEERTEK
A [E] IR KGEREIAH S 80 18 100 fi | o SRS RAZEE n Al TP EEERTER (A%
[Fl—Hek) HERHEITE?

(1) 101 (2) 105 (3) 115 (4) 120 (5) 225 -
(11 FEH A UGS 1)

Teacher: The given information shows more than 100 combinations of two ice creams with
different flavors. We can get C5 =>100.

n__ n! _ n(m=D)-mn=-2)! _ n(n-1)

G = =221 (n=2)! 2! 2

So we get n'(nz_l) > 100.

Solve this inequality and find the least number » now. You have three minutes.
(After three minutes)
Ok. Time is up. What is the least number of n?

Student: 15.

Teacher: Good.

n (n 1)

From the inequality —— > 100, we can simplify it to n*> —n — 200 > 0.

1+v801

Then, we get n > , where 28 <+/801 <29

So the least number of n is 15.
Now, can you find the number of combinations of choosing two flavors? Two scoops
of the same flavor?

15 14

Student: The ways of two different flavors = CéS === = 105.

And the way of the same flavor is 15.
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Teacher: Excellent. The ways of two flavors = CcY = 12& = 105.

And their sum is 120. So the answer is (4) 120.

Ehl T BN [E Ok O AH & 80 S 100 £ - m]LASIHE €3 =100-

n n! n-(n—1)-(n=2)! n: (n 1)

G = = = » FTLAERE

(n=2)!2! (n—2)! 2!
IR = i 2 S A FE > HRE] n E/ME -
(=4r881%) 47 > WEEE] - n NE/ IMERZ D ?
Bag 15

n(n 1)> 100 o

4 BT HERER 5 2 100 » RPISTLAER 2 —n—20020-

IBE] n 2 T Hiog < VBOT <29+ FTBL n BYSRME 15 -

D IR REFREBERTERCA [F] IR KCHIMAYAH & 8E 2 QIR AIEK CIBRAH[EINE 2

B 15-14

(EEERIERATE Ik © €3 = —— = 105 f# 3 WIERCINRAEREA 15 6 -
HEf R | FTDUIE SRR 120 F8 » 5 2ER(4) 120 -
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Probability

BT TR R E E E g T A BRI

n 1= Introduction

AETTHERR MIZERNINE - B0 M AEEEEAE R WEREEE -
RE ~ EEHIEESAGTREAZ RN TR AR AR 48 T HUR A E 8 e

MHEAMEE  FEER T EZENERRIEN - ZEIE T EATER - nDURE EEZ
R tHRBHFEBIARR - S EmAREE A - FCB T HIBE BRI - N RS HIEReR
TERIFTRERY B % > A el o (I LIRS H 5 EEAMH N S B E -

B :@% Vocabulary

’-I-HEE TT%ﬁtﬁﬁEﬁgﬁﬁﬁ

¥ thiE B¥F ek
probability i 2 expected value FAZ{E
outcomes RS mutually exclusive EElaND
event = replacement B
sample space BAZER rapid test kit NG el
trial S infectious BART I
random i 2E0)] factoring T
intersection R quadratic R
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HEBGRBERTGF Sentence Frames and Useful Sentences

For instance,

The situation is getting better now. For instance, the number of infected people last

week was lower than the previous week.

BAETE U IEAE S - i - By \Smitbai—#ED -

be equally likely.

The outcomes in a sample space S are equally likely if each outcome has the same

probability of occurring.

BAZE M T ERE S E IR EGE R ARG HE -

In some cases,

In some cases, it is better to use the Venn diagram to find the answers.

LR T A E AR BRI E 2 -

have nothing in common.

The events A and B have nothing in common.

FF AFIEME BIRASEE -

at a time

What is the probability of the event if we choose two red balls at a time?

PeAT—THU W (B LT ER AR Ry ] 2
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® Itis your turn

47 - Now, it is your turn to do the following question.

AT > EmEIURAH N —& T o

m [5REE#E Explanation of Problems

o3 iR =

A probability experiment is a trial that has changing results. The possible results of a probability
experiment are outcomes. A collection of one or more outcomes is an event. The set of all
possible outcomes is called a sample space. The probability of an event is a measure of the
chance that the event will occur. The probability of an event is a number between 0 and 1. When

all outcomes are equally likely, the probability of event A(written as P(A)) can be found using

the following:
P(A) = % Where n(A) is the number of outcomes in event A, and n(S) is the number

of outcomes in the sample space.

For instance, when you roll a six-sided die, there are 6 possible outcomes: 1, 2, 3, 4, 5, or 6. The

sample space S = {1, 2, 3,4, 5, 6}. Then A represents the event that the number you rolled is

. A 3001
even. In other words, A = {2, 4, 6} (A is the set of 2, 4, and 6), and P(A) = % =5=3
The sum of the probabilities of all outcomes in a sample space is 1. So, when you know the
probability of event A, you can find the probability of the complement of event A. The
complement of event A consists of all outcomes that are not in A and is denoted by A’. The

notation A’ is read as “A prime.”
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If A and B are two events in the sample space S.
(1) A n B (read as the intersection of events A and B) is the event

that includes all outcomes that are both in A and B.

(2) A U B (read as the union of the events of A and B) is the event

that includes all outcomes that are in A or B.
(3) A’(read as A prime) is the complement of events that includes
outcomes not in event A.

A =S—AandANnA’= ¢ (empty set)

Mutually exclusive. Two events are defined to be mutually

exclusive if their intersection does not contain a sample point; that ‘
is, they have no outcomes in common. "'
For instance, A and A’ are mutually exclusive. '

The properties of probability:
1.P(¢p)=0,P(S) =1
2.0< PA4) <1
3.P(A) =1 — P(A); PANA")=0
4.P(AUB)=P(A) + P(B) — P(ANB)
5.P(AUBUC)
=P(A) + P(B) + P(C) —=P(ANB) —P(BN C) — P(CNA)+ PANB N C).

Expected Value

Let S be the sample space of a trial. A, A,, As, ..., A,are mutually exclusive events, and
S=A,UA,U A;U ..U A,.Foranyi=1,2,3, ..., n, the probability of event A; (denoted as
P(A))) is p;, and the value which corresponds to event A; is m; (m; € R), then the expected
value:

E(X) = myp; tmy py +..4m, py
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(FL3Z ) When two six-sided dice are rolled, there are 36 possible outcomes, as shown. Find the
probability of the following events.
(a) The sum is 8. (b) The sum is not a multiple of 5

(FF30) [FIRHE R A IER T - AIBEAZE M HA 36 (E7T R - 0K ¢
(1) BRERIE 8 Ay (2)BEERIAE 5 AU BT -

Teacher: 11 1y @) |@1|@4D |6 |62

1,2) 1(2,2) 13,2 |(4,2)|(5,2) |(6,2)

(1,3) 1(2,3)1(3,3)[(4,3)](5,3) |63

(1,4) 1(2,4) 13,4 (4,4 ]|65,4 |64

(1,5) [{(2,5 (3,5 |(45)|(5,5 [(65)

(1,6) [(2,6)|(3,6)|(4,6)|(56) [(6,6)

It is clear that the event (the sum is 8)= {(2,6), (3,5), (4,4), (5,3), (6,2)}.
So, what is the probability of part (a)?

Student: The probability = %

Teacher: You are right. In part (b), the sum is from 2 to 12, and only 5 and 10 are the multiples
of 5. So, it is easier to use P(A’) =1 — P(A).
Find P (The sum is 5 or 10).

Student: P(A)= é

Teacher: Very good. So P(A’)=1 — P(A) = 1_3_76 = g

A BRMRUE 8 OB B12(2,6) - B5) - (44 (5,3) ~ (6,2) EFMEHN -
F()NERIHER RS DI ?
B HERE

EhN . JREAF
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PEESRQYINE > RIBRCTAIRIT TS 2 2 12 ZfH > H A 5 f1 10 32 5 HyfE
8- Bt - Fl P(A) =1 — P(AEEREHR > JoRHR1A 5 50 10 AUREE -

B PUF o

VT %8 BTl PA) =1 — P(A)=1__—§ .

36

HIRE—
SR ¢ EAHE AT ARG RIT R -

(JL3 ) A bag contains 3 green, 3 blue, and 4 red balls. You randomly draw a ball out of the
bag twice. The chance of any ball being drawn out is equally likely.
Find the probability of
(a) two red balls by drawing a ball with a replacement.
(b) two red balls by drawing a ball without replacement.
(c) two red balls if you select two balls at one time?
(FP30) LT 3 AEREK ~ 3 BHERER ~ 4 JRALEK - 5 —JHU— BRI AU K HAERHEEL
A E S - 50K
(a) HURHR[E] - HEHRIEK B R EKAIIER ?
(b) Hifg Al - HEHRIBK & R 4L ERAYIE 2
(c) [FIRFEURTER » WK S &L ERATEAR ?

Teacher: Look at the given information. We know there are 10 balls in all. What is the
probability of drawing a red ball for the first time?

LA _2
Student: it

Teacher: Correct. In part (a), the 2nd ball is in the same condition as the first one because the

first ball is replaced. So, the probability of 2 red balls with replacement is =

U'IIN
U'IIN

In part (b), only 3 green, 3 blue, and 3 red balls are in the bag after the first ball is
removed. So, the probability of selecting a red ball in the 2nd drawing is % Find the
probability of two red balls by drawing a ball without replacement.

Student: The probability is equal to:

U'IIN
wIH
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Teacher: Very good. Then what is the probability of drawing two red balls if you select two
balls at a time? From the previous chapter, we know that: n(S) = C3°=45 and n(A) =
C5 = 6. So apply the combination formula and find the probability now.

6 2

Student: P (4) = W ==

Teacher: You are correct. Compare the answers of parts (b) and (c). You can find they are
equal because drawing two red balls is similar to drawing one by one without

replacement.

il - %*E'E HRGL > FMTRIEL T ERIA 10 FHEK -
—REEALERHIRE /D 2

4 2
,&3»/:13: —_ = -0
3 10 5

Sl 0 R o ()N > ATBREVE A o UL A B ER B SRR AR ] - A
It HUEBKIIATIL 2 (EAERIRE 2 2=~

25

Ehl - (byNE > BRI - SRR 3 FaekRER ~ 3 BEEEERAT 3 FALTER -
PRI » 55 2 ENEIATERATHER R < -
BTESA T B BREUR R HE] » R B R AL BRI -

g s pmE 212
%ﬁi TAE—I—IES 3 15

AT SRR I AORREIRERE - AR BRI R S ) 2
AT —SRMIFTERAY - () = C10=45 > n(4) = Cf =6 - BUERM A LTITE
fek -

w

S c
B P(A)=C—120=4—=
2

Ehl . BFHT - R T OREIES  IRATASEEE T 1A > IR [EIRGHLH
FRALBRFIHU R A B = % A AU —FRETERAR B -

¢
Juy
mlN
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(L3 ) Abag contains 5 green and n red balls. You randomly choose two balls out of the bag,
and the chance of any ball being selected is equally likely. If the probability of selecting

two green balls is %, what is the value of n?
(30 EXERTHA 5 B E n FALER - SRR A EIaE > —EAURER
HRERE J%Z?ﬁié’ﬂ‘&??% = Hln=2

w and of

Teacher: The total possible outcomes of drawing two balls is C3*" =
drawing two green balls = C3 = 10. If the probability of selecting two green balls is

— then

2 . .
c5+” = - Use the combinations formula to solve for n.

Student: n = 6.

cs 54

. 2 .
Teacher: You are right. From the equation c5+" = - We can expand it and get s =
2

i. Then, we get n? + 9n — 90 = 0. By factoring this quadratic equation, we get n

=6.

IR 5 = % TS IR ASE B3 CF =10 f-

2

AR THERERI SRR o R C5+n =3¢
ARSI E A K 0 -

BAg . n=6-

54

ol ET o BT LUER Cm— > 155 T
SRS (ERE 2 4 9n — 90 = 0 5 ARSI TR BRI n=6-

89 , o o
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(JL3 ) According to a survey, 60% of people carry at least 1 reusable water bottle. If 3 people
are selected randomly, what is the probability that at most 1 of them will be carrying a

reusable water bottle?

(=0) HRIE—THERE - 60%HY N2/l 1 (1 n] AR FIHY/KES » SORAIR LB 3
B > 2 A 1 EASET o] EEEHAKFEATHR -
(4w = Big ideas math-Algebra II 10.5 Practice B)

Teacher: The event “at most one of the three people carries a reusable water bottle” is equal to
“none of them or exactly one of them carrying a reusable water bottle”.
So, P(n =0)= C3 - (40%)3 =0.064
It is your turn to find out P (n = 1).

Student: P (n=0)= C3 - (60%) - (40%)? =0.288.

Teacher: Excellent. So the answer is: 0.064 + 0.288 = 0.352 or 35.2%

EHI: TEE3 A &FEA VEAFKE ) FEER TIEEASAEEA 1 EAFK
7 o L P(n=0) = C3 - (40%)3 = 0.064 - H{RFTE P (n=1)

B4z 1 P(n=0)=C3 - (60%) - (40%)? =0.288 -

T RG> FRDIEZERE  0.064 +0.288 = 0.352 B 35.2% ©

90 , e o b v = e .
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(L3 ) A and B are two events in the sample space S, and P(A) = %, P(B) = %,

and P(ANB) = i. Which of the following statement(s) is(are) true? (maybe more than
one answer)

(HP0) 1A ~ B ByBEAZERE S i S e ) =2 PB)=1

NS e

P(A N B) =+ » BITHIBEIEML ERE 2 (i8R
(WPAUB)=2  QPB)=;  G)PA-B) ==

@ PANBY=2 (5 P(A NB)=1

(e 5 B SE FERASS 3 E A )

Teacher: We know that P(A U B) =P(A) + P(B) — P(A n B)

1 1 11
+-—-==
2 4 12

w N

And P(B’) = 1—P(B). Find P(B’) now.

Student: P(B’)=

N |-

Teacher: Good. The next step is to find P(A — B). It is clearer if we use a Venn diagram. By
using the Venn diagram, we can find P(A — B) =P(A) — P(A n B).
Is part (3) correct?

Student: Yes, it is correct. P (A —B) = %

Teacher: Excellent.

In part (4), we know (A U B)’=A’n B’,and P(A’n B’)=1—-P(A U B) = 1—12

By using the Venn diagram, can you figure out what P (A’ n B) is?

Student: Yes, P (4’ N B)=

&R

Teacher: You are right. We can find that P(A’ n B) =P(B) — P(A n B) =P(B—A) = %.

So the answers are (2), (3), and (5).
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ZHR 0 P13 P(4 U B)=P(4)+ P(B) — P(4 N B)= §+%__ _1,
H P(B)=1-P(B) » s5HEH P(B) -
B PB)=

ERL ARE - T 2K P(A-B) - SEHSCR E S TEE AR - B ALK
P(A—=B) =P(4) — P(4 N B) > BEIH3)ENG ?

NIH

B ¥ PA-B) ==
B KEET - BEEEBIEG) - FTMEUA U BY=A'nB" >
H PAN B)=1-PA U B)= = TLUHKEBERE P4 N B) B2/ 2

B L, P N B)=

-PIH

EEl : T 0 P(A N B)=P(B)— P(4 N B)= P(B—A)— 7 ° FTELEZZEQ) ~ BFIEG) -

w ERERE/ BAEEE o
plE—

(LX) Abox contains 3 black balls and 2 white balls. You randomly choose one ball out of
the box, and the chance of a ball being selected is equally likely. What is the game’s

expected value if the prize of selecting a black ball is $50 and the prize of selecting a

white ball is $100?

(P30 AT A 3 JBEEL 2 gEK - 1650 (e T ERH —3K - BeeE—
FERGHUH AR AR - S BB G8EE 50 JT - MHUH BB fe 8% 5
100 5T » AT F 10— (& B L A e A S A 7
(H707c  @757C  (3)80JL  HEIL (50T
(100 FEEHE 1 78)

Teacher: The chance of randomly selecting a black ball is %and the chance of selecting a

white ball is % Find the answer by using the formula of the expected value now.

Student: 70 dollars.

92 S 3
BB EERE TR EEERY B



| KT IMFRERT 2K T fo EMALEHBAEAD

Teacher: Good. The expected value E(x) = my, p, +m,, p,= 50 % +100 % =70.

So, the answer is (1), 70 dollars.
EAT . BMELEERERR D U AR - AR A AR E -
B4 70
EEf - REF o WEE EKx) = mp pp tmy, pw= 50 - © +100 = =70 FFEZEIA)T0

7‘[;0

BlE_—

(FL3Z ) An online game introduces a card mechanism of 10 consecutive draws. It takes 1500
tokens for each “10 consecutive draws.” The probability of winning a gold card is 2%
in the first nine draws and 10% in the tenth draw. One student has 23,000 tokens, and
keeps playing the game until he doesn’t have enough tokens to continue. What is the

expected value of the number of gold cards drawn by the student?

(H30) AR EREEHED T, B9R-RAEH - T BRERRRSKE X
AU RENE - R Tl FRH 1500 HefUls > flih & RAVEESRIERT LR E
Fo 2% > TSRy 10% » SHAAANE 23000 # - HABTEER T2 > Hif
FIA R R 1L - R E SRRV E A 5%
(111 AEE200 A sG55 13 )

Teacher: What is the expected value for one round of 10 consecutive draws if the chance of
winning a gold card is 2% on the first nine draws and 10% on the tenth draw?

Student: Itis 0.28.

Teacher: Yes, you are correct. It is 9-2% + 10% = 0.28. Then, how many rounds can a
student play with 23,000 tokens?
What is the quotient if 23,000 is divided by 15007

Student: The quotient is 15.

Teacher: Very good! We know that this student could play 15 rounds of 10 consecutive draws.
The expected value of the 15 rounds is equal to 0.28 times 15, and the product is 4.2.

So, the answer is 4.2 gold cards.
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EEN  —ICHE > FERTL R TR SRR 2% 0 IR 10% 0 SR—I
HIHEERE S /D ?

B 2 028-

L GRS BT - BB 9 - 2% + 10% =0.28 « N » HAEA 23,000 Fr R -
ftt =T DA A% 2
23,000 [#LL 1500 2270 2

B4 15

EHN 0 JEELF | BeMAEf R PABT 15 K- -
15 RHHHE EZ20.28 X 15 = 4.20 - NIEEE - HhiFE& FEEIVHIZES 4.2
BE o

plE=

(JL3 ) Abag contains 10 balls in blue, green, and yellow. You randomly choose two balls out

of the bag, and the chance of a ball being selected is equally likely. The probability of
selecting two blue balls is — , and the probability of selecting two green balls is =
What is the probability of selecting two balls of different colors?
(F30) LFHEE - 4k > s =TEBACAYERIL 10 FH - ST EEHHHUW FEEK (EREBR 1
HAIEERAHEE) - SRR HT R REER B F’;E’:’éﬂﬁ&?ﬂ%— ’ "7%%"@%%%—‘%7%2 ’
RIFELR it W EK » FERER R fH BRER AR Kofn] ? (b i 0 80 -
(111 ELHIEEE B sG55 16 &)

Teacher: According to the given information, we know that the probability of choosing two

blue balls is % , and % for green balls. Assume there are n blue balls, then the

probability of choosing two blue balls: % = %
2
n(n 1)
We can expand it and get: ==
45 15

Then we get: n2 —n — 6 = 0,and n = 3. There are 3 blue balls.

Now, it is your turn to find the number of green balls in the same way.

94 , e
BYEENBEFRETRIPN (EFR%Y S



i\4

SRR T R R P o EHMIAMBHBHEADL

PasIrN

(& =) st
2 5 3
h o

You have three minutes.
(After three minutes.) How many green balls are there?

Student: 5 green balls.

Teacher: Great. So the number of yellow balls is 2. By using the property of complement in
probability, P(two balls of different colors) = 1 — P(two balls of the same color)
= 1 — [P(two blue) + P(two green) + P(two yellow)]

_C _ 1
where P(two yellow) = a0 =
Find the probability of two balls of different colors now.
Student: The probability is %.

Teacher: Yes, you are correct.

Zhf - BSCEHEA Al AR %@ém&?%—” %%ém&?%-@%%

A n FEEEK > FERRER B R AR =Gw

n-(n—1)

JEE A2 Z—Wﬁ%n-ﬂl6—07rﬂ LS 3 FHEEEK
BAFHAIRMT I ERRAY T AR ERERAVEE » $ERFK =773 -
(=781 ) HZ/VERIKIE ?

B 5 S HEERER

RN KIF T TR AR g 2 #HEEK
P IR EAVIEE > POWEAEREICAVER) =1— P(RBHFEBACHYER)=
1- HW%%%H*W@%%@+HW%%%N

Hp PO = o = o

—-
SRAETR B Ry FH B O ARR -

g pezee 3L
g fRE o

Ehl: EET
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(L3 ) We randomly select three different numbers from the integers 1 through 9, and the
chance of each number being selected is equally likely. What is the probability that the
product of three numbers is a perfect square?

(FF30) 7#1,2,3,4,5,6,7, 8,9 i@ SUEE T EERUH = EAHZAVE - FEREHAISR
G - AI=8eREE 2 VT EnER R 2 (bRl 80

(110 FELHIE T C)

Teacher: According to the given information, we can list out all the outcomes of this event:
(1,2,8),(1,4,9),(2,3,6), (2,4,8),(2,8,9), (3, 6, 8).
So, the total number of the outcomes as a perfect square is 6.
Now, it’s your turn to find the total number of outcomes in the sample space.
What is it?

Student: C3 = 84.

Teacher: Good. So, the probability of the event is equal to 8% = i.

Zhh . BeEE o ALY SREE S 2 T BT AR
(1,2,8) > (1,4,9) 2 (2,3,6) > (2,4,8) * (2,8,9) > (3,6, 8) » 443 6 (i -
TR YN E =L 2N EOEGY (o 2

B4t €] =84

1
— o
14

LA (R FTMERE =

96 , e o b v = e .
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(L) It is known that 30% of the population in an area is infected with an infectious disease.
The rapid test kits for the infectious disease have positive and negative results. The
probability of a rapid test kit is known to have an 80% chance of identifying an infected
person as positive and a 60% chance of identifying an uninfected person as negative.
To reduce the error evaluation that the infected person was misjudged as negative,
experts suggest three consecutive tests. Among those who test negative in a single test,
the probability of being infected is P. However, among those who test negative in three

consecutive tests, the probability of being infected is P’. Which of the following values

is the closest to the value of g?

(th=0) ERFEHER 30% AYNCIEESRILEEYR - st AR e RS - 56
Mtz fiah R - CAIZSER AR & F RIS TERER Ry 80% » RERIREHI Ry
PEPERIRERATR 60% o Ryl Eazal Bk Asm Ean RlatEruiE i - i
Gkt =K - HERER A RietEE T ZY9REERR P iMEE R =S

FIRIEEE T FIREIIRER P SR Pﬂ BT — 2387 2

(1) 7 2) 8 (3)9 4) 10 (5) 11
(111 FERHIEEE A SAE5E 5 )

Teacher: We can use a tree diagram to show o
] ] test positive 80%
the result of rapid test kits for infected 30% <

infected people and uninfected people: test negative 20%

test positive 40%
uninfected 70% <
We can find that: test negative 60%

test negative and is infected

test negative and is infected + test negative and is uninfected

30%:20% _1

30%-20%+70%-60% 8

And

, 3 consecutive tests negative and is infected

test negative and is infected + test negative and is uninfected
Try to find the value of P’ now.

30%:(20%)3 1
P = =—.
Student 30%:(20%)3+70%-(60%)3 64
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Teacher: Good. So, we get: 5 = 8. The answer is (B).
im0 0] AERHRE PR T R B MIETYR & B 80%
YR ERASE SR - BIEE30% <
R 20%
BB 40%
RRHE 70% <
e 60%
35 -
ok p = PR 30%-20% _1
PR B+ PRV R TR 30%20%+70%60% 8
HE o P = — 33)’(%‘7%13’3}\%*{”%
AR+ [
AR ERL P o
e Za s . 30%:(20%)3 _ 1
30%-(20%)3+70%(60%)3 64
%E : ALz, /4 KL ez
T Jpasr - prblE s D= 8« HER®) -

98 S .
B EEAEREFRET RSN EFRRTF



N ®TIFF R T R EERT P o EMAYSEHBHESL
02);

Bt =ALb - ERAEHRET
Trigonometric Ratios, Generalized Angles and Polar Coordinates

I TR R E B m S TP EET HIR R

B Fi= Introduction

AET=AtEE e/ asit A = ARy IR « 8752~ IRV R = AEERVEANE | g A
AR SHERE BT A R MR iR %/ 4a i AL AT B B A A SRR o PRI Ry AN BT o S e
IFE % B EEE M EN B R I e & 4 Bl ies - v] DR A b = A 2 B3
FERHELIRE TN - Ak ARBTTEEFTZEAE KR G B # i pE
R EFlRE S A fE ] > SRER AR REPVRER BN B MR e f& DAE A il e BB A I 2
APEARB TS BN EAER -

B 3% Vocabulary

XERER AR ETTERH R

¥ thiE BF Pz
ratio tb vertex THEE
trigonometric y==|E] counterclockwise ST
sine (sin) N4 clockwise MRS 1
cosine (cos) BR5Z generalized angle EHR A
tangent (tan) EY) standard position angle LB
abbreviation HE%Ey quadrant FHR
opposite side HiE coincide HE
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adjacent side iy rotation L =
hypotenuse whE coterminal angle [E] LA

angle of elevation A complementary angle BRA

angle of depression {l59zE rectangular coordinate system | B FAAE £ 45
directed angle HHA polar axis Feiiy

initial side IhiE polar coordinates R A A
terminal side S reference angle S
inclination feER} offset distance [mrEgist i
ratio Ek vertex JEEE

B HEBQHRHBERGF Sentence Frames and Useful Sentences

(1) with reference to

filf] . Please find the ratios of sine, cosine and tangent with reference to triangle ABC.

A5 =AY ABC AORMIEZ ~ 8r9Z K IEVIHY(E -

(2 is adjacent to

f5ilf] : BC is adjacent to 2C.
BC 2 £CHYHE -

(3) coincide with

#14] : The terminal side of 24 coincides with line £.
A WNEIBFIELR kES -

100 , e b s e e e
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O convert to

##5] - How do you convert 35 degrees Celsius to Fahrenheit?
ARG 35 FEBARYIELR, ?
® differ by

4] © The length of the two tunnels differs by 2 kilometers.
WL R B R AR 72 2 N -

® move on to

5] : Now, let us move on to the next item on the question.

PR BRI (R -

(7] so that

4 - The like terms can be combined so that they can be solved efficiently.

AT URFR (EYIE B 4H &Rk > DUE A RO -

® apply to

4] : The generalized rule applies to all different angles.
EEFENHAERR AR ENAE -
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m [E&EE#E Explanation of Problems

©8 RAEA

The ratio of the sides of a right triangle is called the trigonometric ratio. We will define them
with reference to the right triangle ABC, as shown below.

In the right triangle ABC with 2C = 90°, 44 is acute, and the three sides opposite the angles
LA, £B,and 4C are a, b, and c.

Then the three common trigonometric ratios are: B

. 0 opposite side a
sind = 222 ( —) = - hypotenuse
hyp hypotenuse c
opposite
adj adjacent side b
cosA = _] ( ]— ) - 2
hyp hypotenuse c ]
i C
opp opposite side a A adjacent
tand =—— ( — — )= -
adj adjacent side b

The abbreviations opp, adj, and hyp refer to the lengths of the side opposite 24, the side adjacent
to 244, and the hypotenuse, respectively.
In a right triangle, the hypotenuse is the longest side, greater than the other two sides.

Thus, we can find: 0 <sin4 <1,0<cos4<1,andtan4 >0

The table gives the trigonometric ratios for the special angles 30°, 45°, and 60°.

Angles | sin cos tan

30° 1 I | 43
2 2 3

457 V22 I
2 2

60° V3 1 V3
2 2

‘Trigonometric Identities‘

If 6 is an acute angle, we can find the following trigonometric identities to be true by using the

definitions of the trigonometric ratios.

sin@

1. tan 0 =

cos @
2. sin%0 + cos?0 =1

3. sin(90° — 0) = cosO ; cos(90° — @) = sind

~
/A
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We can sketch a right triangle with an acute angle 6 as shown.

.. . dj
By definition, sinf = PP — % andcosf = 24 = 2
hyp z hyp z
sin 6 = X z x <
= 4+ =-:—===tan 0 X
cos@ > z y y
.. in 6 0
So, it is true that tan 0 =02
cosf y

Similarly, we can show sin?8 + cos?6 =1 as follows:

2

X y x2 +y? VA

2
—‘,—_2:—:_:1.

02 + 2 — f 2 + X 2 2
sin“f + cos“6 (Z) (Z) = . = =

( using the Pythagorean Theorem,x? + y? = z?)

The other acute angle in the right triangle is (90° — 6).

sin(90° — 0) = % = cosf and cos(90°—60) = g = siné.

The angle of elevation and angle of depression

The angle of elevation and the angle of depression are

o angle of depression
often used in trigonometry word problems. For example, — _ __ _"—_ __

if a person stands and looks up at an object, the angle of -7 - EEH
elevation is the angle between the horizontal line of sight 7 -7 HEE
and the object. Similarly, if a person stands and looks - ,\’:: @
down at an object, the angle of depression is the angle N

angle of elevation
between the horizontal line of sight and the object. g

An angle is considered standard if its vertex is located at the origin and the initial side lies on the
positive axis.

+570° If the rotation is counterclockwise, the angle has a

/4

positive measure. In contrast, if the rotation is

N
N

-150°
clockwise, the angle is negative. Besides, the

terminal side of an angle can rotate more than 360°.

In the coordinate plane, the x-axis and y-axis divide the plane into four quadrants. When
referring to the coordinate plane, the measure of an angle 6 in the 1% quadrant is from 0° to
90°(0° < 6 <90°).

103 > s 4 N , = A & .
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The measure of an angle 6 in the 2" quadrant is from 90° 90°
A
to 180° (90° < # < 180°), and so on. Angles in the
.. . ) . . . Quadrant Quadrant
standard position with terminal sides lying on the x-axis or 1 I
y-axis are called quadrantal angles. The measures of 180" < > (°
quadrantal angles are all multiples of 90° (6 = n-90° n Quadrant | Quadrant
111 | AY

is an integer).

A 4
270°

The reference angle 6’ of an angle 6 is a positive acute angle formed by the terminal side of

6 and the x-axis, as shown on the right. If an angle lies in

Quadrant | or Quadrant 1V, its reference angle is equal to 0, = 420°
the positive acute angles between its terminal side and the o 0, = 60°
.. . 2
ositive x-axis.
" N
8, 6, = —210°
For an angle that lies in Quadrant Il or Ill, its reference 07 = 30°

angle is equal to the positive acute angles between its

terminal side and the negative x-axis.

For example, the reference angles of 6,(—210°)and 6,(420°) are 30°
and 60°, respectively.

Trigonometric Ratios of Generalized Angles

We can generalize the right-triangle definitions of trigonometric P, y)

ratios so that they can apply to any angle in a standard position. r

- - -

Let P(x, y) be a point on the terminal side of the angle 6 and r

is the hypotenuse of the triangle formed by the terminal side 0P

and the x-axis as shown, then we can find r = /x2 + y2.
The definitions of the trigonometric ratios are as follows:

sin = 2 ,cos = X  andtan 6= 2
T T X

The following table shows the values of the trigonometric ratios in different quadrants.
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Quadrant ] Il \V}
sin 6 + - -
cos 6 - - +
tan 6 — + -

fo EMALEHBAEAD

If angle 6 is a quadrantal angle, then the x-coordinate or y-coordinate is 0 because the terminal

side of angle 6 lies on the x-axis or y-axis. When 8 =90°,x=0andy =r. Then,

sin90°= 1 ,cos 90°= 0 , and tan 90° = undefined.

The following table shows the values of the trigonometric ratios if 8 is a quadrantal angle.

Quadrantal angle | 0° 90° 180° 270°

sin 6 0 1 0 -1

cos 0 1 0 -1 0

tan 6 0 undefined |0 undefined

Trigonometric Ratios Formula
There are more formulas besides sin(90° — 6) = cosf &cos(90° — ) = sinf, which are

listed in the Trigonometric Identities.

The formulas are listed as follows:

1. sin(180° — 8) = sinf; cos(180° — ) = —cosO

2. sin(180° + @) = —sinf; cos(180° + ) = —cosH

3. sin(—6) = —sinf; cos(—60) = cosH

4. tan(180° — ) = —tanf; tan(180° + H) = tanb;
tan(—60) = —tanf ( 6 # +90° or their coterminal angles.)

Polar Coordinate System

The polar coordinate system is a two-dimensional coordinate system in which points are given
by an angle and a distance from a central point known as the pole. The pole coincides with the
origin, and the polar axis coincides with the x-axis in the Rectangular Coordinate System.

So, a relationship can be established between the polar coordinates and the rectangular

coordinates for a point.
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Converting between Polar and Rectangular Coordinates B9
The polar coordinates P(r, 8) can be converted to the rectangular \er P, 0)
[}
coordinates (x, y) by: 0 . ¥
0 X

X =1 cos 0

y =r sin 6

From the above formulas, r and 6 can be defined in terms of x and y as follows:

r= Ty

sin 9= 2
T

X

,COs 6= =

r

w EEEENREE o

plE—

st = A h R E ZORAE -

(JL3 ) Let A be an acute angle such that cos 4 = g. Find the values of sin 4 and tan A.

() B4 FiffgH cos 4 = 2> K sind Al tan 4 A -

Teacher:

Student:

Teacher:

Student:

Teacher:

Sketch a right triangle showing an acute angle A. B

Label the adjacent side 5 and the hypotenuse 8. §

Now, find the opposite side. a
A 5 C

The opposite side is v39. (V39 is read as the square root of thirty-nine.)
You are correct. From the Pythagorean Theorem, we get a? + 5% = 82,
(a? isread as a squared.)

So, a = V64 — 25 = /39. Find the values of sin 4 and tan 4.

sin4 = ? and tan 4 = ?.

Both of the answers are correct.
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Zhi - E LA BRANEA=AR - B EANER S #UER 8 - BUE » RIS -
B4 HWBEV3 -
Ehl REHET - MBERRER > BIEE o® +52 =87

Fill>a = V64 —25 = 39« 5k sind I tanA {[H -

V39
5

o

. 39
B sind= g »tan 4 =

Rl HEH T

BlE_
e A =ARER

(#37) In AXYZ, XW L YZ (XWis perpendicular to YZ) ,sin ¥ =2 ,tan Z == and

XY = 20. Find the perimeter of AXYZ.

(ths7) FFAXYZ th » T4 XW L YZ » sinY=§ ,tanz=§ » B XY = 20 -

KAXYZ EE -

Teacher: In AXYW,sin Y =§ and XY = 20.

X
Because sin Y =Zip=%.
So, 2 =¥ XW=12.
5 20
Y W Z

It’s your turn to find the length of YW .
Student: YW = 16.
Teacher: Correct. You can find YW by applying the Pythagorean Theorem.

. o
Next, in AXWZ,tanerzzz— .

What is the length of WZ ?
Student: WZ = 5.
Teacher: Excellent. Now, find the length of XZ and the perimeter of AXYZ.

Student: XZ = 13 and the perimeter of AXYZ = 54.

Teacher: Excellent.
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EHN EAXYWEP’sinng’Eﬁz 20 -

EAsiny =0 =2 g 2= W = 12 BERIRPIR YW AR

Y] XY
B4 YW =16.
ERl 0 IEHE o A DUER R SERE YW IIERE -

|
||

.
BERA  AEAXWZ o tan 2= 2 =X _ L2 gz myemra s o

&
i

B WZ=25-
Ehf KT - AR XZ BIREM AXYZHIBEE -

B XZ =13 AXYZIEE R 54 ¢
EE . JEERE

Bl =
s M = ARV AR R -
(#37) If o is an acute angle and sin o + cos o = 7 , evaluate:
(1)sina X cosa. (2) sin®a + cos3a.
(th32) Eflaks#ifE H sin a+cos @ = 5+ R TFFISATIH -

(1) sina X cosa  (2) sin®a + cos3a
. .. . . 4
Teacher: We can square each side of the original equation sina + cosa = 3 and get:
. 16
(sin a + cos a)? = Y

Expand the left side and get: sina +2 sina - cosa + cos?a = %6 :
Now, find the value of sina - cosa by applying the identity sina + cos?a = 1.

Student: The value of sina * cosa is % )

Teacher: Yes, you are correct. Next, evaluate Part (2) sin®a + cos3a.
Student: We can factor (sin®a + cos3a) as:

(sina + cosa)(sin?a — sina - cosa + cos?a).

Try to find the answer by using the result in Part (1) sina - cosa = 1—78 .
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. 22
Teacher: The value is Py

Student: Excellent. The value of (sin®a + cos3a)

= (sina + cosa)( sin®a — sina - cosa + cos?a)

7 22
18 27

IEES

i 0 BTN a+cos a = 2 MIBTIT 0 %] (sina+ cosa)? =

B ER 0 55 - sin?a +2 sin @ cos a + cos’a = % o
AE > FIFEZES sinfa + cos?a =1 #H! sina - cosa HI{H -
sina - cosa HIY{H Fy 1—78 o

EHR 2R BET - BT BEEQYNE sin*a + cosia
TR BT LA (sinda + cosPa) (R E A

(sina + cosa)(sina —sina - cosa + cos?a)

p
HE

B (A1) VBB AT sina - cosa = 75 ¢

-BC#}
N

B4 BEE

Efl R o (sina + cosa) MYH

= (sina + cosa)(sin®a — sina * cosa + cos?a)

4 7 _ 22
= - X —_— — o
3 18 27
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(Z£3Z ) Min wants to measure the height of Taipei 101. He stands at point X viewing Taipei
101, and the angle of the elevation is 45°. Then, he walks 215 m toward Taipei 101,
and the angle of the elevation is 60°at point Y. If his eye level is 1.5 m above the ground,
what is the height of Taipei 101?

(F130) /NHZERIE AL 101 KRS
J& o fihdefeit b X BERIGHETH
(I Fs 45 & - ZR1% 5] 101 K
JiEE 215 A RIBIE Y ROHIE
TR £ 60 [ - 25/ NHHJHR
B 1.5 AR #KEdE

101 KARH = Ryf] 2
Teacher: According to the given information, we can draw a graph as shown. H
Then we get: tan 4 = Z;g = 1 (tan 45°) and tan B = ;1;2 =3
~1.732(tan 60°).
So, HC = AC and HC = 1.732 BC.
Now, find the length of BC. = B =
I.5m I.5m
X 215m Y L

Student: BC =293.72 m.
Teacher: You are correct.
Because AC = HC = 1.732 BC and also AC = AB + BC = 215+ BC.
So0,0.732 BC = 215 and BC = 293.72 m.
Next, find the height of Taipei 101.
Student: The height of Taipei 101 is about 510 m.
Teacher: Excellent.
The height HD = HC + CD
= 1732 BC+ 15
~ 510.

The answer 510 m is close to the real height of 509.2 m of Taipei 101.

llo > s 4 N , = A & .
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Zh  MRBREAGRA - TG REI T RER - AREMEE]

Cc

13
13

£ =1 (tan45°) > DLF tan B = 25 = /3 ~1.732 (tan 60°) -

C
Kt » HC = ACH. HC = 1.732 BC -
Ak BC WIEFRE -

E2f 1 BC =293.72 AR o

T B¥T - Ky AC =HC = 1.732 > H AC = AB + BC =215+ BC. - fifb -
0.732 BC = 215> BC = 293.72 AR «
BT BHHedl 101 (e -

2k 0 516 101 WEELE 510 AR -

Zhf - R - @S2 HD = HC + CD =1.732 BC
BFE 510 ARRFERGIL 101 WEESE

tan 4 =
B

N
(9

+ 1.5= 510
509.2 AR -

plEER
st ¢ CKEFR ARV =t

(JL3 ) Let A(5, —12) be a point on the terminal side of an angle 0 in the standard position.

Evaluate sin 6, cos 8, and tan 6.

(P30 #5 A, —12) RIRAE B A 0 4338 EAY—3E > 50K sin6 ~ cos 0 #1 tan 0 -

Teacher: The trigonometric ratios of the generalized angles are:

sin 6 = % . Cos 6 = f ,andtang = 2 (r = /x2 + y2).

X

Findrwhenx=5andy = —12.

Student: r = ,/x2 +y% =13.

Teacher: Correct. Then, can you explain the three trigonometric ratios?
i g= 12 -5 I
Student: sin 8= 5 »C08 6 o and tan 6 -

Teacher: Good job.

R Ry =mtb ks
sin 6= % » cos O= ; ' tan 6= % (H r= \/x2 + y?)

>

B x=5 y=-12 8 rg&%b-

111 , e o
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BAg r=x24+y2 =13-
EHN - IEHE o FREE - fREERRBH— N iE={E=ratLnE ?

’ L. -12 5 -12
B4 1 sinf= ol cosf= o tanf=

W EUSARET -

o

BIEE7~
S | KEFRANEEA - RIRAkS2HA -

(F£3Z) (a) Find the smallest positive angle and the greatest negative angle that are coterminal
with the angle 2023°.

(b) Find the Quadrant where the angle 2023° is located and its reference angle

(F132) (a) 35K 2023° 5 N IE R S A B R RHT & [E A -
(b) K 2023°FT{E 2 SRR R H 27 -

Teacher: There are many coterminal angles of 2023°, depending on what multiple of 360° is
added or subtracted.
Because 2023°= 5x 360° + 223°,
223° is the smallest positive coterminal angle.
What is the greatest negative coterminal angle of 2023°?

Student: —137°.

Teacher: Good. Next, we know the coterminal angle 223° is located in the 3™ Quadrant.
Find the reference angle.

Student: The reference angle is 223° —180° =43°

Teacher: Excellent.

ERD O EEZRAY 20230 0 FRIZHG L 360° S EIE S EIRT 2 [E A
ARy 2023°= 5% 360° + 223° » fffLL 223° i/ NVIEFEIFA o AlE R AR SR A
=%/ Ve ?

BT —137°-
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ERL ARG - BENAR - JPIAERSA 223° IRNE=8R - IRHHE2EH -
BA SR 223°—180°=43° -
EEf KT -

Bt
i ° AR B A AT A o

(3£ ) (a) Evaluate tan(—210°).
(b) Convert the polar coordinates (10, —210°) to (x, y) in the rectangular coordinate
system.
(30 (a) 53K tan(-210°) ZfH -
(b) FRHBRAAARE (10, -210°) BEHARE AR (x,p) -

Teacher: The angle —210° is coterminal with 150°. A

The reference angle is 30°. Find tan(—210°).

Student: tan(—210°) =—tan 30°= — \/ig = — */3_5

Teacher: Good job. The tangent ratio is negative in Quadrant II.
So, tan(—210°) = —tan 30°.
Next, convert the polar coordinates (10, —210°) to (x, y).
In Quadrant II, the sine ratio is positive, and the cosine ratio is negative.
Find out the values of the coordinates (x, y).
Student: x=r- cos® =10 cos(—210°) =10 - (—cos 30°) = —5+/3.
y=r-sinf =10- sin(—210°) =10+ sin 30°=5.

Teacher: Yes, you are correct. The rectangular coordinates are: (—5v/3, 5).

113 , s o s e e e e s X
BUEEGPREERET RN B ERGY E



|

Sy TR KT P o EMASEHBHMEHL

“1
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Fhh - AE-2100 B 150° O s[RI - 2 mEE 300
SKHY tan(—210°) 2%/ 9

B/ ¢ tan(—210°) = —tan 30° = _%z —§°

Rl ARG - B RIR > IRUEEHY © ATEL > tan(-210°) = ~tan 30° ©
PETAC R (10,-210°) BEHSEAAE (x,p)  FEB IR 2 &IE
EROZ I ER o TR (x,y) HY(E -

BAg o x=r-cos 8 =10 cos(=210°) =10+ (—cos 30°) = —5/3.
y=r-sin 8 =10+ sin(—210°) =10 - sin 30°=5.

R R BET o HAMEE  (-5V3,5)

pIEN

SREE &R m BLFY)] tan8fY R % -

(L) The terminal side of an angle 6 coincides with the line 3x + 4y = 0. Find:
(1) tan@

3sinf—2cos6
2 - -
( ) sinf+2cos6

(FF30) HEAOHEEEELR 3x+4y =0 = 50K ¢
(1) tan@

3sinf—2cosf
sin6+2cos6

2)

Teacher: Draw a sketch of the line. The slope of a line is the change in the y coordinate with

respect to the change in x coordinate.
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Eh

N v w2 EKT 7 o HEEIAEEHBHER L
A 3

changeiny

Hence, the slope of the line m = — =tan 6.
change in x

No matter whether the terminal side of (-4, 3) P

. 1 8
angle 6 lies in the Quadrant II or
Quadrant IV of line 3x + 4y = 0, the i
tangent ratio stays the same. < (0:’ 0): >
tan (180 °+ €)= tan6. 1 P

I
Find the tangent ratio now. 4 7.»%0
A 2

tan 0 = —%.

Yes, you are correct. The line 3x + 4y = 0 has the slope-intercept form y =— Zx.
So, the slope is —% which is also tan 6.

Next, when the terminal side of angle 6 is in Quadrant II, we can find sin 6= S

4
and cos 0= — =
What are the sine and cosine ratios if 6 is in Quadrant [V?
sing = —> and cosf= =

5 5

Very good. Now, find Part (b) when 6 is in Quadrants II or IV.

Compare the values in both Quadrants. Are they the same?
Yes, they are the same. The value is — % .

Excellent.

B MERBSIRER - —RESIVRERE v LERVE(LERDL x 4580

= = NN HE(LE
LR - FHIL > EQOREHE ——— = 2
x (L& Ax

fEEm A OYAGE AL R IR 3x + 4y =0 BV " RIRERZFEURR - EVIEEEE
iy o [R By tan (180 °+ 6) = tan @ - ¥I{T Ktan O 2%/ -

>

=tan 0 -

o

Slw

tanf = —

R (RERAFE - A 3x + 4p=0 HUREER y=—2x - FiLL BIER-2 - 1
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. . 3 4
: sinf = -7’ cosf= - o

N T pr gy 2 f g P o EMIAMBEHBHEHD
g e

BiaE tan 0 © B 2K 0 VBRI E R REF - FfTr] LA E]
sinf= % A c0s9=—§ o

YR 0 FEHURR - EXMER LG E% ) ?

5

DOIERAT - 5 O ER T RIRECGRIUSRIRET - BHERQ)NE - FhkL 6 AERI(E

RIRAVE > EAHEEYIE 2

LR BHiEmE -7
DOKKET -

5
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(L3 ) There are two towers of the same height. The inclinations of the two towers are a® and

Ul =

. . . 7 .
B°, respectively. If sina®= = ,sin f°= Py and the offset distance of the two towers

differs by 20 meters, find the difference in the distance from the tops of their towers to
the ground. BHEL4R
(30 BEcEEEHENMEEE - EFRERE o° 77
BIIE sina®= < ,sin fo= ~ - EAIREEHIEIR
PEEEMEZE 20 AR SR EMAE TSI 2 FEEEH

DS

25 VAR -

opt
m

(111 SFELHIEEE B 55 20 /)

Teacher: Assume that the height of the two towers is h.
Because the inclinations of the two
towers are a®and f3°, respectively,

d

0 da
h

and

ul | =

sin «

. 7 dﬁ
[ J— —
Sll’lﬁ _E__'

Then do = —h and dg= —h.

Solve / by knowing that dg — d, = 20.
Student: /= 250.

Teacher: Yes, you are correct. We get & = 250 because dg — d, = 20 = zish .

Let’s move on. Find cos @ and cos  before getting the distance of the two towers

from the top to the ground.

Student: cosa = ? = %g and cos f = %.
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Teacher: Excellent.
So, the difference in the distance from the tops of the two towers
=h-cosa— h-cos fB
= (100V6 - 240) m.

ZH BRSO EESER RS R h o N R EMAIERIE R Fa® e B° » BTEA

) 1 o
sin a°==-=-=2 H
5 h : d : dﬁ
P e El
o 7 _ 9
sin ” .

1 7
JH: da = Eh E_dﬁ’: El’l o
LRI B s B RS R (d g —
d )7 20 AR > KIS h -
B4 1 p=250.

BT IR - RBdg — dg = 20 = Zh > RITAILOREHEE K 250 AR -

PN AEKEETRE M Z BERERT S cos afll cos B2 1H -

" . V24 2Ve 24
B4 cosa =—= — cosf ==

5 5
Ll KT o BT E MRS TASIE 2 PR R
h- cosa— h- cos

= (100V6 - 240) AR -
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(BL32) The ladder AB is leaning against the wall AC which is perpendicular to the ground
BC. The angle formed by the ladder and the ground is 60° (ZABC = 60°). If the
ladder is pulled from point B to point ' ( BF = 51 cm) and sinZEFC =0.6, find the
length of the ladder AB.

(=0 AERTS (FUBnER ) KT AB SE(rEdHhE
FEANE AC b JIHSEL/KSEHIE A ~ ABC B
60° o KL _EHYJE B IS E L AISMIL 51 AT E]
B F (BF =51/,0%y)  BLHS IR T-EF BLEI A4
Z EFC 2 1F5% {8 By sinZEFC =0.6 » Al + &

4B = K5

F

(107 FFELISERBEIFIERE 2)

Teacher: Assume the length of the ladder is 4, then AB = EF = h.
Given that ZABC = 60°, BF =51 cm, and sinZEFC =0.6,
find BC in terms of A.

.

F~ siem "B C
Student: BC =0.5h.

C

Teacher: You are correct. Because cos 60°= = = BT. So, BC =0.5h.

N |-

Similarly, find cos £EFC and FC in terms of h.

Student: cosZEFC =0.8 and FC =0.85.

Teacher: Correct. We can find cos2EFC = V1 —0.62 = 0.8, and therefore FC =0.8h.
Now, solve the equation for h by using the equation FC = 51 + BC.

Student: A=170.

Teacher: Excellent. So, the length of the ladder AB is 170 cm.

EAf . BRI THVRE R ho Al AB=EF =h- &1 2ABC = 60° > BF =51 ,\47 »
H sinzEFC = 0.6 - BC ZEYA[LL h = ?
A BC=05h-

119 , e o
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HH a8 - BB 60° =3 =200 BTkl BC =05 h o [WEEH: > Bt coscEFC > b h

FRFC -

B4 1 cos<EFC =0.8 » FC =0.8h.

EHR O IERE o BRI LIRS cos2EFC = V1 —0.62 = 0.8 > FC =0.8h ¢
AE > Fl FC =514 BC E{E7EE h

B4 p=170 -

Zhf 0 KT o FILEEFIVEFE AB 2 170 A5 -

120 > s 4 N , = A & .
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Properties of Trigonometric Ratios

I TR R E B m S TP EET HIR R

B Fi= Introduction

AR =AM E LE M E AP ER A IEZER - gR2EHE - Hot o A Rl
A~ BEASElAEEARAEAGEH AP ERA . BhH=APEm s UEE R IEZE

Hei& 56 IHERZ E B Fh aR o e BRI HBRE AT - (ERTREREAR T I b2 e BRAY 5L
s SAHRA FHEE R E AT 2 - —APERAT - IEXEH ~ 6RX € IV BRIz » AT
AR B A DU LB RE AR > FIRER RO AW —IH e B 2 A
> FERF RS A S AR TN B BN - R SR H i IE5Z EERsZ e A E 2 -
B 1% DASREA AR SR A M TR AR IR T A%

B % Vocabulary

XIEREERNBIE TENFE

B¥ thiE E¥F th3
altitude =353 necessarily DhERHE,
obtuse angle GahE| proportional AERBIRY
included angle HEFA circumscribe M
tetrahedron VUTE R observation FEE
thus RIEE simultaneously EliES:i
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B HEBQRBERASGF Sentence Frames and Useful Sentences

o not necessarily

4] : The included angle is not necessarily acute when we apply the triangle area formula.

EEA=AMNEREARE - IR

(2 be proportional to

4] : The profits are proportional to the revenue.

FERRIUCARIEEL -

(3) circumscribes

4]« Circle O circumscribes the square ABCD.
[E O ZIF }5% ABCD Hy45MN3E[E -

® Thus, we can
54 - Thus, we can get the length of 4B by knowing that A ABC is isosceles.

Rt - 1 A ABCRERE= I n] LUSH] AB IR -

(5] derive from

#1147 : The law of sines can be derived from the formulas of the area of A ABC.

TR E AT LA ABCEM/AT RIS -

® No matter whether ,

54 : No matter whether 2B is acute, right, or obtuse, the formula of length CD is still equal
to b sin A.
fEmo BRI ~ EAZEis - CDNEEANEED sin A -
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m [E&EE#E Explanation of Problems

o8 A =
Areas of Triangles
In A ABC, a, b, and c are the three sides opposite 24, 2B, and +C.

The area of A ABC = % ab sinC = % bc sinA =% ca sinB

The area of a triangle is area = % X base X height. If we know two sides and the included angle

of a triangle, then we can find the height by using the trigonometric ratios, and from this, we can

find the area.

We can discuss three different cases as follows. A
(1) If £C is an acute angle, we can draw an altitude AD from
- b c
point A to the opposite side BC. Then the height of the h
triangle is given by 4 = b - sin C. Thus, the area of A ABC
CC L ~'B
1 1
=~ X base x height = > ab sinC. a
A
(2) If 4C is aright angle, then the triangle's height is given by /
h=b=>"sin C (sin 90°=1). c
b
So, the area of A ABC :% X base X height = % ab sinC.
—I -
C(D) 4 o

(3) If £C is an obtuse angle, we can draw an altitude AD from point 4 to the baseline BC.
Then the height of the triangle is given by 2= b - sin (180° — 2C)=b - sin C

because sin (180° — £C)=sin C. The area of A ABC :% X base X height = % ab sinC.

We can conclude that the area of A ABC 1is % ab sinC

and the included angle is not necessarily acute. Similarly,

1

we can get the area of A ABC = > bcsin A= % ca sinB.

123 > s 4 N , = A & .
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The Law of Sines
In A ABC, a, b, and c are the three sides opposite 24, 2B, and 2C. R is the radius of the
circumscribed circle of A ABC.

Wehave —— = 2 —_¢ _2p.

sin A sinB sinC

The law of sines says that in any triangle, the lengths of the sides are proportional to the sines of
the corresponding opposite angles.

To see why the law of sines is true, we can derive from the formulas we get from the formula:

The area of A ABC = % ab sinC = % bc sind =% ca sinB

C 2 . sinC _ sinA _ sinB
Multiplying all by o gives ——=——=—

Rewriting the proportion gives the law of sines.

a_b_c

sin A sinB sinc’

We can derive ﬁ = 2R in three cases: A ABC is acute, right, or obtuse.

Draw CO and intersect the circumscribed circle O at point D.

We know 2£A = 2D because the two angles intercept the same arc.

a _ a
> sinA  sinD’
a CD . = .
In ACDB, —— = — = 2R since CD = 2R and sinzCBD = 90° = 1.
sin D sinZCBD
a b [
Hence, we have —— = = = 2R.

Sin A sinB sin C

124 = (VNS . = a2 < = N
BOOEREAR EERE TR R R



N T pr gy 2 f g P % EHALEHBHERDL
S

The Law of Cosines

In A ABC, a, b, and c are the three sides opposite 24, 2B, and +C.
We have

a’ = b?>+c¢* —2bccos A

b? = a®? + ¢* — 2accos B

c¢2 = a®+b%*—2abcosC

We derive only the first of the three equations because the other

two can be derived in the same way.

We can draw an altitude CD from C to the opposite side 4B (AB ).
When A ABC is:

(1) an acute triangle (2) aright triangle (3) an obtuse triangle
BD = AB — AD BD = AB — AD BD = AD — AB
=c—bcosA =c—bcosA =bcosA—c

C
b a
/
A ¢ “B(D)

No matter whether 2B is acute, right, or obtuse, we get:
CD =bsinA and BD = |c — b cos A|.
By applying the Pythagorean Theorem, we get:
BC? = CD? + BD?
a? = (bsinA)? + (c — b cos A)?
= b?sin? A+ c?—2bc cos A + b%cos? A
= b?(sin® A + cos? A) + ¢ — 2bc cosA
= b%?+c?—2bccos A

b2+ c?-a?

Also, we have cos 4 = -

125 = (VNS . = a2 < = N
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Heron’s Formula

a’+ b%—c?

By the law of cosines, we know: cos C = s

1 .
The area of A ABC = 5 ab sinC

= i ab V1 — cos?C

= -ab/(1+cosC)(1—cosC)

a?+ b%2—c? a?+ b%2—c?

- Lab [+ S - e

_ 1 (a+b)2—c?,  c2-(a-b)?
-1 abJ( 2y )

2ab

:\/(a+b+c)(a+b—c)(c—a+b)(c+a—b)
16

_ \/ (a+129+c)( a+b-c )(b+:—a)( a+(;—b)

2
= \/s (s—=c)(s—a)(s—b) wheres = a+5+c
= \/s (s—a)(s—b)(s —c) wheres= a+5+c

KT ER T 2 AR T P o EmoAL

Er=)

HEBHMREF

-

3
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(B) In AABC, AB = 8,BC = 12,and cosB = —%. Find the area of A ABC.

(d137) EL41A ABCH » AB =8 » BC = 12HcosB = —§ » SR A ABCHYTHFE -

Teacher: Sketch a triangle showing AB = 8, BC = 12, and cosB = —%.

Since the area of A ABC = % ca sin B, so we need A

to find the sin B first. In fact, we know

£B =120° by given that cosB = —. 120°

What is the value of sin B?

Student; sin B = \/2—5

Teacher: Very good. Then find the area now.

Student: The area is 24+/3.

Teacher: Excellent. Let us move on to example 2.

2 E—-H=AF 0 fEH AB=8>BC =12 HcosB = —% o
4 EBAABC WIEN = casin B> FILUFRIRESHE sinB- THHE - 48

cosB =~ FYRIE £B =120° - HYEE sin B HI{ERZ/D ?

S - V3
B smB=7o

Ehl R BAERE TR -

B iR 243
FHL KT - RITBEERE . -
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(H37) InA ABC, £A = 45°,2C = 75° and AC = 12. If circle O circumscribes A ABC,

what is the area of circle O?

(ths7) fEA ABC > BL412A = 45° > 2C = 75°HAC = 12 - [B O A ABCHISNEE] »

K[l O HYHEIFE -
(E8mE =R MERASS 1 A1)
Teacher: If 2£A = 45° 2C = 75° and AC = 12, then 2B = 60°. B
) 12
Apply the law of sines, er = 2R.
Find the radius R and the area of the circle O now. ‘0

Student: R =4+/3 and the area of circle O is 487.

Teacher: Yes. Both of the answers are correct.

A 4B 2A=45°> 2C=75°> H AC =12 > HjzB = 60° -

FEFTFRZ B R » ——— = 2R - BI{FHR AL R F[E] O W -

sin 60°
BB 1 R=4V3 - [E OB 48m -
EHN Y 0 S WA 2R IR -

128 , s o s e e e e s X
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(L2 ) Please determine the remaining sides and angles of A ABC based on the given side
and angle conditions for each problem.
(1) AB = 74/2,AC = 7, and £B=45°.
(2) AB = 10,AC = 6, and 2B=30°.
(3) AB = 10,AC =5, and £B=60°.
(30 FREES/ NEGERB AR - SRINA ABCHERRVIEHA Z(H -
(1) AB=7V2 > AC = 7H 4B=45° -
(2) AB=10> AC =6 H «B = 30° -
(3) AB=10> AC =5H 2B=60° -

Teacher: This question includes the three different situations in SSR, which means only two
sides and one angle opposite to one of the sides are given.

In Part (1), by applying the law of sine’s with AB = 7v2,AC = 7, and £B=45°

AB _ AC
sin2C  sin 4B
72 7

sin 2C - sin 45°
Find the value of sin £C and the measure of 2C now.
Student: sin2C = land 24C = 90°.
Teacher: Excellent. So, 2C = 90°, £B=45° and 2A4=45°.
A ABC is an isosceles right triangle. The three sides are AB = 74/2 » AC = 7

and BC = 7.
In Part (2), similarly
10 6

sin2C  sin 30°
. 5
So, sin £C = p

By using the calculator, we know that there are two solutions: 2C = 56.4°or
2C = 123.6°.
Then find the measure of £A.

Student: 2A = 93.6° or 26.4°.

Teacher: Very good.

129 , ot b e e e e s X
BUEEGPREERET RN B ERGY E



TTIMFFRT 2 R 7 o HEASEHBHES L

So, the three angles of A ABC are: £A = 93.6°, 24£B=30° and 2C=56.4° or
2A = 26.4°, £B=30° and 2C=123.6°.
Also, we can find the third side BC by using the calculator.

BC 6 or BC 6
sin93.6° sin30° ~ sin26.4°  sin 30°

BC =11.98 or 5.34.
So, the three missing parts of A ABC are: £A=93.6°, 2C = 56.4°, and
BC =11.98 or £A = 26.4°,£C = 123.6°, and BC =5.34.
Teacher: In Part (3), by applying the law of sine’s with  AB = 10,AC = 5, and £B= 60°

A AC
sin 2C  sin 2B
10 5

sin2C _ sin 60°
So, sin 2C=2 sin 60° = /3
Find the measure of 2C.
Student: There is no solution.
Teacher: Excellent. Because 0 < sinf < 1 when 8 is between 0°and 180°

So, there is no solution.

FHR - EEREEEE T SSR thiy =FEAEE N » ke H4aH s H oh— 2 i ETE
o F()NEE > AB =72 » AC =7 > £B=45° > [EFIFs% &M

4B AC
sin 2C  sin 2B
72 7

sin 2C - sin 45°
FirLA > #ettisin € Fe2C -

B4 sinzC=1and 2C = 90°.

ZEL : ARIE o L 2C = 90° > £B=45° > £LA=45° - AABC B—(HEEEA=AIF -
“BESHAB=7V2> AC=7 f1 BC=7"

10 6

SEQ)/INE - FRE - p—

c
TR R SEIERG AN - 20 =56.4° 3¢ £0 =123.6° BEEHHIZA
IS -
B LA = 93.6° B 26.4°

o

» FRLL 0 sin 2C =

o lun

sin ¢

130
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(F0)

(0

Teacher:

Student:

Teacher:

CRTIFFET 2 ERT P S EMASEBBHRERL

JEELT - NItk > AABC Y= {BARER  £A = 93.6°» £B =30° > £C =56.4° =
B LA = 264°> LB = 30° £C = 123.6° - FEE A T DA R ES FL

St —

F=¥BC -
BC 6 . BC 6

sin93.6°  sin 30° = sin26.4°  sin 30°
BC =11.98 =% 5.34 -

EGYNE AB=10 AC =5 2B=60 » JEFIIE%EH

AB _ AC
sin 2C  sin 2B
10 5

sin2C _ sin 60°
Firll > sin 2C=2sin 60° = /3 - 3k 2C
JEFGF - R EE 01F 0°F] 180° 2 flE » 0 < sinf < 1 - FrLASEfE -

FHIESZ e B A

In A ABC, the three sides opposite 2A,4B,and £C area=5,b = 7,and ¢ =9.
If the radius of the circumscribing circle is 3v/3 , find
(1) sin 4 : sin B : sin C (the ratio of sin 4 to sin B to sin C)
(2) the measure of the greatest angle.
CHIAABCIN=#8Ka=5 b=7Hc=9 FZIMEEPEER K 3V3 > 5k
(1)sinA4 :sinB:sin C °
(2) BARAIEL -
(dm B FElE 25— MHERAE T 10 1)

By applying the law of sines, in Part (1)

_ b _cC
sinA  sinB  sinC’

we have
Find the answer for Part (1).

sinA4:sinB:sinC= a:b:c = 5:7:9.

You are right. In Part (2), we know that the greatest angle is opposite the greatest
side. So, the greatest angle in A ABC is «C.

AU EEGRRERETREL (EERERY
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Since L = 2R. Find sin C now.
sin C

) . _ < _ 9 43
Student: sin C = TR

Teacher: Excellent. By getting sin C = g, we know 2C = 60° or 120°.

Are they both satisfied?

Student: No, only 120° is the solution.

Teacher: Yes, you are right. The three sides of A ABC are 5, 7, 9.
We know that A ABC is an obtuse triangle because 52 + 72 < 92,
So, the greatest angle 2C = 120°.

b c

L BAYINE > TTLERAEZEE — = = .

inA sinB sin C

B D sind:sinB:sinC=a:b:c=5:7:9 -
ZhI B - FQYNE - RMHER KAHENREIE - ATl fEAABC H > 7K

R £C o i —— = 2R » BAEHH sinC o

sinC

. c 9 V3
;(( . = e— = =
Ao sinC R 2(9;/5) .

A RAF - B sin C = 20 RIS £C = 60° 5, 120° « JERE 404 & 08 F B
5 2

Bh4 0 A~ HE 1200 B2EE -
Ll J28h o AMBC HY={EERE 5~ 7~ 9 - WFIRIBEAABC E—(EFlA=A
By 5%+ 72 < 9% ARl KA RLC = 120°

132
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(L7 ) a, b, and c are the three sides of A ABC and (a+ b+ c)(a+c—b) = ac.
Find the measure of £B.
(PO EFa~brc BAABCHI=ERH(a+b+c)(a+c—b) =ac> 5l>KLBHIEH -
(4R E s = MR A S — =)

Teacher: The only given informationis (a + b + c)(a + ¢ — b) = ac.

By simplifying the equation, we get:

a?+ c¢? + 2ac — b? = ac

a’?+c?—b? = —ac

Which one should we use? The law of sines or the law of cosines?
Student: The law of cosines.

a?+c%-p?

Teacher: Yes, you are correct, because cos B = by the law of cosines.

Find cos B now.

2402 _p2 _
Student: Cos B= £*¢ = % _ _

2ac 2ac

N |-

Teacher: Very good. So, we know 2B = 120°.

Zhn . EHBEAECHERT (a+ b+ c)(a+c—b) = ac- fH{EITREE  FfHSF]
a’ + c? + 2ac — b? = ac
a’+c? - b? = —ac
PERAMEZ S B2 E R B aRL e ?

B4 BRZEH -

. . . 24.2_p2 e
A ORATEH > FRRREHRZER » cos B = T« BUEH cos B -
B _aHetb? e 1
¥§E‘ Cos B = 2ac o 2ac o 2

LR JRELF - FibAMEH 4B = 120° -
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(%) In AABC, AB =12, BC =8, AC = 10, and CM is a median. Find

(1) The length of CM. C
(2) The area of A ABC.

(th<r) ©4IAABCH » AB=12>BC =8> AC = 10 > 10 8
H CMRyhag - 580K -
(1) CM EE - AS # , M H 78

(2) A ABCHYTHEITE -
(44w E HE S 55 i ERACEE T 10 (5RE)

Teacher: By knowing the lengths of three sides in A ABC, we have

_ b%+c?-a? 10%+122-82 180 3
CoOSA= = = —= =
2bc 2:10-12 240 4

In A AMC, we can get CM by the law of cosine again with AC = 10 and

AM = % = 6( CM is a median). What is the length of CM?

Student: CM = v/46.
Teacher: Very good.

Student: In Part (2), we can use Heron’s formula.

a+b+c

The area of A ABC =\/s (s—=a)(s—b)(s—c) wheres= =15.

Find the area of A ABC now.
The area of A ABC = /s (s—a)(s —b)(s —¢) =V15 - 7-5-3 = 15V7

Teacher: Yes, you are correct.

ZET . HEA A4BC =B K - FFTATLOKH

b?+c?—a? 10%24+12%2-82 180 3
cos 4= = =—= -
2bc 2-10-12 240 4

I AEAAMC o TR IR RE R L EEAOKS CM - Hp AC =10 B
AM = % AB =6 (CM ZH4&)- HH CM HIRERSD?

L CM = V46 -
AT IR - QN RPTEIA SRR A -

134 , o o
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AABC WJiEi#E =\s(s—a)(s—b)(s—0) » Hf s =22 = 15 FHiER

2
AABC HHEE -
EUE 1 AABC [iRE = /s (s—a)(s—b)(s—¢) =V15 753 = 15V7 -
CHI - BET -

BlRE7S
wiiH AR E B E R E A R

(JL3 ) An airplane passes directly overhead the observation stations in Taipei and Hsinchu,
which are 69 km apart.
When the airplane is between these two
stations, its angle of elevation is

simultaneously observed to be 75° at

Taipei and 45° at Hsinchu. How far is the

75 45°
airplane from Taipei? Taipei 69 km Hsinchu
(F LB

(P30 — AR S LA TR IS - B — 5 & IO TR IS5 Ry
(A sy Al Ry 75° e 45° » ERI B LB TTIBUHIERHEE 69 A H > SRKEZIRIEEL &
JCE AR RERE -

Teacher: When we mark all the given information on A
the graph, we can find the measure of 2£A4.

What is the measure of 2A4?

r 69 km H
Student: 2A is 60°.
Teacher: Good. It is better to apply the law of sines in this kind of ASA questions.
By applying the law of sines, we have

69 AT

sin 60° sin 45°
What is the value of AT?
Student: AT = 236.

AU EEGRRERETREL (EERERY
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69
Teacher: Excellent. Since sin 60° = \/2_5 and sin 45° = \/2_7, we have AT = ;;2 =236
2z

The distance between the airplane and Taipei station is 23+/6 km.

EfN . ERPEE DA S ERVERE - AT DAHEE S 2 — (8 ASA HIEML - A
LIRERIESZEHE - [F)l - JMTFRERER S 69 A HAVHIERS -
AR AR -

B BBEZEE 600 o

69 AT —_—
7 ° AR s — ° Sz [\Q
e AREF - PR sin 60° sin 45° = 4
B4 0 AT =236
V2
i 0 IFEE - B sin 60° =2 » sin45° = 2+ AT = 222 = 23V6

TretsB & JLBEUHING > FIRVRERER 23Ve A H -

w BAREE/ BREEE o
BlE—
wihH A = AL E e

( ¥ 3 ) In AABC, AD and BC intersect at D, and BE and 4D intersect at E. Besides,
2ACB = 30° <EDB = 60°, and ZAEB = 120°. If CD = 15 and ED = 7, find
the length of AB.

(Fh32) ke (thrER) o F AABC 1> ADXBCHADEL "R

BE % AD jt E % » H£ACB = 30°> £EDB = 60° DB,
_ - _ EY= =B
LAEB = 120° %% CD =15-ED = 7-HI4B = . W

_— '.".' .
! i)y
\(;b
i’

/13
?
r
.
(108 HFEE JE B8 3R E )
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Teacher: Refer to the graph above, ZADC = 180° — 2ADB = 120°.
And by the given information, 2DAC = 30°.
So, A ADC is an isosceles triangle with AD = CD = 15.
In A BED, £BED = 180° — £AEB = 60°
Also, £BDE = 60° by the given information.
What kind of triangle is A BED?

Student: An equilateral triangle.

Teacher: Correct. So, we know BD = DE =7.
So far, we know the two sides BD & AD, and the included angle 2ADB.
Which formula should we apply to get AB?

Student: The law of cosines.

Teacher: Yes, you are right. We have:
AB? = BD? + AD?> —2 -BD - AD - cos 2ADB

=72+152—2 -7 - 15-cos 60° =169

So, AB=13.

EhD MR EJTRVEE - £ADC = 180° — £ADB = 120° - {RIZE H VAR - &1
£DAC =30 - Ll » AADC 2—{H%EE =7, > H AD= CD =15-
{fEABED 1 » £BED = 180° — £AEB = 60° - [A]fFH » fRIZE H4EHVE IR E]
£/BDE = 60° -

ABED Z{HEEAIT =) ?

24 2—EE=AF -

ZEf - IERE o RIELEA{M%13E BD = DE =7 -

FIHATRIE » BAFEAHIE T (2R BD f1AD > LIF£ADB - [E:% (5 FHHE
NHIKAB ?

B [HeRZEH -

L 98E - 155
AB? = BD? + AD?> —2 -BD - AD - cos £ADB

=724152—-2 -7 - 15-cos 60° =169
AB=13 -
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(#£37) In the tetrahedron ABCD, AB = AC = AD = 46, BD = CD = 8 and cosZBAC =
é . Find the distance from point D to plane ABC. (Note: Simplify the radical

expression to its simplest form.)
(h32) {EVUAEES ABCD 1 » AB=AC = AD =46 » BD = CD = 8 > H cosZBAC =
> HI%E D FISEE ABC HIFEHE % - ({LHURARZ)

(110 E2HEEABEEE G)

Teacher: We can draw a diagram and mark all the given
information as shown.
It is obvious that both A ABC & A DBC are
isosceles triangles.
If we draw the altitude (also median) AE 1L BC
and DF 1 plane ABC, then F is on AE.

What is BC if cos2BAC = g?

Student: BC = 8v/2.
Teacher: Good. Since E is the midpoint of ﬁ, BE = %W = 4\/5.

Thus, we can get AE by knowing A ABE is a right triangle.
AE? = AB? — BE*
=96 —32 =64
So, AE=8.
Similarly, what is DE?
Student: DE =4+/2.
Teacher: Excellent.
Now, we can find DF and we know that DF 1 AE.
But the three sides of A ADE are 8, 4v/2, and 4v6, and (4vV6)% = 82 + (4v/2)2.
So, A ADE is aright triangle, and point E coincides with point F.
Therefore, DF (DE) = 4v/2.
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T AT LURSRE B e (VT AR R B - R - AABC f ADBC
R T
MRHPIELE (ARt AF 1L BC> BDF 1 FEABC - HE F Bt
@i aE I -

Y15 cos2BAC = = » 8 BC 2%/ 9

Wl

B4 BC =8V2.

Zf : {REF o BHFY E 2BCHYHEE > BE = %B_C =42 - [t > FHNAABE B—(HE A
=A > BIMATLAAKAE -
AE? = AB? — BE?

=96—32 = 64 [Nt > AE = 8 °

[EBEHh - DE 2%/ 2

Bk . DE = 42,

EEC IRELT - BUE - BT DR K DF > mIRME48nE DF L AE -
B2 AADE HI=1BE7HE 8 ~ 42 Fl14V6 » H(4V6)? = 8% + (4v2)%
NI » AADE Z—(HHEAE=AF » E B8 FBEE -
FilL » DF (DE) = 4/2.

139 > s 4 N , = A & .
FPEREREETRETREL EFRNRT R



SINLSZ,
s —_y
i} =

£
\1-
o7

140

Ky R 2 ERET P

BASNEEEIRE More to Explore

31N

@

b

a

|

#

1B

B 38 ol

B X BE R4

AR

https://terms.naer.edu.tw/search/

HEE P BRERS

BB T E YRR R
https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99
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Oak Teacher Hub

BISNEER R B EIR 0 bR T R RRHIE A 2R

https://teachers.thenational.academy/

CK-12

BN Fos BEIR 0 bR T BUERSEIE A H A
https://www.ck12.org/student/

Twinkl
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https://www.twinkl.com.tw/
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Khan Academy

A ARSI K R

https://www.khanacademy.org/

Open Textbook (Math)

B/ MR B A R E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common

[toc/toc en.html

MATH is FUN

BISNEERER - A EER R Y Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BIYNER LR > B #=CE RS - bR T EEEEE  BEAEA
i
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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https://www.mathsisfun.com/index.htm
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https://www.youtube.com/c/misterwootube

|

SRR T P fo EMALEHBAEAD

"1

Bl 11 5 Al 5 K B R 2 PR 57 LI 2R 49 04
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching
Worksheets

2023 FEMNERSENEERAX(ESP)EENAE

I ECETOHBIZ - B T BEEREI - 28 HoAth o
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%IB%B8WEI%I7%ICHE6%95%II%E
6%9D%90?authuser=0

142 , e b s e e e
BYPBREABRERIRETREL BERKT E


https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0

N HTIEFFRT 2 KT P o EEA
Eme’

@
nl’

#

1B

B 38 ol

a

SPHEEREFENEERTM : HBRABR

[ TR TE2H ]
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