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Sequence and Limit

ZitmdikEd  ShFEl e

n 1= Introduction

AETTR MEEY IR IRAVRELS: - PR EBRRY AR AT P ERansssn - r4aB0 kR
PRSI R R e as By WU s B S T M 4B S IR PR AV SR - 0 e 351
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B = Vocabulary

XERER AR ETTERER

¥ thiE ¥ thiE
finite sequence EIR&EF infinite sequence HEERT
convergent sequence e 5| limit fa PR
divergent sequence BRI infinity fHEES K
constant sequence S convergence Yamit
divergence EA=0 infinite geometric sequence | &S FELLEY]
sandwich/squeeze

R HH continuous compounding | ZEEF]

theorem
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B HEGRBEERTGF Sentence Frames and Useful Sentences

(1] is denoted as

4]+ The limit of a sequence a,, is denoted as lima,. (The limit of a, as n approaches

infinity.)
HOI< a, >HIFGIR » 5CIF lima, ©

® Determine whether

4] : Determine whether the following infinite sequences converge or not.

FlEr 5 s B e ULt -

© As gets bigger, .

fila) © As n gets bigger, (1 + %)" will approach a fixed value denoted as e.

B0 MAGHOR > (1 4+ ) ST (EEE - T e

o If satisfies , evaluate

Gl If < a, > satisfies 3n> — 1 < n’a, < 3n* + 1, evaluate lima,.

n—00

CHIEFI< a, >HE 30 — 1 <na, <3m° + 1 5K lima, HY{H -

2 FOOEEARSETRE TR EERR G
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B RIEEFERE Explanation of Problems

o8 A
[The limit of a sequence]

o 1
Observe an infinite sequence < % >. As n gets larger, - tends towards 0.
The sequence < % > is called a convergent sequence, and the fixed value of 0 is called the

limit of the sequence, denoted as limi = 0. (The limit of i is 0 as n approaches infinity.)

n—o0

What is the limit of #? as n approaches infinity? Obviously, as n gets larger without bound, so
does n?. The sequence does not approach a fixed value, so it is called a divergent sequence.

Definition: The limit of a sequence
Given an infinite sequence:
1. As n gets larger, < a, > tends towards a fixed value of L. The sequence < a, > is called

a convergent sequence, and the fixed value of L is called the limit of the sequence, denoted

as lima, =1L

n—o0

2. As n gets larger, < a, > does not move towards some value. The sequence < a, > is

called a divergent sequence.

[ Convergence and divergence of a sequence < r" > |

Now consider the infinite geometric sequence whose first term and common ratio are both »(r #

0), denoted as < 7 > : r, 12, 1, 14,

We can conclude that:

1. If r =1, each item of the sequence is equal to 1, the sequence converges, and its limit is 1.

2. If O<r<l or —=1<r<0, /" tends towards 0 as n gets larger. Therefore, the sequence
converges and its limit is 0.

3. If r=-1, the sequence is —1, 1, — 1, 1,.... The sequence will not approach a fixed value,
so the sequence diverges.

4, If r>1 or r<-1, " will not approach a fixed value as n gets larger. Therefore, the

sequence diverges

BOOMEABEFRE TR EEAR F
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Properties of Limits

If L and M are real numbers and !'_(2 a,=L and !]T;‘O b, =M , then

(1) Sum Rule : Ilm(a +b)_I|ma +limb, =L+M

n—oo

(2) Difference Rule : !i_[[]o(a —b )_Ilma —limb, =L-M

n—oo

(3) Product Rule : lim(a,-b,)=(lima,)-(limb,)=L-M

lima, |
(4) Quotient Rule - ( ) IImb YR M=0.

nN—o0

(5) Constant Multiple Rule : !Lrg(kan) =k rl]m a,=kL  kis a constant.

When the general term of an infinite sequence is a fraction whose numerator and denominator

are both polynomials:

(1) If the degree of the numerator is less than or equal to the degree of the denominator, the
sequence converges.

(2) If the degree of the numerator is greater than the degree of the denominator, the sequence

diverges.

The Squeeze/Sandwich Theorem for Sequences

If !T;‘O a, = rl'_[[‘o C, =L and there is an integer N for which a, <b, <c, forall n>N,

then limb, =L

[Continuous compounding and the number e]

Assuming that the principal is P = 1 and the annual interest rate is 100%, if the interest is

. . . 1 .
compounded 7 times a year, and the interest rate is 100% + n = - the balance after one year is

1+ i)”. As n gets bigger and bigger, - it means the compounding occurs for more times. Thus,
the balance also gets bigger. Use a calculator to substitute 10, 100, 1000, 10000, 100000, and

1000000 for n into (1 + i)", and the following results will be obtained:

4 BB EERE TR RN
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n

10

100

1000

10000

100000

1000000

1
(1+-)"
n

2.59374

2.70481

2.71692

2.71815

2.71827

2.71828

-~
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The table strongly suggests that such a number exists. As n is getting bigger and bigger, there

are more frequencies of compounding, and the balance is also becoming bigger, but its value will

not approach infinity. In fact, as n becomes bigger and bigger, (1 + i)" will approach a fixed

value, denoted as e, that is, lim(1 + %)" = ¢, €~ 2.718281828459045235 is a constant.

w EEEENBEE o

BlRE—
aREH - HETmES EY R AUt ? EUsl o SREMRR -
(LX) Determine whether the following infinite sequences converge. If convergent, find the

@) <=

limit. (1) < (1.001)" > :

>

(30 HIET FHIEREE] (1) < (1001 >~ @) < T > gy 2 Bk > ki

faRR -

Teacher: Use the calculator and plug in the numbers. Let's start with » =1, and then continue
with bigger values. Now what can we see?

Student: In part (1), we can see that as n approaches infinity, < (1.001)" > gets bigger
without bound. In part (2), as n approaches infinity, < (_5? > gets closer and
closer to 0.

Teacher: What do we find out?

Student: < (1.001)" > is a divergent sequence. The limit of < (1.001)" > doesn’t exist. <
(_5? > converges and its limit is 0.

Teacher: In part (1), because the common ratio »=1.001 is greater than 1, it diverges. In

. -3 . .
part (2), because the common ratio r= 5 is between —1 and 1, it converges.

BOOMEABEFRE TR EEAR F
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LRl & n WEBOR > MARRERGTREE -
B4 B—/NE - E 0 VERCK > < (1.001)" > (Y EBFEEERA - F—/INE > & n iY{E

o ML 9@*;7%?
B

< (1.001)" > EEEEE] - FlR T > R O -
o /NE > EBALE 10010 AR 1 ﬁﬁuﬁlﬁ@ﬂfs’%ﬁi = UNE > R

AR — 0 ALY 1 RT -1 ZfE - ATUES s -

BlE_
s | oK HE AR -

(7)) Evaluate (1) ||mM @) lim -+
n*—n+2 o 3N° 4 2
2n +1 . n+1

(30 Bk FFIE AR (1) I|m @

N 30 4 2

Teacher: Now observe a rational function. In part (1), the numerator and denominator are
2n* + 1 and n? — n — 2 respectively. Are they convergent or divergent?

Student: They are both divergent.

Teacher: Divide the numerator and denominator by the highest power term 7.

1
2n2+1 24—

—_— n
n%—n+2 1 _l+£2.
n n

Student: We get the following expression:

Teacher: Find the limits of 2 + — and 1 — - + =
n n n

Student: The limits are 2 and 1.

Teacher: We can then use the quotient rule of limits.

1 . 1
ool . 2t m(“*) 2
enT—n+2 n%1——+— I|m(1——+ ) 1
n n n—oo

0 BYOREAR EERE TR R
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Teacher: In part (2), the numerator n + 1 and denominator 31> 4+ 2 are both divergent
sequences. Divide the numerator and denominator by the highest power term n?2.

Student: It follows that:

I 1

n+l1 pto2
2

3n? +2 3_|_n22

Teacher: 11
S Find the limits of -+ — and 3 + %
n n

Student: The limits are 0 and 3.

Teacher: We can also use the quotient rule of limits.

1+i Iim(£+i)
2 2
lim 2t im0’ _ e 1 9
TEINTHZ TR L im@3+S) S
n n—ow n
Ehl RMERESEHEE > B/ NENS TR FE 20 +1/1n* —n+2 - fifi{"]

R ?
LR E S

HHT T RIS -
Bt

1
s R

n

n—n+2 1_l+£2

n n

T 5,1 Mg 12 mRenso
n n n

B MR 2801
Zhl - PRI RA R ENEE - = E

1 . 1
oon?p1 . 2t m(“*) 2
!lm > =!|m T 5= =Z2=2
SO TS I|m(1——+ 2y 1

n n n—o

EHT ET/NENSFORESRE a+ 1 1 307 + 2 TR EEES - SRS T
TR IR AR R TT 0 o
B s
n+1 +
3242

[OSTIN Il T

1
nz
2
T
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R -+ 3+ RIS RS
s RS 0 3 -

EH BAMTAT AR RS - 15
1 1 1
+—  lim(=+>)
li +1 .y n g _n>on _9:0
n—>°03n +2 n—>003 ? rI1”2(3_'_ 2) 3

plE=
st ¢ AP EERARR -

(£ ) Show that the sequence < 22> converges, and find its limit.
n

cosn

(F30) HEhi < > U o SREAGRR -

Teacher: Let’s first figure out the range of cosn .
Student: The maximum of cosn is 1 and the minimum of cosn is —1, that is: —1 <
cosn < 1.

Teacher: Divide each term by n.

cos n

. ) -1
Student: Now, we can get the following expression: — < <

S

Teacher: Which theorem should we apply?
Student: We can apply the squeeze/sandwich theorem.
Teacher™ ren: tim (=) = lim (1) = 0. What s the result?

t t:
Studen Because hm (—) = hm( ) =

cosn

<

> converges.

R B cosn HI(EHL -
B cosn MIRAME R | B/IMER-1 - it <2<l
BT © TR DA S R 2
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Eh o %D - ORIy 0 - FefPTo LU fESS ?

B RE o %D ~ HIRRIELES 0 > 7L — R O -

w ERREE/ BRIEEE o

HlE—
A ¢ T RN AR P AR T RGBSR A

(3£ ) The points (x,y) whose x-coordinate and y-coordinate are both integers, are called

lattice points. Let n be a positive integer and 7, be the triangular area (including the

boundary) enclosed by the line y = ;—ix + 3, the x-axis, and the y-axis. Let a, be the

number of all the lattice points on 7,,. Find lim = =?

n—oo N

(0D ASMESPIE - x ASAEER y ASRsS Ry BRI BERS Ryt T8 - < n RIER > T, Jy
P LB y = 2ox+ 30 DR x iy SRR = A RS (BEER)

i a, F T, EERSTREME - Al lim 2 =
(106 FH=ZHH )

Teacher: Let’s find the x-intercept and y-intercept of y = ;—;x +3

Student: Replace x with 0. We get y = 3. So, the y intercept is (0, 3).
Set y = 0 then solve for x = 6n. So, the x intercept is (67, 0).

Teacher: Let’s graph the linear function y = ;—;x + 3 and list the lattice points on 7).

3 BYOREAR EERE TR R
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=——i+3
LA

(6n,0)

Student: We can find the lattice points at y = 0, 1, 2, 3.

Teacher: According to the graph above, fill in the following table with the sum of the
numbers of lattice points. Then, sum up the four numbers to find «,, the number of
lattice points on 7).

y 3 2 1 0
X

the number of
lattice points
Student: It follows:

y 3 2 1 0
X 0 0,1,---,2n 0,1,---,4n 0,1,---,6n
the number of

: . 1 2n+1 an+1 6n+1
lattice points

Thesumis g, =1+ 2n+ 1)+ @n+ 1)+ (6n+1)=12n+ 4.

Teacher: Next, find lim =9

n—oo N

Student: We get L;—” = 127:4 =12 +% The limit of % is 0 as n approaches infinity. So,

ZHf et ESR v = ;—ix +3 HY x BhEGER y ElEEE -

B S x=0>0/GF y=3> KNy #hEELE3 - < y=0" G x=6n> 05 x
e By on o

il WHESR y =2+ 3 WER > WHIHE T, BT -

10 BYOREAS EE RS TR O EENRT F
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- BATETRAT R y =0,1,2,3 PRHEAE TR -
ERi

SERR MHIZRAS - MoK TR E R e, =7 -

y 3 2 1 0
X
TR
DO TR i TR EEER fy e, =12n+4 -
X 0 01---,2n | 0,1---,4n 0,1---,6n
&R 1 2n+1 4n+1 6n+1

LR @ AR -

ESiiH 1im”;—"= 12 -

n—o0

D OBRTEILUE L= = 1242 8 0 MPTEIRA 0 S HVAEIR 5 0 -

PSR EFRE TR RS
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plE_

aBH ¢ A e g H AR ERTE -
(L) If a principal P is invested at an annual rate » and compounded 7 times in a year, then

the amount of 4 in the account after ¢ years is given by 4 = P(1 + g)m.

This is known as the continuous compound interest formula.
Let’s assume that $1,000 is deposited in an account that earns compound interest at an
annual rate of 8% for 2 years. If nis the number of compounding periods per year,

the amount in the account at the end of 2 years is given by: A(n)

(1) Find A(4) = ? with a calculator (compounding quarterly).

(2) Use the continuous compound interest formula: lim P(1 + - ) = P¢"

n—oo

Find limA(n) = ____ with a calculator. Compute the answer to the nearest cent.
(30 MRFEARNEEE P HEMNRE v H—FENEE Il ¢ FEARHYAFIA

N r \
By A= P(1+—) o EFLEEEE AT

fBEEFEA 1000 JTHEFF 8% » Rl 2 5 » AR —FHEM n K > A2 F&HY
AFIHT Ry A(n)

(1) FIFHEERK A4) =2
(2) FIFHEGEEAATOR A(n) AVRIR ? B2 EED NBERR S AL

Teacher: In part (1), plug P = 1000, » = 0.08, n = 4, t = 2 into the formula
A=P1+ i)m. Let’s find the answer of A(4) with a calculator.

Student: The answer is $1171.66.

Teacher: For part (2), let’s represent A(n) as a function of #.

Student: Since » = 0.08, f = 2, we can apply the formula 4 = P(1 + %)"t and write the

function of A(n) = 1000(1+ % 08)

12 BUPBREHBEFRETRIP (BT E
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Teacher: In fact, it appears that A(n) = 1000(1 + 2 )2" might be approaching a value as n

increases without bound. Let’s find the answer of lim A(n) = 1000(1+ 2 08) =7?
Student: Based on the continuous compound interest formula, we can get:
lim A(n) = 1000(1+==)"" = 1000e°%2 = 117351 In part (2), the answer is

$1173.51.

N BMTE
A=P(L+5)" - FIFEMIREIE R A4) -

B4 BEE1171.66 -
- BEFRR 0 A(n) & n HIREL -
B0 NRIRMERE P=1000~r=0.08 n=4-1=2 HHFm AL

A=P(L+5)" > FRTEETE FA(n) = 1000(1 + ==Y

B LA+ A(n) = 100001 + 2 P LT G T A E -

0.08

K A(n) = 1000(1 +=2)*" HFE -

s o PRI R A llmA(n)—1000(1+008) = 1000e"%8%2 = 1173.51 »

B/ NERYE R 117351 ©

13
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Biix_ B\EEZSLERH
Infinite Geometric Series

ZitmdikEd  ShFEl e

n 1= Introduction

ABTTR A M ERTSE "L SEAF sigma - /MEEATRGEEHVERIE - SRERISEE
s EES AR S LS > HE T o M 48 R ES T LE AR AN 7 R B s R BT R B2 - i
&R A ES F LR BOR NI G ER N B T 8L -

B % Vocabulary

XERER AR ETTERER

BF thiE BF thiE
finite series EIR4KE infinite series IEES AR
arithmetic series FEEE infinite geometric series g FE LR
convergent series e e ) divergent series BRUEREL
repeating decimal TEIR /NG irreducible fraction Sdipag 4

14 BUPBREHBEFRETRIP (BT E
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O Write by using .

4] : Write the following series by using summation notation.

S OISR S T -

® Express as

5]« Express the repeating decimal as an irreducible fraction.

s fEER NBU L Ry o B

(3) is read as “ D

#14) « The notation Zan is read as “a summation of a, for all integers of i from 1 to n.”
i=1

3", ATH(EHF a, KR

15 BB EEERET RN EERNRT
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B RIEEFERE Explanation of Problems

8 iRAA
[ Definition of a finite series ]
The sum of the first n terms of the sequence is called a finite series and is denoted by
Sn: at+a,++a,
[ Definition of X (sigma) notation ]
This section will introduce the idea of sigma notation, which is also known as summation
n

notation. A finite series a; + a, + -+ a, can be denoted as kglak, where £ =1 means a,
and £k =n means a,, i.e.,

n

kglak =a t+a,++a,.
[ Properties of £ notation ]
There are a couple of formulas for summation notation.

n n n

(1) kg} (ap £ by) = k§1ak + k§1bk' Break up a summation across a sum or difference.
n n

(2) k§1cak = ckglak, where ¢ is a constant that can be factorized.

[Definition of an infinite series]

An infinite series is an expression of the form a; + a, + - + a,, + ~ denoted as:
0 n
k§1ak =a,+ay+..+a,+.. Let §, = k§1a" =a; +a,++a, beasequence < S, >.

If the sequence < S, > hasalimitSas n — oo, the series converges to the sum S. We can then

TMs

write a; +ay +az++a,+ = = lim S, = S. Otherwise, the series diverges.
n—0co

[ Infinite geometric series ]
Consider an infinite geometric series a + ar + ar* + ~+ a’"~ ' + - = kglar"‘l, where a and
r(r # 0) are the first term and common ratio respectively.

a(1-r")

The sum of the finite geometric seriesis S, = a + ar + ar* + -+ ar~! = { o TFl
na, r=1

16 BRSSP EFRETREIP (EERET F
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WIf -1<r<1, r+0, it shows that lim = 0. Hence, the sequence <S§, > is

n—oo
. . a(1-r") a ;. a . ® 1
convergent and lim S, = lim—— = —1lim (1 — ") = —, that is, L a¥ ' =a+ar+
n—00 n—0 1-r 1-r n—0 1-r k=1

ar’* + -+ a4+ ==

1-r

2 If r=1, S, =na and the sequence < S, > is divergent. Hence, the sum of the series

o0
kglark_l doesn’t exist.

a(1-r")

—r

B)Ifr>1o0rr<—1, §,= and the sequence < S, > is divergent. Hence, the sum of

o0
the series kglark_l doesn’t exist.

w EEEENGEE o

pIE—
S R X PR EEREEIE A EGRR B T TR

0 k
(FL37) (1) Write kg} (%) in a series form.

(2) Write the series —4—1+2+ 5+ 8+ ... + 71 by using summation notation.

1

(b3 O E (2) st -

2

QyEahE —4—14+2+5+8+..+71 X F9Er -

Teacher: In part (1), we use the definition of sigma notation to expand the expression.

Student: In part (1), we substitute the values of 1, 2, 3, ..., n, to infinity for £, then add up the
results as: s (l)k = (l) + (l)2 + (1)3 + ...+ (l)" + ...
k=12 2 2 2 2
Teacher: In part (2), let’s first observe the series. What is the series called? Find the nth-term
of the sequence.

Student: It is an arithmetic sequence with the firstterm a; = —4 and the common difference

d = 3. We can use the nth- term formula of the arithmetic sequence:

a,=a;+m—1)-d Hence, a, =—4+(k—1)-3=3k-7.

BOOMEABEFRE TR EEAR F
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Teacher: How many terms are added up in the series?
Student: The lasttermis a, =71 = —4 4+ (n—1)-3 And we find » = 26, which means it
contains 26 terms. Therefore, the series can be written as: Y10, a, = Y10, 3k — 7).
R/ INET o TR LLA sigma AYEFRER -
Bk E—/NET > TPIEEES k #11,2,3,...,n, BEEFEAEA > DUIISREBEHESR
CINCTRRSNES AR E0 GRS SC R SCVRS S
k=12 2 2 2 2
EHN AR %/ VIR ?
B4 ERFEY - MBYWIEH a = -4 N7 d=3 - EH—RELK
a,=a,+m—=1)-d>aJH{E kIH ap=—-4+k—-1)-3=3k—7-
RN HU/NET o B IS iR R ? S E T B RS n I
B4 REE a, =71 =—-4+n—1)-3> /[f#G n =26 A[FILEEILA 26 15 - T
PEBFIATFOR 2L a =232, Gk = 7) -

BlzE_
atBl ¢ KR E SR
(L3 ) Find the sum of the series: 1 X3 4+2X4+3 X5+ -+ n(n+2).

(H32) SRERE 1X3+2X4+3 X5+ +n(n+2) KA

Teacher: First, let’s list the first 3 terms and the nth term of the sequence. Write the series
by using summation notation.
Student: It shows that & =1x3 a, =2x4 a,=3x5, and a, =k(k+2). Hence, we can
write the series as: 1x3+2x4+3x5+---+n(n+2) = Zak = Zk(k +2)
k=1 k=1

Teacher: Use the properties of summation notation, and then the following formulas can be

n(n+1)
2

applied: 1 +2+3+..+n= kglk = and

nn+1)2n+1)
6

n
P42 43+ 40’ = T8 =
Student: The expression can be written as:

1x3+2x443x5+---+n(n+2) = >a, = > k(k+2)

k=1 k=1

18 BRSSP EFRETREIP (EERET F
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ER

sk

We break up a summation across a sum. It follows:
Z(k2 +2k) == Zkz + ZZk
k=1 k=1 k=1

_ n(n+1)(2n+1) 9% 3n(n+1)
6

(Get the common denominator of 6.)

= n(n+1)(2n+1) +6n(n+1) (Add up the fractions.)
6

- w (Simplify the numerator.)

S B IRET =THMIER & I - MRS X PR
BEEFINVEE 10 a, =13 » 55211 a,=2x4 > H3IH a,=3x5 > —flIH

a, =k(k+2)  NILSEETH ) Fortl T

1x3+42x4+3x5+--+n(n+2) = > k(k+2)
k=1

- FIF sigma P8R H RAREINRAT A > SRILEREAT -
DR SR 1x3+2x4+3x5+--+n(N+2) = Zn:ak = Zn:k(k +2) R 4R

BRI > SOBIESE - SOHRMERE - TR TAT
Zn:(k2 +2K) == Zn:kz + ZZn:k
k=1 k=1 k=1

_ n(n+1)(2n+1) 9w 3n(n+1)

6 6
_ n(n+1)(2n+1)+6n(n+1)
6
_n(n+1)(2n+7)
- 6

BYOEE AR EERE TR E R
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plE=

st ¢ I EES RIS e 5 e ES T LR B - SRV ERYAT -

e : : 3.9 3 : :
(3L ) Determine whether the series —it et (-3 )" + ---is convergent or divergent.

If it is convergent, give its sum.
(F32) AT 5SS TR TS S Uy ? 5 fEES bR By - SREVERYAT -

3+9+ T+ "+

Teacher: Let’s figure out the first term and the common ratio of the infinite geometric series.

3 9 . -3 _ -3
Student: The first termis: a = 3 and the common ratio is: » = YT T
Teacher: Now determine whether the series is convergent or divergent.
Student: The geometric series is convergent due to » = —% which lies between —1 and 1.

Teacher: Since the geometric series is convergent, obtain its sum.

Student: According to the formula Zark‘l —a+ar+arl+---+ar"t4...=
= 1-r
k=1
3
. 3 . 3 . . _Z =
with —7 , and » with —7 respectively. The series converges to: 1_(_23)

=l W

-3
Hence, its sum 1s: .

B B A S AR TR A -
B Ea=—7 AL r=2e =7
AT S AR YR ?

B RE r=70 R LB -1 2R TR S LR -
EA EAIESEBURA > IR SR -

BUE L RIERES SRS AR B = DB a= 2 F1 == WA T

N

AULRBITRIRE — =~ - Bk Hfk 2
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Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Express the repeating decimal 0.7 as an irreducible fraction.

RHIETRINEL 0.7 {6 Ry 3 8 -

In Book One, we understood by intuition that repeating decimals are rational

numbers. Describe what a rational number is.

A rational number can be expressed as §, where p and q are both integers and q #

0.
I will show how to convert a repeating decimal to its irreducible fractions in proper
steps. First, rewrite 0.7 as a series.

7

0.7=0.777...=—
10

0.7 can be written as: + ..

+ 02+ 03+ -1-10,7
Apparently, it is an infinite geometric series. Figure out the first term a and the

common ratio » of the geometric series. Then give its sum.

. 7 . . 1 7
The first term is: a = m and the common is ratio: » = T Plug a = m and r =

a
. The series is convergent, so: 0. 7 =—

1
— 1into the formula i
10 1-r

FE S — A B A 5 AR s g N A B - IR (M

l]/% ?
HERR] DA Ry (E R E LAY L g » Kt g AR50 -

AL R HE

M BERY 7 =R IR ARG TR /N [:F%E%%ﬁéi St e 07155
B RAREIE -
0.7 FLLERE 0.7 = 0.777... = — +

10 t

10"

TRAFRE > AR S LA - PR S L R RS LA B LR -
r== 35l a

02+ 03+ A+

s 7
BHHEE a=—

L At

7

IR E

TRl r = AT <= AT

N=NEN|

10
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(32 ) A ball is dropped from a height of 4 m. Each time it strikes the ground after falling a
height of 4 m, it rebounds to a height of 0.64 m. Find the total distance of the ball

bouncing until it stops.
(FFS0) —FERIE 4 ARGSR S T BERERE h AREES T MRS S 2
0.6 WA RAYEE « SKILER BTN aERE 748 2 BERE -

RN

(Bl 25 : http://mskaysartworld.weebly.com/uploads/1/3/7/3/13735102/1285714 orig.png)

Teacher: The diagram suggests that the first term @, of the series is 4 when the ball is
dropped from a height of 4 m; the second term @, is the distance of the ball after

the first bounce. Write the second term @, =?
Student: The second termis: @, =2x4x(0.6). It contains the distance of the ball traveling

up and down.

Teacher: Next, write the third term a, =?
Student: The third term is: a, =2x4x (0.6), which is the distance of the ball bouncing up

and down during that bounce.

Teacher: The total distance is the sum of a +a,+a,+... Find its sum.
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Student: The expression is:
a,+a,+a,+..=4+2x4x(0.6)+2x4x(0.6)°+2x4x(0.6)° +...

Starting with the second term, it is a geometric series with the first term

a=2x4x(0.6) and the common ratio r=0.6.

Hence, the total distance is: 4+ 2x4x0.6 =16

1-0.6

wT BT HEE 4 AR BT o O IR 4 - B AR AR
I R IR 2 BT -

B IR AT RN LA FATREEELL 8, — 2x 4% (0.6) -

BT RIS IEE -

FE s mna - 0xax(06) - [FIIHE B A BRI A E I TR -

A BRET T BB By A, +a, +ay +... 0 BTEAEELER -

S T4 PEsE Fya, +a, +a, +.. =4+ 2x4x(0.6) +2x 4% (0.6)*+2x 4% (0.6)° +... °
(S IERG - EETERIR S L EETEE a=2x4x(0.6) - AL
=06 - L B L TR R 4+ %%%?=maﬁ&

flgE—

B IR E R s el e L e NS O =

(337 ) There are 2 red balls and 4 black balls in a bag. A and B take turns to withdraw one
ball at a time, and return it to the bag after each turn. It is agreed that whoever gets the
red ball first wins. Assume that A takes the ball first and find the probability that B

wins the game in the end.

(h30) 45 2 (BATER - 4 (BSEER > F ~ ZA9 ABRYEIER - 258 - BRI A
FEACIE] » S0 SHUEIATERE S - B AR - SURRIE R ISR -

Teacher: Let p represent the probability that a red ball is withdrawn at each time. Write the
value of p. What does 1 — p stand for?
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t t: . .- .
Studen Obviously, p = ﬁ = § .So 1—p= % stands for the probability of getting a black

ball each time.

Teacher: Also, (1 — p)p means that A withdraws a black ball, and then B gets a red ball to
win the game in the end.
Whatdoes (1 =p)X (1 —p)X (1 —=—p)Xp=(1— p)3p mean?

Student: It means A takes out a black ball first, B takes out a black ball again, then A takes
out a black ball, and then B takes out a red ball to win the game in the end.

Teacher: If A takes out a black ball first, B takes out a black ball again, then A takes out a
black ball, B takes out a black ball again, and the turns are repeated until B takes out
a red ball at the end to win the game. The expressions can be written as: (1— p)p,
(1-p)’p,@A-p)°p, ... Add up these terms and give the sum.

Student: The corresponding series is an infinite geometric series:

(1-p)p+@0-p)Pp+@A-p)’p+..with the first term (1—p)p and the common

2 1
(I-pp _ 3%3

. 2 .
—p) . Th : =
ratio (1— p) esumis: == e

= % Hence the probability that B wins

.2
the game is 5

Ehf - p ERAGEIKIERIVIER > p (H 0] 2 1 — pXAUREE ?
BA
i HfiSE p=rm=1 1 —p =2 K BERAER -

FH (1 —p)p FoFEHEBE Z S BER R -

BE( —p)x (1 =p) X (1 = p) x p = (1 —p)’p LI FRFEIE ?

EL L TIFERERG RS INE R - Z IS B » B UNE B - 2B R HUEIALER
S LL BRI R -

TR ASRESEEE B - Z PR EE - B U E R - Z I E B
PPl R R » Z B IUEI AL BR R G EL 2 - MO BB TER A - p)p,
A-p)°’p.@A—p)° p.... BHELETEM IR HAL 2

EUE L SHERRERME SRS > HEEE -p)p ~ ALLE Q- p)?

2.1
_X_
SRR [ =y = ¢ LR ZEIRRE |
3
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Bix= RENEG=
The Concept of Functions

EEEE AR EER P EEEA

B A/S Introduction

FERTRE M o PAMERABET 2 e B G025 T A BB ~ FEREL el B A - # K
BTG 8 E BTSRRI S HIPFUE S - W/ 4B P AIE R EL &k
FZergy ~ =53 RO — L5 R e B -

m = Vocabulary

’-I-HEE TTZ%JHZ%FUE%EEE%

Bz th3 E¥F th3
function RAE independent variable H S8
element JCER dependent variable JE BB
domain ER implicit function F& el
corresponding domain /

HER composite function ERERE
codomain
range =R inverse function SRR
Gaussian function ST R piecewise function o1 B HEY
real-valued function B HUE PR natural exponential function | EEXEFEEILKE]L
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odd function ZFPHEY natural logarithm function ERAy AL T
even function ESar concavity [ =

m HEBQRBEERAAGF Sentence Frames and Useful Sentences

O think of __(something) as __ (something else)

#4] : We often think of a function as a machine.

P T R IR Bl — S s -

(2) is called

4] : The new function is called a composite function.

SHITEC PR R Ry B R B, -

(3) associates with

4] © A function is a relation that uniquely associates members of one set with members of

another set.

R R — (E R SR T R B S — (R G HY T R — B ER VR (4 -

(4 is written as
ffil4) « The inverse of f(x) is written as [ _l(x).
S @) B EBER £ () -
® That’s the reason why

%147 - That’s the reason why inverse functions only exist for one-to-one functions.
y y

SR R TR BB AR — 3 — BRI R A -
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(6] is/am/are neither nor .

%47 : In fact, most functions are neither odd nor even.

FE L REBOREEA Z = A 2 E e -

m [EREE#E Explanation of Problems

«3 :RAEA

We are going to review the concept of functions and develop a deeper understanding of functions

and their special properties.

Why do we study functions?
Many situations in the real world can be modeled as functions. For example, the number of
bacteria present after the start of an experiment or the temperature of a hot drink as it cools over

time.

What is a function?

We often think of a function as a machine. We can input a variable x, and then we get an output
which is a variable y. x is called an independent variable and y is called a dependent variable.
A function is a relation that uniquely associates members of one set with members of another
set. Functions can either be one-to-one or many-to-one.

The domain is the set of all possible inputs for a function. The codomain is the set of all possible
outputs for a function. The range is the set of all outputs for a function.

The codomain and range are both on the output side, but are a little different.

The codomain is the set of values that could possibly come out. And the range is the set of values
that do come out.

So, the range is a subset of the codomain.

You can see this in the diagram below.
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A

X
Ex= ¥ FEE
domain codomain

If A and B are sets, then a function f from A4 to B, written f: A — B, is a rule that associates
each element x in 4 with a unique element denoted f(x) in B. 4 is the domain of f, B is the

codomain of £, and the set {f(x)| x € 4} is the range of f.

Function Laws

It is possible to combine functions in several different ways.

For example, if /(x) =x + 1 and g (x) = x — 3, then we could write

) +gx)=x+1+x—-3=2x—-2.

In this example, two functions are added.

Similarly, if f(x) =x+ 1 andg (x) = x*, thenf(x) g (x) = (x + 1) - x> = x> + x%.

In this example, two functions are multiplied.

In fact, we can add, subtract, multiply, and divide functions. The domains are the intersection

of their domains.

Let /(x) and g (x) be real-valued functions. Then each of the following statements holds:

® Sum law for functions: (f+ g)(x) =f(x) + g (x), the domains are the intersection of
f(x) and g (x).

® Difference law for functions: (f— g)(x) = f'(x) — g (x), the domains are the intersection of
f(x) and g (x).

® Product law for functions: (fg)(x) = ' (x)g (x), the domains are the intersection of f (x)
and g (x).

® (Quotient law for functions: (g)(x) = jg%, the domains are the intersection of f(x) and

g () butg(x) # 0.
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Composite functions
Two or more functions can be combined to make a new function. The new function is called a
composite function. It is also called a function of a function. The symbol for composition is a

small circle. We can see the key points of composition functions below.

® (fog)(x) means apply g first, then apply f.
® (for)x)=f(gX)
® f(g(x)) isreadas“fofgofx.”

fog
f domain of g g
/’9-_ —*‘\
domain of f range of f range of gf
gf

Inverse functions

The inverse of a function f'(x) is the function that undoes what /'(x) has done. In other words,
the inverse of a function performs the opposite operation to the original function. It takes the
elements in the range of the original function and maps them back into elements of the domain
of the original function. That’s why inverse functions only exist for one-to-one functions.

The inverse of /' (x) is written as: f _l(x). This is read as the “f inverse of x.”

o fW=rr®=x

® The graphsof y=f(x) and y = f _l(x) are reflections of each other about the line y = x.
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g g

domain of f range of f

"

f—l

domain of £ range of f !

For example, /' (x) = 2° has an inverse function
p

g (x) = log, x. The graph of g (x) is a reflection of the
graph of /(x) about the line y = x. O(y,.x.) -

The graph of functions

Vertical line test
Given a function f, every vertical line that may be drawn intersects the graph of f no more than
once. If any vertical line intersects a set of points more than once, the set of points does not

represent a function.

Common functions
® Cubic function: f(x) = x>

Its domain is all the real numbers. Its range is also the real numbers.
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®  Absolute value function: f'(x) = |x|

Its domain is all the real numbers. Its range is: {y |y € R,y = 0}
¥
A y=Ixl
» X
0

Absolute value function can also be expressed by the following formula:

x,x=0
f@ =l = {5720

®  Gaussian function/floor function: f'(x) = [x]
[x] is the greatest integer that is less than or equal to x.

Its domain is all the real numbers. Its range is all the integers.

y
A y = [x]
&0

[ ]
O > X

0 1

@)
*—0

The Gaussian function can also be expressed by the following formula:

§
2,2<x<3
L1<x<2
f)=xl=< 0,0<x<1
-1,1<x<0
2, —2<x<—1

\
The absolute value function and the Gaussian function are both piecewise functions.
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® Square root function: £ (x) = Vx
Its domain is: {x|x € R,x =0} Itsrangeis: {y|y €R,y = 0}

y

A

y=/x

\ 4
=

® Reciprocal function: f'(x) = i

Its domain is: {x | x € R, x # 0} Itsrangeis: {y|y€R,y # 0}

® Natural exponential function: ' (x) = &*
e is “Euler’s Number.” The value of e is about 2.718281828459.
The number e is one of the most important numbers in mathematics.
The domain of natural exponential function is all the real numbers. Its range is:
lyer,y>0}

y :
A y=e€
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® Natural logarithm function: f'(x) = log, x = Inx
Natural logarithm function is the logarithm function using base e which is Euler’s Number.

Its domain is:  {x| x € R, x > 0} Its range is all the real numbers.

y

A

y=Inx

L

> X

Odd and even functions

A function is called “odd” when f'(—x) = —f(x) for all x. The graph of the function has origin
symmetry.

For example, the cubic function f'(x) = x> is an odd function. The graph of the function has
origin symmetry.

A function is called “even” when ' (—x) = f(x) for all x. The graph of the function has symmetry
about the y-axis.

For example, the absolute value function /' (x) = |x| is an even function. The graph of the

function has symmetry about the y-axis.

Don't be misled by the names “odd” and “even”. They are just names and a function does not

have to be even or odd. In fact, most functions are neither odd nor even.
Concavity

Let's review the concavity of function graphs discussed before:

Let f(x) be a continuous function, and x;, x, are any two numbers of the domain of f.
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The graph of fis concave up if ’w > f (’%)

y

»X

The graph of /is concave down if £ (xl);rf () o i (xl;’xZ)
y
A
X1+xp
+5)

S G +f ()
2
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(3£3Z ) Find the largest possible domain for each function.

1

() f(x) ==

X

(i) ) =vI—x
(HS7) $E TR E R, -

(i) fG) ==
(i)f (x) = VI —x

Teacher: What is the restriction of the denominator of a fraction?

Student: The denominator of a fraction is not zero.

Teacher: So, do you know what the domain is for the first function?

Student: x is a real number but is not zero.

Teacher: For the second function, what are the restrictions on the numbers inside the root
sign?

Student: They are nonnegative.

Teacher: We now get 1 — x is nonnegative, which means 1 —x > 0. So, what is the range
of x?

Student: We get: x < 1.

Teacher: So, do you know what the domain is for the second function?

Student: x is a real number but x is no greater than 1.

EHl B REA (IR IR ©

EHT BT DAURRIE 55— {18 e Y XE Fedl Ry rT e 2

B4 x EEREALE -

T BIERE T EeR B ARER T VET A IR R ?

B4 0 IRSENERIEAREE -

EEN BMTERD 1 —x BIEA - WEESR 1—x =0 x BYFERE S{TIE ?

B4 KEFE x<1-
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(B£3Z) The functions fand g are defined by £ (x) = 2x + 1 and g (x) = x?. Find:
(1) the function (g o f)(x)
(i1) the function (fo g)(x)
(H30) BB () =20+ 1> g (@) = x>« 3K
(i) (g°/))
(ii) (fo g)(x)

Teacher: In the first function (g o f)(x) , what is the first function to act?

Student:  f(x) .

Teacher: The composite function (g o f)(x) should be performed from right to left: start
with x, then apply /, and then g. So, we first get 2x + 1 then g acts on the result.
We get:
(gof)@) =gx+ 1) = @2x+1)
Now simplify the answer.

Student: 4x> + 4x + 1

Teacher: Next, we see the second composite function. What is the first function to act?

Student: g (x)

Teacher: Please try to solve the function (fo g)(x) now.

Teacher: What is the result?

Student: 2x? + 1

Teacher: Compare the two functions of this question, do you think (g o f)(x) = (o g2)(x) ?

Student: No.

Teacher: Clearly, the order of functions can cause different results. This tells us, in general

terms, that the order in which we compose functions matters.
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i AEB— B (go/)0) > W R I 2
B f() -

I AR (g N ERHARGIER » o x BUE f R EERR g - 1%
F5 2x+ 1 FiF 2x+ 1 {FHt g
B (gof)) =gx+ 1) = Qx+ 1)
i LREZE -

B4 4% 4+ 4x+ 1o

RN EEIRPTRE S B SRR gL o W —{E e E ST E e 2

B g -

Ehh . RAEFESREL (e o))

RN B RETE ?

BA T 2% 41

EHD bR N EERE T AR E R > FBRRS (gof)X) = (fog)x) ?

B fE-

RN AT LARIE S RHIIE T AT ASER FIRVEESR - —AkER - Skl
AR I e (R B B2 -
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(L3 ) A new mother is bathing her baby for the first time. She takes the temperature of the
bathwater with a thermometer which reads in Celsius, but then has to convert the
temperature to degrees Fahrenheit to apply the rule that her mother taught her:

“At one o five,
he’ll cook alive,
but ninety-four,
is rather raw.”

Write down the two functions that are involved, and apply them to readings of:
(1)30°C(2)36°C (3)46°C.

(F230) — (i T —E MV B 0% - M ARIORERDRES RIS TR KrY
S ABFER R R R R BEORE > DUEIE I AR AE AR Al -

1F 105 /& >
{UA=PEEE N H= R
{B4E 94 & >

EIEHE L -
A B LH AT R R (i R B > G HE P E MR EL T HRE

(1)30°C (2)36°C (3) 46°C -

Teacher: What is the function that converts the Celsius temperature C into a Fahrenheit
temperature F?

Student: Fe §C+ 1.

Teacher: Good job! The second function maps Fahrenheit temperatures onto the state of the
bath. What can we get from this rule?

Student: The Fahrenheit temperature F = 105 is too hot. The baby will be “cooked alive.”
F < 94 is too cold for the baby.
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Teacher: Excellent. Our best temperature for bathing babies is 94 to 104 degrees Fahrenheit.
We get another function, we may call it g (F). We write g () as a piecewise

function as follows:

too hot if F > 105°F
g(F) = {all right if 94°F < F < 105°F
too cold if F < 94°F

In this case the composite function would be (to the nearest degree):

too hot if C > 41°C
g(0) = {all right if 34°C < C < 41°C
too cold if C < 34°C

Which temperature is most suitable for bathing a baby? (1)30°C, (2)36°C and
(3)46°C ?
Student: 30°C is too cold. 36°C is all right. 46°C 1is too hot for a baby.

Chh - RHRORE C B AEERIRE F AYREUE (T ?
A F=§C+n.
FHR  (REF o BB (E BT EE LR AR ARG AVIREE - MR E R MEESEIT
JERIfE 2
B4 FEEORE F>105 KB\ - HEEEEHEN - F <94 BEEIGRRAST -
ERf KB T - TRMBEREIENREREZER 94 £ 104 F - TMEEIS—E
PRE > AR LIEZ By g (F) - BT ¢ (F) B AR W TFATR ¢
KE > & F > 105°F
g (F) = < MIMI%F » & 94°F < F < 105°F
K2 » & F < 94F
FEREFEN T - GRS (AR R D)
KEL & C = 41°C
g (C) = { MIIE » & 34°C < C < 41°C
KA & C<34°C
MELRE R EEEEE R ? (1)30°C -~ (2)36°C ~ (3)46°C
A4 0 30°C K4 o 36°C [IfI4E - 46°C KENT o
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(L7 ) The taxi fare in a specific city is as follows: the fare is NT$85 for a distance not
exceeding 1.25 kilometers, and NT$5 is charged for every 0.2 kilometers beyond 1.25
kilometers, and there is no charge for a distance less than 0.2 kilometers. Now, use the
function g (x) to express the fare required to travel x kilometers.

Expressed as follows:

85, x<1.25
g(x) ={ x—1.25
a+b[=2 ],x> 1.25

(1) Find the values of a, b.
(2) How much should Jenny pay if the distance by taxi is 4.8 kilometers?

(tp30) HgmavEt R B T TR - lEd 125 NE > HEFR 85 T > il
1.25 AEAESy - & 0.2 AEIS 7T 0 AR 0.2 LB AETE o SRR
g () FoRFER x AEFTRSHVEER - AT ¢

85, x < 1.25
g ={ x—1.25
a+b —oa ],x> 1.25

(1) FEEHFEE a~b Z{H -
(2) # Jenny fEFEHZEMERIE R 4.5 ANH > HIfEZ A%/ DEEIE ?

Teacher: In this city, we know that the taxi fare is NT$85 for a distance no greater than 1.25
kilometers, so we get the first part of g (x). g (x) is a piecewise function. We get
g (x) = 85 when x < 1.25.

Teacher: We also notice that NT$5 is charged for every 0.2 kilometers beyond 1.25
kilometers, and there is no charge for the distance less than 0.2 kilometers. What can
we get from this description? What is the value of a in g (x)?

Student: a is 85.

Teacher: That’s right. What is the value of b?

Student: b is 5.

Teacher: Correct. For the second question, if Jenny travels 4.5 kilometers by taxi, how much

should she pay?
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Student: You only need to put a = 85, b = 5,x = 4.5 into the g (x).

4.5-25

Then you get: g (4.5) = 85+ 5 [*2| = 85+ 5 x [16.25] = 165. The answer is

165.
Teacher: Good job! So, Jenny should pay NT$165 for this ride.

RN AEE R > FRFIAIE EE%EKE 1.25 NHEG  SH2HEE ML 85 T AIEH
MeE g () HYZH © g () BT BIRE - E x < 1.25 B e
g(x)=85-

Ehh . BMEEER] > s 1.25 A EAVEERE > 5 0.2 2B 5 T 0 0.2 AEDIARY
PEREANCE « (EEER I P EAMBE AR 2 BAEKER - g ) Fa ERES
e

BA D a 285

Fpg o 28 - bINEEZ D ?

Bl pE 5o

EHN IR - STEE ERE - R eRAEHEETRE T 4.5 AH - Mg
/DEEIE ?

B PR a=85b=5 x=45 LA g() - FAH g(45) =85+ 5[

4.5- 25]

85+ 5% [16.25] = 165 - K225 165 -
HHT S o AL Jenny 3B RIEEHFESZ (T 165 I -
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Bl RERIESIR
The Limit of a Function

EEEE AR EER P EEEA

B RIS Introduction

BRI PR AR o SR & 2 — » FEIEE—E T - TR B 1B B B A AR PR A 2 2
e SRR RAVERIME - R Y MEE R - R R EE - i
&I A E B -

B % Vocabulary

XERER AR ETTERH R

¥ th3 ¥ thi
approach HAT left limit TR
limit fiRfR right limit y Y5
continuity A approximate At
continuous function LB PR discontinuity RNHLE
MEEHE squeeze/sandwich
intermediate value theorem AP e FE
(HHEEEHE) theorem
Bolzano's theorem
i |
determination of roots ERE intermediate / Rk s
zero theorem
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B HEGRBEERTGF Sentence Frames and Useful Sentences

(1] either or

il4] © We often use either graphical or numerical methods to approximate the value.

PP 5 P Bl SR E T AR (G ez (E -

(2] be as as

2,
{547 : In other words, the difference between - _x 2

and 6 can be as close as you want.

x2—

HORERR  T A 6  RIRFER T LU T AR -

©® It can be deduced that .

4] : It can be deduced that limx" = &" is true for all positive integers 7.

X—a

FTLIEET » SHFTEERS 0 > limy” = " B -

O Itis trivial that

ey« It is trivial that this statement is true.

ERESHVHE M SRR -

® According to

4] : According to the factor theorem, what relation equation can we get?

RBANEHE > T AT LSRR AR ?

(6] whether or not

#5147 - We are unable to determine whether lil’l’(l)(f O+ % exists or not.
X—

BPHEEFBURT lin(r () + 1) (FESCR P -
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B RIEEFERE Explanation of Problems

o A ®

An introduction to limits

We begin our study of limits by considering examples that demonstrate key concepts that will
be explained as we progress.

2
Consider the function f'(x) = 26 _x 2

. When x is near the value 2, what value (if any) is f'(x)

near?

Although our question is not precisely formed (what “near the value 2” is), the answer is easy to
find.

First, we look at the graph of this function to approximate the appropriate f (x) values.

2(x2—x—-2

— ) is graphed. We also use a table to list the

Let y = f(x). Consider Figure 1, where y =

values of the function for the given values of x. See Table 1. We often use either graphical or

numerical methods to approximate the value.

2 _ 45—
flx) = Z(xTZZ) approaches 6.

x approaches 2.

3 4 5

2(x* —x —2) ,
X =——=2(x+ 1) ifx #2
x—2
1.9 5.8
1.99 5.98
1.999 5.998
1.9999 5.9998
2 Undefined
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2.0001 6.0002

2.001 6.002
2.01 6.02
2.1 6.2

2(x2—x-2)

We know that when x is near the value 2, y = is near the value 6. To be more precise,

2(x2—x-2)

we want the value of y = to be closer to 6, so there is a way to limit the range of x, so

that for x within this range, the difference between y and 6 will be determined within the selected
error range. For example,

1. For the desired error of 0.01, you can choose 0.005, so that when 0<|x — 2/<0.005,

x2—x—-2

x=2 o

2. For the desired error of 0.001, you can choose 0.0005, so that when 0<|x —2|<0.0005,

6| <0.01.

x2—x—=2
x—=2

3. For the desired error of 0.0001, you can choose 0.00005, so that when 0<|x —2|<0.00005,

6| < 0.001.

x2—

’“2‘2— 6| < 0.0001.

xX—

. 2x=2
In other words, the difference between = x2

and 6 can be as close as you want. Mathematically,

we say that the limit of /' (x) as x approaches 2 is 6. We express this limit in symbols as:

lim/ () = 6.

Definition of limits

Let f(x) be a function defined at all values in an open interval containing a, and let L be a real
number. If all values of the function f'(x) approach the real number L as the values of x (x # a)
approach the number a, then we say that the limit of f (x) as x approaches a is L.

(More concisely, as x gets closer to a, f(x) gets closer and stays close to L.)

We express this idea as: limf (x) = L.

Below are some ideas you need to know.
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® “xapproaches a” means “x is getting closer and closer to a@”, not “x = a”. “x approaches a”
is written as: x = a

® For the limit of a function to exist at a point, the function values must approach a single real
number value at that point.
If the function values do not approach a single value, then the limit does not exist.
Not every function has a limit as x approaches a.

The value /(@) does not necessarily exist.

One-sided limits
Sometimes, the limit of a function exists from one side or the other (or both) even though the
limit does not exist. Since it is useful to talk about this situation, we introduce the concept of a

one-sided limit:

Call L the right limit of a function f'(x) as x approaches a, written as lim f'(x) = L, if /' (x)
X—a

approaches L as x approaches a for values of x larger than a.

Call L the left limit of a function f(x) as x approaches a, written as lim f(x) = L, if f(x)

approaches L as x approaches a for values of x smaller than a.

Let’s talk about the relationship between the limit of a function at a point and the limits from the
right and left at that point. Clearly, if the limit from the right and the limit from the left have a
common value, then that common value is the limit of the function at that point. Similarly, if the
limit from the left and the limit from the right take on different values, the limit of the function

doesn’t exist. These conclusions are summarized in the following part.

The condition for the existence of limits

The limit of a function exists if and only if both its right limit and left limit exist and are equal:

limf(x) =L & lim f(x) =L = lim f(x)

We now take a look at the limit laws, the individual properties of limits.
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Limit laws
Suppose that the limits of /' (x), g (x) exist. Let )lcl_l’)ltlz f(x) =L, )lcl_lgg (x) =M, and k be a
constant. Then each of the following statements holds:
(1) Constant law
)lci_rgk f(x)=kL
(2) Sum law and difference law
lim (f (=g (x)) = LM
(3) Product law
lim (7 ()g () = LM

(4) Quotient law

f(x) )

If M # 0and g (x) # 0 forall x # @ on an open interval / containing a, then lim (gT) ﬁ
X—a

(5) Root law

IfL>0andf(x) >0 forall x # a onan open interval / containing a, then lim/f(x) = VL

Suppose k is a constant. It is obvious that limk = k& and limx = a. Using the above properties

X—a X—a

(3) product law and mathematical induction, it can be deduced that limx" = 4" is true for all

X—a
positive integers n. Therefore, if £ (x) = k,x" + k,_;x"~' + - + k; is a polynomial function, then

hmf(x) = lim (ann + kn_lxn_l + -+ k())

= lim k,x" + lim k,_;x"~' + - + lim k,
X—a

X—a X—a

= k,limx" + kn_liirr;x”“ + -+ ky

=k,a" +k,_a" "+ + ky
=f(a)
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Generally speaking, when finding the limit of a polynomial function, you can just substitute the
value directly. Using the above properties (4) quotient law, we can also substitute the value
directly when finding the limit of a rational function (the denominator must be non-zero).

We rewrite them as follows:

Limits of polynomial and rational functions

Let f(x), g (x) be polynomials and a a real number. Then
1. limf(x) =1 (a)

2. lim (L) =1@

Lim (25 @ when g (a) # 0

Next, we introduce an important theorem.

The Squeeze/Sandwich Theorem

Suppose that g (x) < f(x) < & (x) forall x close to a but not necessarily equal to a. If lim g(x) =
X—a

L = lim A(x), then lim f(x) = L where L is a real number.

Intuitively, the squeeze (or sandwich) theorem says that if one function is “squeezed” between
two functions approaching the same limit, then the function in the middle must also approach

that limit.

Continuity

Informally, a function is continuous if you can “draw it” without “lifting your pencil.” For
example, linear functions, quadratic functions, exponential functions, logarithmic functions, sine
functions, and cosine functions are all continuous functions.

Look at the following graphs:

y=£(x) L y=g(x)  y=h(x)
/\ AN v
i'cl,'.‘i Pfé‘i Pr::li
1) @ 3)
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We say that the function in Figure 1 is continuous at x = a, but the function in Figures 2 and 3
are discontinuous at x = a. Observe Figure 1; the function is continuous at x = a. It means that
no matter when x approaches a from the left or the right, the function must have a limit, and the
limit value of /' (x) at x = a is just the function value f'(a).

We now give the formal definition of continuity.

Continuity at a point

Suppose a is in the domain of /. A function f'is continuous at a point « if limf (x) exists and
X—a

limf(x) =7(a).

A useful way to establish whether or not a function fis continuous at a is to verify the following

three things:

l. limf(x) exists
2. f(a) is defined

3. limf (x) =/ (a)

Continuous functions
A function f'is continuous on an interval if it is continuous at every point in the interval.

For a closed interval I = [a, b], a function f'is continuous on / if it is continuous on the open

interval (a, b) and if lim f(x) =f(a) (i.e. f'is right continuous at x = a) and lirgl_ fx) =

f(b) (i.e. f1is left continuous at x = b).
A function is discontinuous at a point if it is not continuous there.

A continuous function is continuous over its entire domain.
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Properties of continuous functions

If /(x), g (x) are continuous at x = a, then each of the following statements holds:
(1) f(x) + g (x) is continuous at x = a.
(2) f(x) — g (x) is continuous at x = a.

(3) f(x)g (x) is continuous at x = a.

4) % is continuous at x = a, where g (x) # 0 for all x in an open interval containing a.

Continuity of polynomials and rational functions

Polynomials and rational functions are continuous at every point in their domains.

It is trivial that this statement is true. Previously, we showed that if f(x), g (x) are polynomials

and a is a real number. Then:
1. limf(x) =f(a)

0@
2 ;lcl—r}clz(g(x)) gy when g (a) # 0

Therefore, polynomials and rational functions are continuous in their domains.

Composite Function Theorem
If /' (x) is continuous at x =a and g (x) is continuous at x = f(a), then (gof)(x) is

continuous at x = a.

If a ball falls from the balcony on the 7th floor to the ground on the 1st floor, it must pass by the
4th floor at some point. The temperature was 20°C at 9:00 am and rose to 30°C by 14:00 pm.
Since the temperature changes continuously, there will be at least one moment when the
temperature is exactly 25°C during the period from 9:00 to 14:00. These everyday examples help

us understand the Intermediate Value Theorem.
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Intermediate Value Theorem
If /(x) is a continuous function for all x in the closed interval [a, b] and d is between f'(a) and
f(b), then there is a number ¢ in [a, b] such that ' (¢) = d. Note that this theorem only guarantees

that ¢ must be found (there may be more than one), but it does not tell us how to find it.

An important application of the Intermediate Value Theorem is root finding. Given a function £,
we are often interested in finding values of x where f'(x) = 0. These roots may be very difficult

to find exactly. Good approximations can be found by successive applications of this theorem.

Suppose by direct computation, we find that f(a) <0 and f (b)>0, where a < b. The
Intermediate Value Theorem states at least one ¢ in (a, b) such that f'(¢) = 0. The theorem does
not give us any clue about where to find such a value in the interval (a, b), only that there is at

least one such value. The above process brings us to the following theorem:

Bolzano's Theorem
If (x) is continuous such that /(@) and /(b) have opposite signs, then f(x) = 0 has at least

one real solution in [a, b].
If a continuous function has values of opposite signs inside an interval, then it has a root in that

interval. This theorem is a tool to approximate the root of an unsolvable equation or to show that

it exists.
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staH ¢ BRI
(332 ) Evaluate the following limits.

(i) )1(13 (2 =3x+ DEx+1)
(ii) E@l [x+ 1]

(H=0) SR TFAIRAER -

(i) lim (2 = 3x + 1)x + 1)

(if) lim [x + 1]

Teacher: Let’s calculate the first limit. Since it combines two polynomials, we can just use

the limit laws to solve the limit. Please use the limit laws to simplify the limit.

Student: lin%(xz —3x+Dx+1)= lin%(xz —3x+1)- lirr%(x +1)=-1-3=-3.

Teacher: Good. Now let’s see the second limit. Can we just put the number 2 directly into
the limit?

Student: No. It is not a polynomial.

Teacher: Let’s roughly draw the graph of f'(x) = [x + 1]. We can easily see the left limit
and the right limit of /' (x). What are the two limits?

.l oe
HO—e
o
PR D
e .
—e =

Student: The left limit lim_[x + 1] is 0. The right limit lim+[x + 1] is 1.

x——1 x——1
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Teacher: Great. Then what is the limit of /'(x) at x = —1?

Student: The limit of /'(x) at x = —1 doesn’t exist.
Teacher: Well done.

i -

B

4
B

R

i
B

EH

IR EE AR - R EsS e 17 mME2EE R DL AR E
FERACK GR35 PR E A B R R -

lim(x* —3x+ Dx+1)=limGx*—=3x+ 1) -limx+1)=-1-3=-3¢
—2 x—2 x—2

4rHY o PRI MR E S (AR - BT DLERERAE Y 2 BRI 2
AHEL > EARZHERA -

HATHEES I S () = [x + 1] BYE - FFTTPIREZHE L f () #Y/EIR
FUARRIR o R {ERRR 2 (72 2

) O—e
O—@
co—e®
o—e .
—® 5

COERIR lim [+ 1] K 0 ARIR lim [r+1] K 1

x——17

R - AU x = —1 B> () HIRRIREZ /D 2
x=—1 8> f(x) HIERRAFLE -
4T -

BB REERETRIP (E N

¥



FE TR B ERT P o HEASEHBHES L

plE_

B © A R B IR A T B AR KL -

ax +bx+2

— = = 1 where a and b are real numbers. Find the values of ¢ and

(3£37 ) Suppose 11m

b.

(430 R lim S22 =1 e o R b SRR - oK a b M -

2

Teacher: ax2+bx+2

Since hm
) x2—x=2

=1,and x¥* —x—2=0 at x = 2, then we know x — 2 must

divide ax? + bx + 2. According to the factor theorem, what relation equation can
we get?

Student: Let x=2. a-2°+bh-2+2=0=>4a+2h+2=0=>h=—2a— 1.

Teacher: Substitute b = —2a — 1, we get
ax* +bx+2=ax’* + (—2a— Dx+ 2 = (ax — 1)(x — 2).

ax>+bx+2

Use this result in lim — =1.
x—2 x—x—=2
Student: i ax* + bx +2 ) y (ax — DH)(x—2) > (ax—1)
: —_— = —3 = = =
- =2 (= )x —2) s Y
SlimE =132 —-1=123a=1.
x—2 (2-1)

Teacher: Good job. Now calculate b.
Student: b=-2a—1=-2-1—-1=-=-3.
Teacher: Yes, a=1 and b = —3.

%%:EmAlaHMH—I’Ex—Zﬂyx—x—2—0ﬁWﬁM%ﬂ B ox—2 PVE
R ax? + bx + 2 o IRBRAEHE - Mo LSRR 2
Bl S x=2°q-22+b242=0>4a+2b+2=0>b=-2a—1-°

EH: RAb=-2a—1" 1%
ax*> +bx+2=ax> +(—2a— Dx+2=(ax— 1)(x —2) °

N . ax’+bx+2
RFHEEERAA lim x2+ P=1.

—x—2
ax® + bx + 2 (ax — 1)(x — 2) (ax —1)
B4 lim——————=1 =lim =1=lim =1
%i xg% xz—x—2 x—2 (x—l)(x—2) xLZ (x—l)
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(@2- 1)—1=>2a—1—1=>a—1

EHN - RE - BRALEHEETE b o
B4 b=-2a-1=-2-1-1=-3°
HE: B ca=1f1 b=-3

plE=
st M MEE B A

(B£3Z) Use the intermediate value theorem and function f{x) = x? to illustrate that there is a

positive real number whose square is equal to 3(that is, the existence of v/3).

(S0 BRI MEER B E ) = AGRIFFEE—EEE - HEHER 3 (B V3
AIAFAENE ) -

Teacher: Is the polynomial function f{x) = x*> continuous?

Student: Yes, f(x) = x* is continuous.

Teacher: Great. Calculate /(1) and f(2).

Student: f{1) =1 and f(2) =4

Teacher: Good job. So, can we apply the intermediate value theorem?

Student: Yes, because f{x) = x? is continuous, /(1) = 1, f{2) = 4, and 3 is between 1 and 4,
therefore, according to the intermediate value theorem, there must be a positive real
number c in the interval (1, 2), satisfying f(c) = ¢*> = 3.

Teacher: Excellent.

il HEARE ) =7 ZEEE 2

B0 2 ) =xF EEE

T R - 5PE A 1A -

BAg f)=1F1 2)=4-

Ehl IS o FrRARRM T DUE A VR E R T 2

A By HEAx) =x> SEEN > AD=1> fQ)=4>FI3NM{E1R4 7>
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FTLURIEVE 8 > 7EER (1,2) FAMFEE—IEER ¢ WE )= =3
ERl KRBT -

w EARE/ BREEE o

plEE—
st ¢ B e BB RA AL MR ER VU RS -

1+x,x<1

(L2 ) Consider two functions f'(x)= {1’ c>18

<
(x)= {31 T . );C S 11 Regarding the limit

of the function, choose the correct option.

(1) )lcl_r}} f(x) exists, )161_1’)1} g (x) exists, )lcl_r)l} (f (x) + g (x)) exists.

(2) )lcl_r}} f(x) exists, )161_1’)1} g (x) doesn’t exist, )lcl_r}} (f (x) + g (x)) doesn’t exist.
(3) )lcl_r)r} f(x) doesn’t exists, )lcl_rg g (x) exists, )lcl_r)l’ll (f (x) + g (x)) doesn’t exist.
4) )lcl_r)r} f(x) doesn’t exist, )lcl_r)l’ll g (x) doesn’t exist, )lcgrll (f (x) + g (x)) exists.

(5) lin} f(x) doesn’t exist, lin} g (x) doesn’t exist, lin} (f (x) + g (x)) doesn’t exist.
X— X— X—

l+x,x<1 x<1

(3o HEmER - TS -] T3 - mramER -
A -
(1) limf () 75 ~ limg () B4~ lim /() +2 (1) FFAE

(2) limf @) 77 ~ limg (1) FAEAE ~ lim (F () + g () FAFHE
(3) limf () FFFLE - limg (v) F7E ~ lim (F () + g (1)) FFFIE
(4) limf () FEFLE - limg (1) FFEE I (F () + g () 77E

(5) limf () AFFAE > limg (x) AFE - lim (f () + g () AFAE
(109 f55HH = HAEH 1 #)
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Teacher: First, we compute the lin} f(x). It is obvious that f(x) is a piecewise function.
X—

We need to compute the two limits lim f(x) and lil}l_ S (x). Compute lim f(x).
x—1 X— x—1

What do we get?

Student: hm+f(x) =1.
x—1
Teacher: Good. Now compute lir}l_ f(x). What do we get?
X—

Student: lir}l_ flx)= lil’{l_ (1+x)=2.
X— X—

Teacher: Good. Are the right limit and the left limit of f(x) at x = 1 the same?
Student: No, they are different.

Teacher: So, we know lirr% f(x) does not exist. Second, we compute the lirr% g (x).
X— X—
Similarly, we compute lim, g(x) and lir{l_ g(x). What do we get?
x—1 x—

Student: lim g(x) = lim (3 —x) = 2, and liI{l_ glx) =1.
x—1 x—1 X—

Teacher: Good job. Compare the right limit and the left limit of g (x) at x = 1. Are they the
same?

Student: No, they are different.

Teacher: Ok, so we know lin} g (x) does not exist. Last, we evaluate lin% f (x) + g ().
X— X—

What is f'(x) + g (x)?

. I+x)+1L,x<1 R+xx<1
Student.f(x)+g(x)={1+(3_x),x> 1 :{4—x,x> I

Teacher: Excellent. Now what is the right limit of /' (x) + g (x) at x = 1? That is, what
valueis lim (f (xX)+g (x))?
x—1
Student: lir}1+ f()+tg (x) = lir}1+(2+x) = 3.

Teacher: Yes. And what is the left limit of /' (x)+g (x) at x = 1?

Student: lil’}’l_ f)+tg (x) = lir{l_ (4—-x) =3.
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Teacher: So, the limit of /' (x)+g (x) at x =1 is 3.

i -

ER

B

Eh

EH

B

I

: f(x)+g(x)={1+(3—x),x>1_

COIREE - BUE AR x =10 f() +g ) IVAERBIRES /D ?

In conclusion, we get lin} f(x) doesn’t exist, lin} 2 (x) doesn’t exist,
X— X—>

lin} (f (x) + g (x)) = 3 exists. We choose option (4).
X—

EOL > JTETR limf () » TR /() 257 Bl - BT Zeat R m iR

lim f() Al lim f () FFEL lim, £ (x) - BRERREI A 2

: xl_i>n11+f(x) =1-

REF - 72 x =1 f(x) BVERRIRAT/AEMRIRE S 2
AN

FTRARATRIE limf () AFAE = B FlfTGt5H limg () < s Ff 15

lim g(x) 1 lim g(x) - FIRERFEIHE 2

©olim g(x) = lim+(3 —-x) =2, UK liI{l_ glx)y=1¢-
x—1 x—1 X—

b - LERIE x= | B> g (v) AOERERAERIR - SR 2
x o+ EFRE -

Uiy - FTRAFAFIANE limg (x) AT -

Rt% > BMEHHE im (f () +g ()  f () + g () SR8 ?

U+@+Lx£l_f+&x£l
4—x,x>1

R Tim, (f ()+g (@220 2

P lim (F(+g () = lim (24x) =3 -

COEHY CAE x = 1EF o f(6) + g () BYEMIRES D ?

o lim (f()+g () = lim (4 —x) =3 -
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HHl S BTEME x = 1 f()+g (x) HIREIRE 3 -

grim A b JAIEE limf () AFEE -~ lime () AFLE ~ Iim (F () + g ) 77
£ o PefMTEEEEEIH ) -

st I e B S IRAY A M ACHE R -

(L) Let f(x) be a real-valued function defined on nonzero real numbers. lin(l) f (x)m is
xX— X

known to exist. Try to choose the correct options.
2

. X .
(1) )lcl_r}(l) (m) exists.

. X .
(2) )lcl_r)% f(x) o exists.
(3) lim(f (x) + 1) = exists.

x—0 [x|

4) )lcl_% f(x) exists.

(5) lim F(x)* exists.

(S0 & f () B EREIFTEB LOVERERE - CHER lim/f (X)% FAE - &l

e IEHEY 08 -
¥ \2

(1) lim (55) 7

(2) limf () TP

(3) im(/ (@) + D5 F74E
(4) limf (x) F7FE

(5) limf ()" #71E

(107 $5EHT HEF 8 #)
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Teacher: The question says that it is known llm f (x)— exists. What can we get from this

description?
Student: x must be a factor of f'(x).

Teacher: That’s right. Suppose that f (x) = xg (x) where g (x) is a real-valued function
defined on nonzero real numbers. Since it is known ling f (x)li—I exists, we get

||

lim /() 51 = lim(xg () =) = lim(lx| - (x) exists.

2
Next, we see the first option of this question. Does 11m (I I) exist?

Leth (x) = (ﬁ) Please use a piecewise function to describe 4 (x).

A2
) 'Jo x>0 x>0
Student: 7 (x) = (Ix_l) = 4 undefined, x =0 = {undeﬁned, x=0.
g I X 2 1 x < 0

(5. w<0

Teacher: Good job. We can use the graphical method to observe the limit. Let’s first roughly
draw the graph of 7 (x).
3

2

Ve
N

N

-3 -2 -1 0 1 2 3

-1

2
We can easily find that the limit ling (Ii_l) is 1. We now see the second option. How
X—
do we compute lim f(x)= ?
x—0 Ix|

Student: We compare the right limit and the left limit of /' (x) — at x =0.

Teacher: Yes. Now compute these two limits.
2 2
R X . X ) X
Student: lim f(x)— = lim (xg (%) - =)= lim (g(x) - )— 11m (g(x) - l
x—0 |X| x—0 |x| x—0 |x| | |

= lim (¢(x) - Ix)
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Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Y RKTRNEFF R T R EERT P o HEAYEHBHREAL

2 2
hm f(x)ﬁ = hm 1 (xg (x) - ﬁ)_ lim (g(x) - ﬂ)_ lim (g(x) - %

= hm (g(x) - |x|). Since 11m(|x| g(x)) exists, then hm f (x)— exists.

Excellent. Let’s move on to the third option. Does hm(f x) + 1)— exist? We
simplify the limit. lim(f () + 1) = lim (f(x) ) . Since the limit is

combined with two parts lir% (f x) %) and hm( ) According to the second

option, we know that lir% (f ) Ii_l) exists. Next, we need to see whether lim (| I)
X—

x—0

. . . . . X
exists or not. Please use a piecewise function to describe o
X

= x>0, x>0
= = { undefined, x = 0 = {undefined, x = 0.
Y x

-, x < 0 _17 x < 0

—X

Nice. Does lim (Ix_l) exist?
X

x—0

According to the piecewise function, we know that hm ( ) does not exist.

|x|
So, we are unable to determine whether lin%(f x) + l)ﬁ exists or not. We can
X—

guess that the limit doesn’t exist. What should we do if we want to show that the
sentence is wrong?
We need to give a counterexample.

Yes. Please give a counterexample now.

Ok. Let f(x) = 1,x # 0. l1m(f(x)+1)——11m(1+1)——1 . It is easy to

x—>0 |X |
.2 .
check that lim = does not exist.
x—0 |x|
Very good. Therefore, the third option is false. Let's look at the fourth option. Does
lim f'(x) exist?
x—0
Not necessarily.

Can you give a counterexample?

BOOMEABEFRE TR EEAR F
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Student: Il try. Let f (x) = =, x # 0. Previously, we knew that lim (le) does not exist. The

x—0

fourth option is false.

Teacher: Look at the last option. Does lir% f (x)2 exist?
X—

Student: I don’t know.
Teacher: Let’s think about it together.
We can try to use the above options. Sometimes we need to create something out of

x

nothing. We compute hm f (x) = hm A (x) il ) (f (x) f (x ) all )

= lirr(l) (f (x)lji—l) . lir% (f (x)li—l) exists. This is the hardest option to judge in this

question.

i EEMEREAFE lim/ Y - AOEERUL T R ?

B4 xE S By ERE -
Tl SR B () = xg () Hf g () BALIFEEE LERIVE ERE -

HPNEA Lm0 L EIEREE limf0% = limeg ()2 =
lim(1x| - g () F7EE = B ARG iR (B0 - lim () 771608 2
n() = (2 - SR B B (o) -

, r(ﬁ)z’ x>0 1, x>0
2 h() = () = HEH r=0={ REH# =0
k(i)z, <0 1, x<0

—X.
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LRl ArhE o M DU EIAREY T AR SR o FeMIoifigihE— T A () AY6E] -

3

2

Wal
N

O

-3 -2 -1 0 1 2 3

—1

-2

ﬁﬁ@ﬁ%ﬁﬁ@@;ﬁﬁ@z%1oﬁﬁﬁﬁ%%:m%ﬁoﬁﬁ%wﬁ%
B limf (1) ?

B o HAMEERE f (X)li—ﬂf x =0 pRHYAMPRAZEHRIR -
LRl A o BAERT R R EER -

2 ||2

B lim f(x)l = lim(xg (@) )= Jim (200 T

)= lim (00

= lim (¢() - J+]) -

2 2
Jim /(@) = lim (g () 7= lim (¢ 1) = lim (¢ || '|>

= lim (g(x) - |x]) -
R By hm(IXI g(x)) f#1E  Hi lim f (x)— F1E -
EET KT o BRI = (EEE - lim (7 (x) + 1);—| FAENE ? FAUEREESIR -

lim(/() + DS =lim (f) = +5) - B ER B lim(f05) A

lim () &AL » FEEEE 8 - R lim (f@)5) G - #FH0

x—0

RIMEREE lim(5) BETE - M0 B REokL &
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;'C’ x>0 1 x>0
B = %ﬁ%ﬁ=0={$ﬁ%J=0°
k_ix, x<0 -1, x<0

EH R - lim () 7RIS
EHE RSB B lim (L) R -

ERl LB EHIBRE S im(f () + 1)% FAEEAFAE » BT T DUE M thistis

(B PRALAAFAE » AIRFATVEREIHIE AahEsiarny - i EEHE ?
B2 BMRRERE—(E R B -
ERN TR o SRR (E -

%E:ﬁﬁwéjﬁ%ﬂwioﬁ%0@+nﬁ=ggﬂ+Dﬁ=gﬁ%ﬁﬁﬁ§%

ATLABRE lim S REEAE -

EHT JEEAT - RIL 0 S SRR -
RIACE B SEIIEEIE © limf () (1215 2

B R .

LA AR -

BE L s 2 () =0 00 2A FPVE lim (5) A -
VU S R -

EHl B R - lim /(07 FEE ?

B BRI -
R Bl - RPTPTLAE A L - AR MR R A A Al

— P - RITEHE L/ () =1%V(X)2'i-m)=)lci_r>r(1)(f(x)|i—|-f(x)|i—|)=

x| x

lim (f (X)l);—l) lim (7 (x)lfc—l) FAE B2 I (A R T A e By 88 -
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Biyxh My
Differentiation

EIEHIGHEHRFE  BigE A
B FiS Introduction

BREOEWIR T PHIEZEM S - ] DA R H R —Ripa Y UJARER R ek By S 1L
FEIE(E BT » AT 2 EER L R BHIRIRE - VARG - ZIAA e i B
B BB MO EADT R AABRRIIIREE - UG AR ~ BRIk
SRR - DUERERT YA 0S T IR -

B :@% Vocabulary

XIEREERNBIE TSN HE

¥ th3 B thi

approximate fdiat velocity R
tangency GED] instantaneous W
approach BT acceleration IR
infinity fHEES continuity AHLE M
vertical Y E generalize — MRk
derivative HE domain TEFRI
differentiation oy derivative of a function B
differentiable function | FIf5TEHEL
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B HEGQEBEERETGF Sentence Frames and Useful Sentences

® Find of at

47 - Find the slope of the graph of /(x) at the point (1, 1).
£ f(x) BEIE £ SKPARE (1, 1) B UIRERYREE

® Applying , we have

4y - Applying the definition of the derivative, we have /'(x) = 3x2.
B ES > 50) =327 -

©® We obtain by

4] : We obtain a velocity function by differentiating a position function.

BRI E By > BIFSZ e -

(4 can be represented by
%4 - The position of a free-falling object under the influence of gravity can be represented by

the equation: s(¢) = % gt + vot + 5.

EESPET SO ERE AR () =180 + vol + 50 -
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B RIEEFERE Explanation of Problems

o A ®
1. The slope of the tangent line

We can approximate the slope using a secant line through the point of tangency and a second

point on the curve, as shown in Figure 1.

fla+ Ax) — fla)

Figure 1
In Figure 2, if A(a, f (a)) is the point of tangency and B(X, f (X)) is a second point on the

graph of f , the slope of the secant line mg,. through the two points using the slope formula is

m. = yz_y1: f(X)_f(a)
sec X2—X1 X—a *

This equation is a difference quotient. When the denominator x approaches a, the slope

_f(x)-f(a) . : . .
m= Ilm—a exists. It defines that the tangent line of the function at point (a, f (a))
X—a X —

with the slope m=Ilim
X—a X— a

Figure 2
Moreover, if the limit approaches infinity, the tangent line of the function at the point is the

vertical line.

o B AR RS TR E R
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2. The Derivative of a Function
The limit used to define the slope of a tangent line is also used to define one of the two

fundamental operations of calculus — differentiation.

The derivative of the function f atthe point x=a is the limit
. f(x)-f(a
f '(a) =lim M
X—a X—a

provided the limit exists.

Consider x=a+h. When x approaches a, h becomes x—a , which leads to h
approaching 0. The alternative limit form of the derivative is shown below. The derivative of
f at c is

f(a+h)-f (a)

£1(c)=tim =T @)y,

X—a X—a h—0

provided this limit exists.

3. Rates of Change

(1) Average Velocity and Instantaneous Velocity

The derivative can also be used to determine the rate of change. A common use for the rate of
change is to describe the motion of an object moving in a straight line.

The function s that gives the position of an object as a function of time t is called a position
function. If, over a period of time t , the object changes its position by the amount

s(t+h)—s(t), then, by the familiar formula:

Rate = Dls_tance
time

The average velocity is
s(t+h)—s(t)
—

When 4 approaches 0, the instantaneous velocity of an object at time ¢ is the velocity of the object

at that exact moment, that is

lim s(t+h)—s(t).
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(2) A Falling Object
The position of a free-falling object under the influence of gravity can be represented by the

equation:
L))
s(H) = — 381"+ vt + 5

where s, is the initial height of the object, v, is the initial velocity of the object, and ¢ is

the acceleration due to gravity.

4. Differentiability Implies Continuity

A function being continuous at point x =a does not guarantee that the function is differentiable
at x=a. A continuous function might have a discontinuity, a corner, a cusp, or a vertical
tangent line, and hence not be differentiable at a given point. Conversely, a function being

differentiable at point x =a implies that the function is continuous at point x=a.

5. The Derivative of a Function

We have learned the derivative of a function at a particular point. Now generalize the concept
and consider the function f (X) =x*+2X asan example. As shown below,

applying the definition of the derivative of a function, where a is a real number, we have

_ x°*+2x)—(a’+2a
f’(a):“mM:"m( +2x) (@’ + ):nm
X—a X—a X—a X—a X—a X—a

(x—a)(x2+ax+a2+2)

:Iim(xz+ax+a2+2):a2+a-a+a2+2:3a2+2.

X—a

That means, for every real number a in the domain, we have the derivative of function f’(a).
Hence, the relationship where a corresponds to f”(a) = 3a® + 2 represents a function, just as the

derivative of a function"” f, denoted as f”(x) = 3x* + 2, with respect to x.

The process of finding the derivative of a function is called differentiation. Given a function f (x)
is differentiable at x when its derivative f’(x) exists at x and is differentiable on an open interval

I when it is differentiable at every point in the interval, denoted f (x), is a differentiable function.

BOOMEABEFRE TR EEAR F
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In addition to f’(x), other notations are used to denote the derivative of y = f'(x). The most
' d

or —f(x)

common are: Y, f’(X), (f(x)) dx

For instance, the derivative function of f (X) =x*is f '(X) = 2X, is also denoted as

%Xz =2X or (XZ)' =2X.

. d .
The notation ix is read as “the derivative of y with respect to x” or “dy/ dx.”
X

6. Basic Differentiation Rules
We have learned to use the limit definition to find derivatives. In the next section, we will explore
several differentiation rules that enable us to find derivatives without directly applying the limit
definition.
(1) The Constant Rule
The derivative of a constant function is 0. That is, if ¢ is a real number, then

!

(c) =0
(2) The Power Rule

If n is a natural number, then the function f (X) =X" is differentiable and

(Xn )’ _ an—l
(3) The Constant Multiple Rule

If f isa differentiable function and c is a real number, then cf is also differentiable

and

(cf (x)) =cf'(x).
(4) The Sum and Difference Rules
The sum (or difference) of two differentiable functions f and ¢ is itself differentiable.

Moreover, the derivative of f +g (or f —g)isthe sum (or difference) of the

derivatives of f and ¢,

!

(F()+9(x) = ()+g'(x). (f(x)-9(x)) ='(x)-g'(x).
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(5) The Product Rule

The product of two differentiable functions f and ¢ is itself differentiable. Moreover,
the derivative of fg is the first function times the derivative of the second, plus the second

function times the derivative of the first. That is,

81 (0] 1990+ ()8 )

(6) The Quotient Rule

The quotient i of two differentiable functions f and ¢ is itself differentiable at all
g

values of x for which g(X);tO. Moreover, the derivative of ! is given by the

denominator times the derivative of the numerator minus the numerator times the derivative

of the denominator, all divided by the square of the denominator.

A _ 9P (X)=F()a'(X) .
dx{g(x)} ] . 9(x)=0

(7) The Chain Rule

If f (X) is a differentiable function of ¢ (X) and ¢ (X) 1s a differentiable function of x,

then go f (X) is a differentiable function of x and

(92 1) ()=—-Tg2 1 (x)]= F'(9()5'(x).
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BlE—

(F30)

(=0

Teacher:

Student:

Teacher:

Student:
Teacher:
Student:

Teacher:

ZHh

BA

EH

m
£ -
Bk :
Sk

i | AE R EERE D) R

Find £(2) for f(x) = x*> . Then find the slopes of the graph of /(x) at the points
P(2,4).

KB f () = x° VEELS(2) - 12 f OIVETZ L - SKEURE P (2, 4) R UTEEHTUI4R
Jite=

[@=rQ)

Applying the definition of the derivative, we have f°(2) = lin% —

Please simplify the equation.

x—> 2 X—

> —hm(x+2) =4

So, we know that the slope of the tangent line is  f*(2) = 4.

Using the point-slope formula, what will be the result?

We obtain the equation of the tangent line, which is y —4 = 4(x — 2)
Simplify the result.
y=4x—4
Well done, that is the answer.
HEBIESR 15/ Q) = limOLD (LR -
/@ =lim 0‘) LTD — iy XT— lim(x+2) =4
AL ﬁﬁ?ﬂéﬂﬂ’ﬂﬁﬂrﬁffﬁé\f '(2) =4 IMIMHELRAVERIZ - 7] IS VI8R5
BRI AFIE ISR TRy y —4 = 4(x — 2) -
s LR -
y=4x—4-
Raf - EMEEE -
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(3L ) Does the derivative of /' (x) = [x| at x = 0 exist?

(FF30) B () = Ix] 7£ x = 0 WEBZEFE?

. Please

Teacher: Applying the definition of the derivative, we have f”(0) = lin%%
simplify the equation.
f(x) —/(0) IxI=lo] _ . Ixl
Student: f'(0) = lim=—= = lim === = lim =
Teacher: We verify the existence of the left-hand derivative
hm—f(x)_f(o) — L [x|-0 — X =—1.
x—0 x=0 x—0~ x—0 X
Please verify the existence of the right-hand derivative.
Student: The right-hand derivative is lim ———— LOTO iy m, &l 00 -=1.
x—0 X= x—0" X7 X
Teacher: Now we get the left-hand derivative is not equal to the right-hand derivative.
Does the derivative of /' (x) = |x| at x = 0 exist?
Student:  Since the limit hng; does not exist, the derivative of f(x) = |x| at x = 0 does
not exist.
Teacher: Excellent.
3 P p ) . x)—f(0 N e
A EHEMEER  3/0) = lim L0 -
g s f(0) = lim ML = fim B = i 2
) N . f(x) f(O) U A ek L
i BPTAIRIAERIR R lim = Tim o= 2 1 R -
N . X 0 x|—0 X
g GRERE lim TR = lim M ==
RN BT AT A RA T AR - B DARREL f (%) = x| FE x = 0 AVEEE A
FAE?
3 B S AEEERE TR

R
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e -

plE=

(H30)
(=0

Teacher:

Student:

Teacher:

Student:

Teacher:

:f()—h

FE TR B ERT P o HEASEHBHES L

A R hrnm FAE > WeRE f() = Ix| £ x =0 HVEHA{FLE -

TR#%E -

st @ ANEE R E T R E S - REWE -

Find the derivative of f(x) = Vx. (x > 0)

KL () = Vx (x> 0) AVEHEL -

Setting a as a positive real number and applying the definition of the derivative,

we have f*(a) = limw. Please simplify the equation.
X—da

xX—

yAC)) f(a)_l \/_—\/—

f(a) = lim=—= lim ——
To simplify this radical, we need to rationalize the numerator.

Multiply both the numerator and the denominator by the conjugate of the
numerator, which is vx + va. What will it be?

\/—\/— Vx+va . x—a 1

x—a X—a \/_+\/— )lc—>a (x— a)(\/_'H/_) x—»a\/—+\/— W/d

/(@) = lim

Splendid! So the derivative of /' (x) is f'(x) = ﬁ;

e BIEEN > BEBIES > 5 /(@ = im0 g -

X—a

: (@) = im OOy P

%T%ﬁ%ﬁ%mﬁ R A5 T - 5 T4 BT -4 T
Vx +Va o BRErgE 2

oo a5 i = L
x—a \/—+\/— x—a (x—a)(\/)—c+\/5) x—a Vx+va 2va

AT+ 80/ () HYBERR () = 5

BYOEE AR EERE TR E R



lv“\w#zs—fsswpsﬂﬁmfw 3 fo EiAEEHBHE

fIRE
atEH @ AR AR [ AR -

(¥£37) Given f(x) = x*> +3x +4 and g (x) = x7, find the derivative of the composite
function (gof)(x).

(30 BHIREL () =% +3x+4 > g () =x7 » KA (gof)) HIEERE -

Teacher: By the chain rule, we get the derivative of (go f)(x) is
(gof) () =g(fX®)f" ). Also g'(x) = 7x°, then what will we get?
Student: g'(f(x)) = 7(x? + 3x + 4)S.
Teacher: And f(x) = 2x + 3. Put them all together, yielding.
Student: (gof)' () =g(F())f" () =7(2 + 3x + 4)°(2x + 3).
Teacher: Great job!

N FIFESHE - 5 (g0 BRI (gof) () =g (@) &) -
RKEs g () = 7x° > FRITZFH] 2

B g(f(x)) =7(*+3x+4) -

CHR R E () =20+ 3 {UFFECARCE S - RITEEE 2

B (gof) (x) = g'(f(x))f'(x) =7(x*+3x+4)°Q2x+3) -

EEN R
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(#£3Z) Find the derivative of the functionh(x) = (X2 +X —1)(X +2).

(1320 j@%@ﬁ(h(x)=(xz +X—1)(x+2) Ky -

Teacher: Apply the product rule. What is the product rule of / (x)?

Student: '(x)=f'(x)g(x)+ f (x)g'(x).

Teacher: Perfect! Let f (X) =x"+x-1 and ¢ (X) = X+2. What can we get?
Student: h'(x)=f"(x)g(x)+ f (x)g'(x)=(2x +1)(x+2)+(x2 + x—l)(l).

Teacher: Great! After doing the math, you’ll get the answer, which is?

Student: h'(x):3X2+6X+1

Chh - B SREN ko AR ?

2 W(x)=F(x)g(x)+f(x)g'(x) -

0 ARAF > MRS T (%) =X +x=1 > g(x)=x+2g{57]?
g h(x)=f'(x)g(x)+f (x)g’(x):(2x+l)(x+2)+(x2+x—1)(1)

EHN IR RAREFHRIEREEE -
B4 h'(x)=3x"+6x+1
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(FL3Z ) For an object moving along a straight line, the object’s position s at time ¢ is the position
function s (£) = 50¢ — 4.9/ where s is measured in meters and ¢ is measured in

seconds. Find the instantaneous velocity and acceleration at ¢ = 2.
(H57) CRIHEEBE BRSNS - B2 iYL B KB s (1) = 506 — 4.97 > Hrp s 1B
LRy AR~ t HIBRAL Rob - SRILEBEAERGZ] ¢ = 2 Ay 2RI Rty 2R

Teacher: Find the derivative and the second derivative of the function s(¢).
Student: s'(Y) =50 —9.8¢, s'(£) = —9.8.

Teacher: We know the instantaneous velocity is the derivative of the function
s'(f) = 50 — 9.8¢ and the instantaneous acceleration is the second derivative of

the function s'(f) = —9.8. Plugin ¢ = 2, and we get the answer.
Student: Instantaneous velocity: s'(2) = 50 — 9.8 X 2 = 30.4 (m/s).
Instantaneous acceleration: s (2) = —9.8 (m/s?).

Teacher: Terrific!

EET e s(0) BV ek T R e oy B Ryl

B () =50-98t~5(t) =—-9.8 -

T AR R s (0) HYE KB e 2R H T P R B R R R - #ORE = 2
RARIEEE -

B2 WRHEEE R 1 5'(2) =50 -9.8x2 =304 (AR F)
BRI By s'(2) = 9.8 (AR F¥H)

D ARG
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(LX) An astronaut standing on the moon throws a rock upward. The height of the rock is

s(f) = —0.8# + 307 + 2 where s is measured in meters and 7 is measured in seconds.

How does the acceleration of the rock compare with the acceleration due to gravity on

Earth?

(P30 —rRZE AEHER BB —Moa 1 - et Ay e AR ] B A 52
s(1) = —0.82 + 301 + 2 F£o - Heft s BALRAR ¢ VB RFD - S5 HEREP

i
Btk
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Teacher:
Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

AT YR BN ER bRy B ST IR 2 PE(E RyfaT ?

Find the second derivative of the function s(¢).
s(®) =—1.62t+ 30, s'(t) = —1.62.

We know the acceleration is the second derivative of the function, whichis s (£) =

—1.62.
Acceleration: s'(f) = —1.62 (m/s?).
So, the acceleration due to gravity on the moon is —1.62 meters per second

squared. What is the acceleration due to gravity on Earth?

The acceleration due to gravity on Earth is —9.8 meters per second squared.
Right! The ratio of Earth’s gravitational force to the moon’s gravitational force is
going to be...

Earth's gravitational force — -9.8 ~ 6.0.

Moon's gravitational force -1.62

Fantastic!

BRI s () B —PEELE E Ry AT 2

s =—-1.62t4+30~s() =—-1.62-

AR PR B s (0) B — PSR B Rt TR -
IR Ry 5" () = =1.62 (AR FHET7)

FRr
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Applications of Differentiation
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#@= Vocabulary

|
XHBRIE RS ULETENER

BF th3 BF &

strictly A minimum i/ )\

increasing RN extrema IS
interval & derivative B
decreasing PRI horizontal 7K
concavity (W) 4 tangent 2k
point of inflection SAE domain JuEE LY
relative FHEHY polynomial ZIE
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maximum TR AAE differentiable B eax:D)
endpoint i extreme candidate Fe (L (% R
absolute eS| local linear approximation | —ZC LA

m HEBGQRBEERAAGF Sentence Frames and Useful Sentences

O Discuss of

{54 : Discuss the concavity of the graph of f(x) = x* — 6x? + 5.

STEREEL f(x) = x* — 6x? + 5 AY[MEE o

(2) occur at

4] © The extrema of a polynomial function f'can occur at points where its derivative is zero.

2 AT R S AR A S R O E3ES -

(3] neither nor

4] : f(c) is neither a relative minimum nor a relative maximum.

f A @ MEtA ZHAE

O Find of at

%) : Find the local linear approximation of f'(x) at x = 1
K f(x) 1F x =1 fHEEH—R{&ET -
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B RIEEFERE Explanation of Problems

8 RAA »

1. Decreasing and Increasing

X

Figure 1

See Figure 1, and consider a function y = x*.

(1) When x>0, as the graph moves to the right, its graph moves up. That is, when x increases,
the corresponding y value also increases.
We define that the function y = x? is strictly increasing on the interval [0, o).

(2) When x<0, as the graph moves to the right, its graph moves down. That is, when X

increases, the corresponding y value decreases.

We define that the function y = x? is strictly decreasing on the interval —oo, 0].

[ Definitions of Increasing and Decreasing Functions |

(1) A function f is strictly increasing on an interval | if for any two numbers X

and X, intheinterval, X, <x, implies f(x)<f(X,).

(2)  Afunction f isincreasingonaninterval | ifforanytwonumbers X, and X, in
the interval, x, <x, implies f (%)< f(X,).

(3) A function f is strictly decreasing on an interval | if for any two numbers X
and X, intheinterval, X, <x, implies f(Xx)> f(X,).

(4) A function f is decreasing on an interval | if for any two numbers x, and X,

in the interval, x, <x, implies f (X )2 f(x,).

In fact, the sign of the derivative will indicate negative when the function is decreasing and

indicate positive when the function is increasing.
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Test for Increasing and Decreasing Functions

Let f be a function that is continuous on the closed interval [a, b] and differentiable on
the open interval (a, b).

() If f'(x) >0 forall x in (a, b),then f is strictly increasing on [a, b].

(2) If f(x) <0 forall x in (a,b),then f is strictly decreasing on [a, b].

(3) If f’(x) =0 forall x in (a, b),then [ isconstanton [a,b].

2. Concavity

[ Definition of Concavity |

. S
— Figure 2
(a) (b)

Afunction f isconcave upward if every line segment joining two points on its graph lies above
the graph at any point, see figure 2(a). Symmetrically, a function f is concave downward if

every line segment joining two points on its graph lies below the graph at any point, see figure
2(b).

1(x)>0

B AR
0] (} b -
(a) M=k (b) M &

Figure 3

(1) See Figure 3(a), let f be differentiable on an open interval. If the graph of f is concave
upward, then as the point of tangency moves to the right, the slope of the tangent line

increases. Thatis, f is increasing on the interval. Thus, the derivative of f’(x) is positive,

which is (f/(x))' >0 or £'(x) > 0.
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(2) See Figure 3(b), let f be differentiable on an open interval. If the graph of f is concave
downward, then as the point of tangency moves to the right, the slope of the tangent line

decreases. That is, f is decreasing on the interval. Thus, the derivative of f’(x) is

'

negative, which is (f ’(x)) <0orf "(x) < 0.

Test for Concavity

Let f be a function whose second derivative exists on an open interval | .

(1) If £'(x) >0 forall x in |,then the graphof f is concave upwardon | .

(2) If £'(x) <0 forall x in |, then the graph of f isconcave downwardon | .

3. Point of Inflection

The graph in Figure 4 has one point at which the concavity changes. Suppose the tangent line to
the graph exists at such a point, which is a point of inflection (or an inflection point).

There are three types of points of inflection are shown.

y y ¥y

Concave
upward

Concave
downward

Concave

Concave
downward

upward

Concave
upward

Concave
downward

Figure 4

[ Definition of Inflection Points |

Let f beafunction that is continuous on an open interval, and let a be a point in the interval.
If the graph of f has a tangent line at this point (a, f (a)), then this point is a point of

inflection of the graph of f if the concavity of f changes from upward to downward (or

downward to upward) at the point.
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4. Extrema

Let a function f be defined on an interval | containing a, b, c,and d.
(1) See Figure 5; point B, which is higher than any other points nearby, is called a relative

maximum. Point D is an endpoint higher than any other point around point B. So, point

D is called endpoint maximum. The y-coordinates f(b) and f(d) are the

maximums of f on | . Moreover, point D is the highest point on |, so f (d) is

called the absolute maximum of f on I .

(2) Point C, which is lower than any other point nearby, is called a relative minimum.
Point 4 is an endpoint and is lower than any other point around point 4. So, point 4 is
called endpoint minimum. The y-coordinates f(a) and f(c) are a minimum of f
on | . Moreover, point C is the lowest point on |, so f(c) is called the absolute

minimumof f on |.

Figure 5
[ Definition of Extrema |

Let a function f be defined on an interval | containing a, b, c,and d.

(1) f(a) isthe maximumof f on | when f(a)>f(x) for x around a in I.
f(b) is the absolute maximum of f on | when f(b)>f(x) forall x in I.
(2) f(c) isthe minimumof f on I when f(c)<f(x) for x around ¢ in I.

f(d) is the absolute minimum of f on | when f(d)<f(x) forall x inl.
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5. The Derivative Test
See Figure 6 for a continuous function, a maximum as occurring on a “hill” on the graph (like

points C and F) and a minimum as occurring in a “valley” on the graph (like points £ and G).
The graph has a horizontal tangent line at the high point (or low point). Hence, the common

characteristic of these points is that they have horizontal tangent lines. And the derivative of the

function at these points is equal to zero.

In general, the domain of the polynomial function is all real numbers, which is an open interval.

The extrema of a polynomial function can occur only at the numbers where the derivative of x

is zero of the function. But, when it changes the domain to a closed interval [a, b] , the extrema

can occur at the endpoints (like points 4 and B), where f is not differentiable at.

Figure 6

[ Points Where Extrema Might Occur |
(1) The extrema (maxima and minima) of a polynomial function f can occur at points where

its derivative is zero.
(2) There are two types of points where extrema might occur for a polynomial function f on

a closed interval [a,b].

(i) The points where the function's derivative is zero, denoted by f ’(X) =0.

(ii) The endpoints of the closed interval [a,b].

Note that point D in Figure 6 has a horizontal tangent line, while point D is not an extremum.

Thus, the point where the derivative of the function is zero is just an extreme candidate, which

could potentially be an extremum but isn't guaranteed to be one.
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After identifying all the extreme candidates, we determine whether they are extrema by
analyzing the intervals on which a function is increasing or decreasing. Furthermore, the
behavior of increase or decrease in a differentiable function can be determined by examining the

sign of its derivative.

[ The Derivative Test |

Let ¢ be the number of point C where f'(c)=0 for a polynomial function f . The value

f (c) can be classified as follows.

Q) It f’(X) changes from positive to negative at c, then f has a relative maximum at
(C, f (C)), as shown in Figure 7(a).

(2) If f'(x) changes from negative to positive at c, then f has a relative minimum at

(C, f (C)), as shown in Figure 7(b).

J/'(€)=0

f(x)<0 f(x)>0

S()=0
(b) i/ ME

Figure 7

(3) Note that if f’(x) is positive on both sides of ¢ or negative on both sides of c, then
f (C) is neither a relative minimum nor a relative maximum, as shown in Figure 8.
£1<0

F1>0 £1<0

Figure 8
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6. Local Linear Approximation
If a function f is differentiable at a, then a magnified portion of the graph of f centered at
the point P(a, f (a)) takes on the appearance of a straight line segment, shown in Figure 9.

For this reason, a function that is differentiable at a is sometimes said to be locally linear at

a.

Figure 9

The line that best approximates the graph of f in the vicinity of P (a, f (a)) is the tangent

line to the graph of f at a, given by the equation:
y="f(a)+f'(a)(x-a).

Thus, for values of x near a we can approximate values of f(x) by:

f(x)= f(a)+f'(a)(x—a)
This is called the local linear approximation of f at a.
[ The Relationship between Local Linear Approximation and Tangent lines |

The local linear approximation of a polynomial function f at x=a is represented as the

tangent line of the function at (a, f (a)).
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(332 Find the open intervals on which f{x) = x* — 3x + 2 is increasing or decreasing.

(Hp30) BhamerEr ) = x° = 3x + 2 AYIEMS R R R -

Teacher: Differentiate f/ and set f'(x) equals 0, and then factorize it.

Student: f(x) =x> —=3x4+2. f(X) =32 -3=0. f®) =3+ Dx—-1) =0

Teacher: So, we use the roots of £ (x) =0, which is x =1V —1. Fill in the table that
summarizes the three intervals determined by these two numbers.
Student: it (—o.—1) -1 (=L1D I (1, )
Sign of £ (x) + 0 - 0 +
Conclusion increasing decreasing increasing
Well done. So, f is increasing on the intervals (—oo,— 1) and (1,) and
Teacher:

decreasing on the interval (—1, 1), as shown below.

(-1 f-1) |

EEf 0 Sk T AvEE > WRHE R -
BA D ) =x-3x+2-f()=32-3=0- () =3(x+DEx-1)=0-
FET IR (0) = 0N EHLE SR 2 R E GRS - SRt -

B2Bh
=E ] (~o,—1) -1 (=LD 1 (Lo
fOWEE + 0 - 0 +
&hem it PRI A

89 BRSSP EFRETREIP (EERET F



OV %73 FRT 2 fpgT P o EMASEHBWMRESR DL

Er=)

il R IRISREUEMSIERATEIE » 15 T EBR (-, — 1) B (1,0) LA
e EBR (-1, 1) LRI - EEAET -

|

(L A-D) |

pIEE—
st ¢ AR A ek B M R R OK R RS ©

(LX) Determine the points of inflection and discuss the concavity of the graph of:
flx) =x* —6x2 + 5.

(130 SR ) =x* —6x* + 5 EIPAIMIE » ARESZ e -

Teacher: Differentiating f twice produces f' and f", and then factorize f”.

Student: ¢ (x) _xé —6x? +5. f'(x)=4x*—12x. f"(x)=12x*~12=12(x+1)(x~1)

Teacher: Setting f"(x) = 0, we can determine that the possible points of inflection occur at
x=1 and x = —1. Fill in the table that summarizes the three intervals determined

by these two numbers.

Student:
Interval (=0, — 1) -1 (-1, 1 1 (1, 00)
Sign of f"(x) + 0 — 0 +
) Concave Concave Concave
Conclusion
upward downward upward

Teacher: Fantastic! So, the graph of f is concave upward on the intervals (—oo, — 1) and
(1,) and is concave downward on the interval (—1,1). Furthermore, the

concavity changes both x = —1 and x=1.So (—1,0) and (1,0) are inflection

points, as shown below.
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f(x)=x"-6x*+5. f'(x)=4x’-12x. f"(x)=12x*-12=12(x+1)(x-1)

FIJT1EE 1 () AYERRR R Sy B - B oE ks -

[ (=0, — 1) -1 (-1,1 1 (1, )
(%) IE& + 0 - 0 +
G ey WG LN

R IRIB R BRI BLRRATHE » 15 f A& (-0, — 1) B (1,00) HIEIF
eMOE b (=1, 1) WEZZMOET - XA EEAMIEE x =171
x=—1 M - FrLIES (—1,0) A1 (1,0) ERERCHR: - B R T E -

BPHREAPEFRETREIL R
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pIRE=
st ¢ A B (E Y F AR AR (E

(ZE37) Find the relative extrema of f (X) =x*-6x*+5.

(132) SR (x)=x —6xC+5 ffife -

Teacher: Differentiating f produces f' |, and then factorize it.
Student: ¢ (x)=x"-6x>+5. f'(x)=4x"-12x= 4x(x—J§)(x+«/§)

Teacher: Setting f (x) = 0, we get the extreme candidates at x = —/3, 0 or /3. Fill in the
table that summarizes the four intervals determined by these two numbers.

Student:

Interval (—00,—\/5) -3 (—\/5,0) 0 (0,«/§) NG (ﬁ,m)

Sign of
- 0 + 0 - 0 +
f(x)
Conclusion
(x) Decreasing -4  Increasing 5 Decreasing -4  Increasing
X

Teacher: Fantastic! By applying the Derivative Test, we can conclude that f has a relative
minimum (or absolute minimum) at the point (—\/5, - 4), and another relative

minimum at the point (\/?, - 4), and a relative maximum at the point (0, 5), as

shown below

% BT AREE RS TR TR
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Relative

Maximum | (0.,5)

yl=x* — 62>+ 5

Reldtive
( 2 2
(=v3,-4) Minimum (V3,-4)

ERT 0 K f BVERE > RFERFE -
B f(x)=x"-6x*+5. f’(x)=4x3—12x=4x(x—\/§)(x+\/§).

EHI i £(x0) =0 5 12 %= —3,020/3 « 5= (HEE R S BB - S5e
Stk -
m
B | (=B)| B | (B0 |o| (048) |3 | (VAo
f'(x) YIES - 0 + 0 — 0 +
(%) R -4 PR 5 HE Rk -4 g
X

Ef: REF o FIFIRMENREE S MER (—V3, —4) B (V3,—-4) > BAER
0,5) - Bl R TE -
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(B2) Afunction f(x) = x° — 10x? + 24x + 1
(a) Find the local linear approximation of f{x) at x = 1.

(b) Use the local linear approximation obtained in part (a) to approximate f{1.01).

(c) Compare the approximation to the result produced directly by a calculator.

(h37) R ) =x° — 1002 +24x + 1 -
(@) Kek#y f(x) £ x =1 MFray—xAhET -
(b) (EH@) > >k f(1.01) AYZTUE -
(c) fEFETEMEETE A1.01) AYFSHEE -

Teacher: For exercise (a), differentiate f .

Student: f{x) = x> — 1022 + 24x + 1. /' (x) = 3x2 — 20x + 24
Teacher: We follow the local linear approximation formula f(x) ~ f{a) + f ’(a) (x—a) at
x = 1. What do we get?
Student: The local linear approximation at a point x = 1 is

)~ +f(MDE-1)=16+7(x—1) =9+ 7x.
Teacher: Fantastic! The graphs of f(x) =x° —10x*> +24x+ 1 and the local linear

approximation y = 9 + 7x are shown in the following figure:

y=94+Tx

Teacher: For exercise (b), applying f(x) = 9 + 7x with x = 1.01, what does it give?

Student: T (1.01)~9+7x1.01=16.07
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Teacher: Awesome! For the last exercise, use a calculator to find the accurate value of

£(1.0D).

Stadent: ¢ (1 01) = (1.01)° ~10x (1.01)’ + 24x(L.01) +1=16.069301

Teacher: Outstanding!
So, the approximation error from part (b) is 16.07 — 16.069301 = 0.000699.

EET K T AVE S -
B f)=x"—10x*+24x+1 f,(x) =3x>—20x+ 24 -
Ll MG AR /5 0) A x =1 ARy —R{EE R ?
B4 —TUEETAR 5/ £ x =15
)~ D+ (MDE-1D=16+7(x—1) =9+ Tx
R AREF o B S () =20 — 108 + 240 + 1 RE—ZCEUVEZAT -

'_Ij =9 + T

(1,16)

D SEEDb) R x = 1.01 fLARE ) =~ 9+ 7x 157
PE £ (101)~947x1.01=16.07
N RYF - BRI R £(1.01) HYREHEE -

B
HE (1.01) = (1.01)’ ~10x(1.01)" + 24 (1.01) +1=16.069301

ERN : JEEL > ATPAB(b)RIGHVAT{UERZE 16.07 — 16.069301 = 0.000699 -
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(ZE3Z ) An airplane begins its descent 4 miles off the runway from the touchdown point and at
an altitude of 1 mile, as the figure below shows.
(a) Find the cubic function on the interval [—4, 0] that describes a smooth glide path
for the airplane.
(b) Assume that the plane follows your model function in part (a). When would the

plane be descending at the greatest rate?

(0) — TR HERRBEE 4 SEUREBA T » IR 1 08 -
(a) TEFHIEER [~4,0] o - $—(B= RRBF S TR TERE -
(b) BEIIBEEET » KIRMR B LRI -

Teacher: Set the cubic function as £ (x) = ax® + bx? + cx + d and the leading coefficient a
is not equal to 0. Find the derivative of f (x).

Student: f’(x) = 3ax® + 2bx + ¢
Teacher: The graph of the function f'(x) passes through (0,0) and (—4, 1), and has a

horizontal tangent line at these two points. List all the known values to form the

system of simultaneous equations.

Student:

f(0)=d=0
f(-4)=-64a+16b—4c+d =1
f'(0)=c=0
f'(-4)=48a—-8b+c=0
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Teacher: Perfect! Now solve it.
Student: 1 3

Teacher: o 1 3, . . .
Brilliant! We can conclude that /' (x) = §x3 + Exz is the function we are looking

for.

Teacher: For exercise (b), the descending rate of the plane is the derivative function f (x)

on the interval [—4, 0]. Find the function /' (x) and f"(x), and factorize /"(x).

Student 303

: Ll 33l =223 ) = 2322
f(x)—32x + X .f(x)—32x +8x.f (x)—16x+8—16(x+2).

Teacher: Set f"(x) = 0 and fill in the table that summarizes the two intervals determined

by x = —2 within the interval [—4, 0].

Student:
Interval (-4,-2) -2 (-2,0)

Sign of f"(x) - 0 +

Conclusion of f'(X)  decreasing  — increasing

Teacher: Great! /'(x) achieves its absolute minimum at x =—2. In other words, the plane

. . 3 " .
is descending at the greatest rate of — T when it is 2 miles from the runway, where

its altitude is £ (—2) = 5 mile.
ZEl . B RHE RS () =ad + b +ox+d > HFa R0 () AR -

B4 f'(x) =3ax® + 2bx + ¢

Rl R ) BEREE (0,0) K& (4,1 > HIEMHEAZ/KFUIER - Al

R AR RIS -
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S d=—-b=2c=0-d=0-

32 16

© LA £ () = 5 + o ¢

=k

@

#

1B

B 38 ol

a

OSRERE(D) - BUEREL S () R E E RS ER e EL - SR () B /G0 > L

i f () TR ©

3 3

_i 3 i 2, ¢! _12 § o £ _i 2
. f(x)—32x +16x f(x)—32x +8x f(x)—16x+ = 6(x+2)

8 16

. PR 17(x) =0 {E[—4, 0] FEAAVERRIEER TR (@R - 3F5ehEES -

RS (-4,-2) -2

(-2,0)

8

fOWEE - 0+
P)BSH R -o

R - f'(0) FE@R [-4,0] EAVE/MERS (—2) = —% > WELERR > TR EE

BRI B IR R ~2, ) -
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—

a

—

b‘=9 and

—

(=32 ) Consider two vectors, @ , b , given that + a—-b|=7. Let

— —

=X, where 1<x<8, and the angle of vectors a , b is . A triangle is

— |

a

— —

formed by vectors @ ~ b -~ a— b . cos@ can be represented as: 3 >+d,

where ¢ and d are constants and ¢>0. Let the expression be f ().

(@) Find f(x) and its derivative.

(b) Analyze the intervals on which f(x) is decreasing or increasing. Find the value

of x at which the maximum angle between vectors a and b occur.

(c) Apply the local linear approximation of f(X) at x=4.96 to round the value of

cosé@.
(thsr) ZELETE @& a « b meE|a|+ a-b|=7 &

F‘=9W;‘z

=x » Hifl<x<8 > H% a -~ b Wykfame » BIFIfHAEa ~ b

a

c

Gt d s Epe - d B

a-b FIRAI=FAT T cos 0 bl X Rk
He>0 » SUbFmsth f(x)

(8) 3K f (%) R Laensy -

(b) 3057 T (x) LEEFEIRPIER BRI - AR x % VB a - D gk

A ORK -

(€) FIF f(x) By—ZfdEt (—ZAELD) » K& x=4.961F » cos 0L R%/D ?
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Teacher:  por exercise (a). We know that the triangle looks like the figure below. What is
the formula of the law of cos&?
B a—b
7] a
Student: P = = P
al+|/b| -la-Db
cos@ = —
2laf|lb ‘
Teacher:  Great! Let’s plug in the given values and simplify it.
Student: 2

— —

a->b

2
?‘ .

Teacher:
AR perfect! So, f(x)= 16
9X—X

2
ﬂ - CxX+(9-x) -7 x2-9x+16 16

cosf = =
Ny B“ 2x(9-x) 9x —x? 9x —x?

-1

a

—1. Find the derivative of it.

2

Student: _ _ _
f()():9)(16)(2 1. f’(x): 16(9 2x) 144+ 32X

(9x—x2)2 (9x—x2)2 .

Teacher: .
FAME Bor exercise (b), set f '(x) =0, and solve for X.
Student:
_ 9
fr(x)= M3 16 5y g)_0= x==.
(9x=x*)" (9x—x*) 2
Teacher: . 9 ... .
We get extreme candidates at x =5 Fill in the table that summarizes the two
intervals determined by x = % within the interval (1,8).
Student: 9 9 9
Interval (1, E] > (E : 8}
Signof f'(x) — 0 +
Conclusion Decreasing Increasing
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Teacher:  Well done. So, f is decreasing on the intervals (1,%] and increasing on the

interval (%,8). Applying the derivative test, we conclude that f(X) has an

— —

. 9 : .
minimum at X = PE which the maximum angle between vectors a -~ b occur.

Teacher:  por exercise (c), follow the local linear approximation formula

f(x)~ f(a)+f'(a)(x—a) at x=5.What do you get?

Student:

£(x)~ f(5)+ £(5)(x-5).

Teacher:  Simplify it.

16 16 1 2
Student: () z2—0—1+(4—00)(><—5) :2_5X_g

Teacher: Applying f (x) ~ 2% X —g with x=4.96 gives

Student:  f(4.96)~ %x 4.96 —% - _%

Teacher: Wonderful! So, when x=4.96, the value of cos@ is rounded to _126 by the

625

local linear approximation.

Rl Bl > HMTHE=APELTIE - 5FeRHeRZEH -

B a—b
0 a
al +|b —a—F‘
B L cosf= ———
2 aHb

A R | TR AL -

2 2_
o {5

2
a _F‘ X +(9-x)'-7"  xX°-9x+16 16
&

= -1

BT 2x(9-x) 9Ix—x>  9x-x2

B 1 cosf=
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A -

ZHhi

R4F > FrPAFRFIEE] f (x) = 9x1—6x2 —1 > FREET A -
_ 16 .., -16(9-2x) —144+32x
f(x)—gx_x2 1. f/(x)= = .

(9x—x2)2 (9x—x2)2

D BBOE - S f(x)=0 0 HHME -

, —144+32x 16 9
f = = 2_9 :0 =—.
) (ox—x?) (9x-x2)2(x )=0=x=3

: ﬁﬁ%?ﬂ@@ﬂ’ﬂﬂ%iﬁ%ﬁ%x% » 12 (1,8) #EE WAV E IR AR oy ok —EE R

B SE R -
; 9 9 9
A 1= = 28
s () (39
f'(x) BV IE& - 0 +
4h Az e

R - AL f fEER (1,%) EIER > £ (2,8] EAESE - MRt (E R e AAT

f(X)Engﬁﬁ%/JWE ) @yz'j';? N FE’\]?@%H%ﬁO

L O™ FIF—XEEFAR F(X)~ f(a)+ f'(a)(x-a) fe A x=5 » {55 ?

f(x)~ f(5)+'(5)(x=5)

AL -

16 1 2
f(x)~2_()_1+(4_()(J(x-5)_2_5x-g

L BRI EEEE B x=4.96 (0 A T (X) zix-é R

25
(4.96)~ - x496- 2= 120
25 5 625

126

o IR > RIEE x = 4.96 1% > FH—XEEEE cos0 4 B ———

625
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BErxt BEINER

The Meaning of Integration

ZEEEARMNESR TR #EEEA

n 1= Introduction

5T B B TS, - TR B BRI LA T RSO3 SRR - BB
4405 BB NI 5 TP T AN 3T+ DISRASH et FERHRATSATING « & 7 FTLUK 15
SFTIRIER AL - B MRS - TSI B R 53 0
CRER

m ;3% Vocabulary

XIEREERNBIE TSN HE

B¥ thiE B¥ thiE

integral / integration | f557 inscribed rectangle BEETIEHZ

upper sum Bt circumscribed rectangle SMEIETE

lower sum T fundamental theorem of

s o A E

partition 53] calculus

Riemann sum RS antiderivative S@EATEE
definite integral TEFRSY indefinite integral REET
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B HEGRBEERETGF Sentence Frames and Useful Sentences

O To we can start with

#i14] © To understand integration, we can start with an area problem.

Ry 7T AR SYAVIERL - P AT LU —(E AR B A s -

® We can approximate

4] : We can approximate the area of region S by using the areas of these rectangles.

B el A s B R fE T (bl Wi S Ay -

©® We define

4] : We define an inscribed rectangle lying inside the ith subregion.
HMER—E " N BAESS | (A& -

O Check with

fil4) : Check the definition of the area of a region in the plane carefully with Riemann sums.

s/ VOt HER S RIERES (HESE) Pl EAlE EIskAe Y Y E &

©® The is called

{547 : The limit is called the definite integral of f(X) from a to b.
SRS Ry ek g T (X) 12 a 2] b IVAEST -

® This theorem states that

4] « This theorem states that differentiation and integration are inverse operations

SEEE BRI T 8o AR B R SOE R -
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B RIEEFERE Explanation of Problems

o A ®
I.  The area problem

To understand integration, we can start with an area problem:

Find the area of the region S that lies under the curve Y= f(X) from X=a to x=b.

In Figurel, the shaded region is a rectangle. We can easily find the area by multiplying the length
( (X)) and width (b—a). However, if we want to find the area in Figure2 it is not that easy. To
find this area, we should slice the function f(X) into small sections. We can approximate the
region S by using the areas of these rectangles and then we take the limit of the areas of these

rectangles as we increase the number of rectangles. The following example illustrates this

procedure:
Straight Line Curved Line
y y
A A r = a~/
T =0 T / ; o esy
. \ ‘I
y=f(x) \ / y = f(z)
S 5
0 ’ 0 / i I
Figurel Figure2

Example 1 Use four rectangles to estimate the area under the parabola y=x* from 0 to 1.

Y

w
Il
2

Us

s
U ‘

u; S
Ly

[/} Sa Lj

o
IS
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<illustration>
To approximate the area of a region, we begin by subdividing the interval [0,1] into 4 subintervals.
(We can also divide the interval into n subintervals to get a more precise value.) The four
subintervals are:
{O, E] [l,g}, {g , §}, {iﬂ} (Each subinterval has the widthg)
4 4 4 4 4 4 4 4
The function y=x* is continuous. We can find the minimum and maximum value of f(X) in

each subinterval. That is:
f (m ) =the minimum value of f(X) in ith subinterval

f (M,) =the maximum value of f(X) in ith subinterval

Then we define an inscribed rectangle (rectangle L, L,, L3, and L,) lying inside the ith
subregion and a circumscribed rectangle (rectangle U;, U,, U;, and U,) extending outside the
ith subregion. The height of the ith inscribed rectangle is f(m;) and the height of ith
circumscribed rectangle is f{M;). For each i, the area of the inscribed rectangle is less than or
equal to the area of the circumscribed rectangle. We have the following relationship between the
inscribed rectangle, the circumscribed rectangle, and the actual area (S, S,, S5, S;) of each

section:

Area of 1 1 Area of
=f(m)x=< Actualarea < f(M,)x==
inscribed rectangle 4 4 circumscribed rectangle

The sum of the areas of the inscribed rectangles is called the lower sum, and the sum of the areas
of the circumscribed rectangles is called the upper sum.

Now we can find the lower sum and upper sum of this question:

Lower sum:

1 1.1, 1,2 1,3 1
O+ 1+ F+ 1)

1 2 3
A 4=z{f(0)+f(z)+f(z)+f(z)}=0.21875

Upper sum:
2, 1.3 1_/4

1.1, 1 1,1, .2, .3 .4
Zf(z)+zf(z)+zf(z)+zf(z)=z[f(z)+f(Z)+f(Z)+f(Z)}=O.46875
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<Extension>

Now we divide the interval [0,1] into # subintervals.

1
Each interval has width -.
n

[\

. . 1 n
The endpoints of the intervals are 0, -, —,..., -.
n n n

We can represent the lower sum and upper sum as 7.

Lower sum:

L1113 ,i-1 1 1 1 1
L=L+L+.+L =) f(—)==2> () ==[0°+L +..+(n-D)°]=>——+—
Upper sum:

. i.1 1&,i 1 1 1 1
U=U+U,+..+U = () == ()P’ ==0+2°..+n)="+—+——

e " ; (n)n n;(n) n3( ) 3 2n 6n°

Hence, we have:

:1—i+i2§ Actual area sl+i+i2=

3 2n 3 2n 6n

- e 1
Take the limit of » to infinity, by the squeeze theorem we can have the actual area equals 3

From the illustration and extension above, we have the following conclusion:

A plane region is bounded above by the graph of nonnegative, continuous function y= f(X).
The region is bounded below by the x-axis, and the left and right boundaries of the region are

the vertical lines X=a and x=Db. To approximate region’s area, we divide the interval [a,b]

. . . . b-a
into n pieces with the width —.
n

We can find the minimum ( f (m)) and maximum ( f (M,)) value of f(X) in each subinterval

to get the inscribed and circumscribed rectangles:

Area of b—a b—a Area of
= f(m,)x < Actualarea < f(M;)x =
inscribed rectangle n circumscribed rectangle

Finally, we take the lower sum = s(n) = z f (m,)Ax, and the upper sum = S(n) = z f(M,)AX.
i=1

i=1

s(n) < Areaofregion <S(n)
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We can determine the actual area by taking the limit as » tends to infinity and applying the
squeeze theorem. (Squeeze theorem: the limit of a function that is bounded by two other

functions.)

Limit of the lower and upper sums

Let f be continuous and nonnegative on the interval [a, b]. The limits as # tend to be infinity

of both the lower and upper sums, which exist and are equal. That is

lims(n)=lim>_ f(m)Ax=1im >’ f(M,)Ax =lim S(n)
n—oo n—oo i—1 n—oo i—1 n—oo

Where AX = and f(m) and f(M,) are the minimum and maximum values of f on

the subinterval.

Area of a region in the plane

Let f be continuous and nonnegative on the interval [a, b]. The area of the region bounded by
the graph of f, the x-axis, and the vertical lines x=a and x=b is:

n
Area = ng f(c)AX ,x_ <c <X

Where Ax = B
n

II. Riemann sums and definite integrals

In the preceding section, we used the limit of a sum to define the area of a region in the plane.
This is one of the many applications of finding the area. In this section we will introduce the
relationship between the Riemann sums and the definite integrals. Let’s see the following
definition. (In this section, the function f(X) has no restrictions, while the function f(X) in

the preceding section was assumed to be continuous and nonnegative.)
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Riemann sums

Let f be defined on the closed interval [a,b], and let A be a partition of [a,b] given by
A=Xy <X <X <..<X ;<X =Db
where Ax; is the width of the ith subinterval. If ¢; is any point in the ith subinterval, then the

sum

Z f (Ci)AXi’ X4SCSX
i=1

is called the Riemann sum of f for the partition A.

<Hint>
Please check the definition of “the area of a region in the plane” carefully with “Riemann sums”.

To define the definite integral, consider the following limit:
lim z f(c;)AX (the limit of a Riemann sum)

Jal>0 4

If the limit exists, we call this the definite integral of f(X).

The definite integral

If f isdefined on the closed interval [a,b] and the limit HIAiHmto(C‘)AXi exists.
B

Wesay f isintegrable on [a,b] and the limit is denoted by:
lim > 1 (c,)Ax = [ t ()
o M
The limit is called the definite integral of f from a to b. The number a is the lower limit of

integration, and the number b is the upper limit of integration.
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The properties of the definite integral

Suppose  f(X), g(X) are continuous functions defined on the interval [a, b], then the

following properties hold true:

(1) J.: kdx =k(b—a), kis a constant.
@) Lb[f (X) + g(x¥)]dx = jb f(x)dx + jb g(x)dx.
(3) [ Kf (x)dx=k| f(x)dx, kisa constant

@) [ 10odx=[" 1 oodx+ [ F()dx, for a<c<b

The definite integral as the area of a region

If f is continuous and nonnegative on the closed interval [@,b], then the area of the region

bounded by the graph of f , the x-axis, and the vertical lines x=a and x=Db is given by:

b
area= L f (x)dx
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I1l. The fundamental theorem of calculus

So far, we have learned two major branches of calculus: differential calculus and integral
calculus. These two problems have a very close connection. The relationship between these two

problems was discovered by Isaac Newton and Gottfried Leibniz and is stated in a theorem,

known as the fundamental theorem of calculus.

This theorem states that differentiation and integration are inverse operations, just like the

inverse relationship between division and multiplication. Let’s look at the theorem below:

The fundamental theorem of calculus (I)

f(X) is continuous on [a,b].

Suppose g(X) = LX f(t)dt, a<x<b, then g(X) is differentiable on (a,b) and ¢(X) has

derivative f(X).ie. g'(X)=f(X)

<Hint> You can check the proof of this theorem in the following video:
https://youtu.be/pWttOAVUOKA (Khan Academy)

Definition of an antiderivative

(1) If F'(x)=f(x),then wesay F(X) is an antiderivative of f(X)
(2) Suppose f(x) is a continuous function, then the indefinite integral of f(x) is all the

possible antiderivatives of it.

<Hint> If function F(x) and G(X) are both antiderivatives of f(X),then F(X)=G(x)+C,

C is a constant.

The fundamental theorem of calculus (II)

f(x) iscontinuous on [a,b] and F'(x)= f(x), i.e. F(x) is an antiderivative of f(x), then

jb f (x)dx = F (b) — F(a).

<Hint> You can check the proof of this theorem in the following video:
https://youtu.be/Cz_GWNdIf 68 (Khan Academy)
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(B32) Let f(x)=x>. Use the partition and approximation methods to find the area bounded
by f(X), x=0, x=1 and y=0. (Hint: Use Riemann sums)

(30) EH TorE ) B T BT SR F () =X~ x=0 -~ x=1~y=0
FTERATE S - (271 © (ERAREN)

Teacher: Now we have finished the first example, let’s move on to the practice. In this
question, you are asked to find out the area bounded by several equations. You must
slice the area into small pieces of rectangles and use the Riemann sums we
mentioned. Let’s read this question aloud together.

Student: Let ... (Read the question.)

Teacher: Very good. Where should we start?

Student: Find a suitable partition.

Teacher: Correct, and then?

Student: Find the area of each small rectangle and take the limit to approach the actual area.

Teacher: Great. In the first part, we should slice the interval into smaller pieces. Can anyone
tell us how to do it?

Student: We can divide the interval [0, 1] into »n subintervals to get:
0=X, <X <X <..<X =1

Suppose AX = 1=0_1 , in the interval [X;, X,

== 1] take

t =X :0+1i, i=123 ..,n
n

Then we can have the Riemann sum...

Uh..., sorry teacher, I don’t know how to find the correct Riemann sum.
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Teacher:

Student:

Teacher:

ER

4
gk
i
s

R

Eh

That’s okay. Please give him a big hand. He just helped us find the proper partition.
I’ll help you finish the rest of the question.

The Riemann sum of this question is:

Zf(t )AX _Z( )3 42 i3 _ 1 n (n4+1) (n;;)

Now we have the Riemann sum of this question. What should we do next?

Take the limit.

n 2
Correct! For lim’ f(xi)Ax=|im[(”+? }:1
n—o 4= n—o0 an 4

1

Then we have the area bounded by these functions equals "

HEREBATAIGIT1% > B TGRS EAE[ENE  FEdEE T JPIER 5
& BT EAT ) YT EGET R e S B A TR - (R ER R I T R
UIBIpNRAIETE > T HER SRR AR » 5 AR —_EIERE H A K -
(FEREH - )

IEELF > FMEREWREFAIETE ?

REIGHER T HE] -

>X$ﬁ ’ 5*{&11}:5 !

Pt (E/ N RIS - SRR S BT A -

R - B JMEEEH " U),) BUNEE - A e] DL T B 2

COES IR [0, 1] PIE # (E &R > aLUESE]

O0=X, <X <X <..<X =1

B AX % 1 s WAEEER[ X, X0 | EL ¢ =X —0+1| i=123 .., n

AEBMTTLIGEIR SN .

WAL ERT > BAFRRET > A RAIE BT E R S YRS -

2R > SRR RS2 R T E) - R RTHE] T SRV EE S E - B TRK
HEEHRFEHR MR- - EEAVR SN DIFRR S -

" " iul 1, 1oni(n+l)? (n+1)?
Ft)Ax = ()P 2 ==SF = -
izﬂ: ®) g(n) n n“; n* 4 4n?

BAERMISEIEENER SN T 8 N RIS 2

BPEEAFREFRETREY (EF

Bk #
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(n +1)

-l>|l—\

EH g nmzf(x)Ax—nm[ } 1 et E E R

BlE_—

a2 - M ER T HIMHEERE -
(332 ) Suppose Q(X) is a continuous function, and _[: g(x)dx =15, I(: g(x)dx=7.

Find the value of [ g(x)dx.

(h30) # 900 B (EESRE  EM1 [ g(dx=15 - [ g(x)dx=7 = KA | g(x)dx
HIME -

Teacher: Now we will use the properties of the definite integral to find the value of the
definite integral. We have: first, ¢(X) is a continuous function. Second, some
definite integral values of g(X).How can we do it?

Student: Combine these values with the definite integral.

Teacher: Yes, but be careful, this question asks for the value of _[: g(x)dx.

Student: We can either calculate directly using the previous method, or do we need to swap
the order of 3 and 7?
Teacher: How?

Student: Add a negative in front of the integral sign.
Teacher: Great, the answer will be j g(x)dx=G(3)-G(7) =-[G(7) -G (3] = j g(x)dx .
(The fundamental theorem of calculus (II))

But, how can we get the value of JZ g(x)dx?
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7 3 7
Student: For jo g(x)dx = jo g(x)dx + L g(x)dx , so we have

[ a0ax = [ g(x)ax- j: g(x)dx = 7—15=—8. Hence we have

[P g()dx =~ g(x)dx = —(-8) =8

7 3 '

Teacher: Well done.

Student: How come the definite integral JZ g(x)dx has a negative value?

Teacher: Good observation! That is because the function g(X) is not always positive. We

will talk about that in the next section.
LN BT AREAFEA R ERE I ESRIE - H9%  FAFRIE 9(X) )& —(EEE i % -
PR FfTA — e ¥ 9(X) ERE T HIE - FATATLUEERE ?
24 FHEMDEELENE G -

i 0 R (BRI B ERMA R [ g -

B o BT DAEA SRR ITE - BOREAMEAE 3 BR 7 Ar BRI -
EHN - ETEHE ?
B4 T fEfR o RIE Il RS

i {RAF o FTVERPIIATR [ g00dx=—[ g0dx = B LB ERGEERS
[ g0odx 1 {EE 2

s AR [ g09dx= [ gGodx+ [ gGodx » ATLTRPIATLASE -
[l a09dx = g()dx—[ g(x)dx =7-15=-8 = L > HIATLIEEIRIEHIEER

T f: g(x)dx = —j; g(x)dx = —(—8) =8.
EHT AR -
Bk S ERRERST [ g(0dxHIE R AR ?

Rl RERREERE - AR g g(X) EEFEEE T AR EEH AL - KM
£ N —{EE T EE (E R -

o RS S EERE TR E T
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10
(#32) Find the limit lim %[19 +2°+37+..+(2n)° .

N>
(50 SRR i S0+ 2+ . (an)?] Bl
(110 BEIEERHE 5 - M)

Teacher: Now let’s take a look at this college entrance exam question. You are asked to find

. 10" e
the limit of F[lg +2° 43+ ..+ (2n)9} as n tends to infinity. Do you have any

ideas?

Student: The denominator is n to the power of ten, and the numerator’s maximum power of
n is nine. When » tends to infinity, the denominator will be larger than the numerator.
The answer will be zero.

Teacher: Good, you compared the powers of the denominator and numerator, but be careful,
the numerator has so many turns. You cannot just take the last turn (2n)° to make
the comparison.

Student: Is this a question about Riemann sums?

Teacher: What do you think?

Student: We should put the denominator » to the power of nine into the square bracket to get:
10
e (DRI R Ry
n nif n n n n

Teacher: Well done. You are very close to the answer. Keep going.

Student: @

)9
n

are the lengths of the rectangles. Now we can convert this limit question into a

On the right hand side, 1 is the width of the rectangles and (1)9 , (g)g oo (
n n n

definite integral question. That is:

10% ) X0 2
IimF[lg+29+39+...+(2n)9]:101°-IO x*’olleom-E =10°- (2*° - 0) =10° - 2
0

The answer to this question is 10°-2".
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Teacher: Wonderful. You found that this question is actually about Riemann sums and got the

A -

4 -
B

ESEiE
b BRFIERL EE o B 0 BT R B HESR T - SR DL R T

EH

right answer. Please give her a big hand. Next time when you have a question that
1 k ) ) )

can extract — (or —), you should be aware of this. It might be a question about
n n

Riemann sums.
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(332 ) Suppose f(X) is a polynomial equation with real coefficients and

x) =3 =23+ + [ lx f(¢)dt, forall x=>1 holds true. Answer the following
questions.

(1) Find the value of f(2).

(2) Find the equation f'(X).

(3) Find the equation f(X).

(4) Prove there is only one real number a>1 such that foa f(x)dx = 1.

(30) 3 (0 BEGEESEARE - H o) =3x* =20 +22 + [[f() di $ix=114
BRIT - SAIEE FHIRTE -
(1) K F() -
2) B () -
(3) Bk () -
(4) I —(EAR | IIER a W[ f()dx = 1 -
(108 BHEFSERE 5t - B

Teacher: This question is not a multiple choice or gap-fill question. It’s a calculation and proof
question. You need to write all the details carefully. In question one, we’re asked to

find the value of f(1). Now try to solve it.
Student: We canput x=1 into the equation xf (x)=3x*-2x>+x* + jlx f (t)dt , then we can
have the answer. That is:
1
1-f()=31"-2-13+12 +L f(t)dt=3-2+1+0=2

Teacher: Correct. We only need to put x=1 into the equation then we can get the right

answer. How about question two?

Student: We can differentiate the given equation xf (x) =3x* —2x> +x* + J.lx f (t)dt . We use

the fundamental theorem of calculus to differentiate LX f(t)dt . We get the

following result: f(x)+xf'(x) =12x° —6x* +2x+ f (x). We can eliminate f(X)

to get f'(X)=12x* —6X+2.
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Teacher: Great. In this question, we’ll need the fundamental theorem of calculus to
differentiate LX f (t)dt. This is the hardest part in this question. Let’s move on to

question three. Find the equation f(X).
Student: We got the equation f'(x) =12x* —6x+2 and the initial value f(1)=2.

We can find the indefinite integral: f(X) :I f'(x)dx = 4x® —3x* +2x+C, and we

know that f()=4-3+2+c=2 and c=-1 . We get the answer:
f(x) =4x® -3x* +2x—1.
Teacher: Very good. With the indefinite integral and initial value, we can find the function

f(X). Let’s finish the last question. We need to prove that there is only one real
number a>1 such that Ioa f (x)dx =1. This question is more challenging than the
others. Let’s do it together.

For J.Oa f(x)dx=1, we have Ioa (4x° —=3x* +2x—1)dx =1. Calculate the definite

integral: a‘—a’+a’—a=1 and we have a(a—1)(a®>+1)—1=0.

Let g(a)=a(a—1)(a*+1)—-1.For g1)=-1<0 and g¢g(2)=9>0, from the
intermediate value theorem, we know that ¢(a) has real root(s) in the interval
(1, 2) . Finally, consider the derivative of g(a), g'(a)=4a’-3a*+2a-1,
g'(@)>0 forall a>1. g(a)=a(a—1)(a*+1)—1 is increasing for all a>1.

Hence, we find that there is only one real number a>1 such that J.Oa f(x)dx=1.
That’s all for today’s practice. Please make sure that you can do it!
T 0 PETARHVEME A 2 BEREERIE T > e TR - IR

HEST RIS PRI RS T2k - S5 —RE Rt » TRPIBES ) f ()9l » SR
B ERRE -

g o RPHE X =19 ATTZE A (0 =3x* =2+ + [T f @)t o > AL AFPTAT LA
BE1 f(1)=31"-2-1°+17 +E ft)dt=3-2+1+0=2 - FRRA fQQMIEAE 2 -

T IENE > BRI FEENE x =1 AR Uk o] AR PR B IERERY B 25
ARTEESE e ?
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ERi

R

;TR MEAS BRI () =3x° ~2x° +x° + [ F Ot MEFTHT - iRER AT

PR 73 A A e B A et LX f()dt FIH - Motk - FAMTAT LIS M YIRS

B f () +xF'(X) =12x° —6x% +2x+ f (X) > BEEFRMHOESTRIHIAT T (X) LA
BEIFR f/(X) =12X* —6X+2 °

B (EEREE T - BMEER M AT RS [t O i -
BEREERREE - BERITEESZE R T (x) -

|

0

|

DA T REFRPIAIE (X)) =12X% —6x+2 > DI Sy eitaE f (1) =2 o FHTLL

SEE ()R ERESY - f(x):jf’(x)dx:4x3—3x2+2x+c o

BEoh - FeffEE f Q) =4-3+2+c=2 » c=—1 - T ATLIGFEEATEZE
f(X)=4x>-3x*+2x—-1 -
IR FBREE B ERM TR E T (X) o 5% - FfT—H-E5ER

)R - SRR —(EATS | (YRS a W [ 0ok =1 -
B HE R AT Y B APk > BT —E5E ke |
BB [T (0dx =1 FRFPA [ (4x -3+ 2x—1)dx =1 -

HEEESET  at-a’+a’—a=1 FEESEEH : a(a-1)(@°+1)-1=0 -

“g@=a@-D@ +)-1> A1) =-1<0 H.9(2)=9>0 - iy ffsife 3% (&)
FRAEER) K10 g(a) EEER (L 2) FIAENR -

Rk HEEE QMM g'(a)=4a’ -3 +2a-1 » H.¢'@)>0HRATE
a>1 - #g(@) =a(@a-1)(a’ +1)—11F a > 1K gk -

Gy BT A — (AR | HUEE S o I [ f (odx =1 -
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Application of Integration

ZEEEARMNESR TR #EEEA

B Fi= Introduction

FERT—(BE BT > BT T TR A E R A B AR - B TR REESR AR - R
Tyt A] DU RAER T2 FIRY SR b - mE i ~ (b5 - 429~ OB - FEiE BT
B AR - LU R RS HERE - Rl (felEieiatt) S8 B
TIHIRER A -

B 3% Vocabulary

XIEREERNBIE TSN HE

B th3 EF th3
displacement firt% cross-section B H]
distance PEAS slab /R
velocity R revolve JreE
speed AR disk/slice method Bk
net change L shell method R
cylinder £ pyramid BT
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B HEGRBEERETGF Sentence Frames and Useful Sentences

0o If then

i) - If a function f(X) is continuous on the interval [a, b], then J.: f(x)dx=F(b)-F(a).

ey £ () fesR[a, bl - #1 [  ()dx = F(0) - F () -

® Take as an example.

4 - Take the displacement of a particle as an example.
DUEREAIALRS Ffo] -

©® Find the

4 - Find the area of the region enclosed by the parabola and the straight line.
4R B E 4 T B Y R Sk . -

(4] represents with respect to

ey - T(X) represents the rate of change of y= f(X) with respect to x.

F/(X) FRBS x 9L - By = £ (0 o (e -

©® Take tends to infinity to approximate

fila) « Take n tends to infinity to approximate the real volume.
H n BTN R R R @ T EIEAVAGHA -

122 BRSSP EFRETREIP (EERET F



L ORTNFF R T R KT P o HEEABEHBHESL

-~
3

m RIEEFERR Explanation of Problems

Py

o A »

l. Application — Net Change and Average

With the fundamental theorem of calculus (IT), if a function f(X) is continuous on the interval
[a, b], then
[ f(9dx=F(0)-F(a)
F(X) is any antiderivative of f(X).Thatis, F'(X)= f(X). We can rewrite the equation as
[TF(0dx=F(b)-F(a)

F'(X) represents the rate of change of y=F(X) with respect to x, and F(b)—F(a) is the
change in y when x changes from a to b. We can use this principle for all the problems about the

rate of change (or net change) in sciences and social sciences as in the following examples.

1. Displacement of a particle
The velocity of a particle is V (t) =S'(t) (S(t) stands for the distance.), so

j:v (t)dt = S(b) —S(a)

is the change in position of the particle from time a to time b.

2. Net change of a population

The rate of growth of a population is Nn'(t) , then
[ n(dt =n(t,) -n(t)
is the net change of a population from time #; to time #2.

3. Mass of a rod
The mass of a rod measured from the left end to point x is: M(X), for the rod has density

p(x)=m'(x), so
[ p(x)dx =m(b) -m(a)

is the mass of the segment of the rod that lies between X=a and x=b.
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With the examples above, you can see how to use integrals to measure the net change of real-
world problems. Also, if we divide the net change by the differences of variables x or ¢, we can

get the average of net change. Take displacement of a particle as an example.

The velocity of a particle is: V(t)

b
The change in position from time a to time b is: J. V(t)dt =S(b)-S(a).
The difference of ¢ from time « to time b is: b—a.

, which is the average

The “average” of change in position is: bi I "V (t)dt Z—S(bt))—S(a)
—_ava —a

speed of the particle from time a to time b.

Net change

The integral of a rate of change is the net change.

[ Ftydt=F(0)-F(a)

The average value of a continuous function

The average value of a continuous function f(X) on the interval [a,b] is,

1 b
— | f(x)dx
! (X)

( f(X) can be any continuous function mentioned above.)

Il. Application — Areas Between Curves
We have talked about the areas of regions that lie under the graphs of functions in the Meaning
of Integration unit. Here, we use integrals to find the area of a region between the graphs of two
functions. Consider the region S that lies between

two curves Y= f(X), y=g(X) and two vertical
v=f(z)

lines x=a, X=Db as in the figure shown below.

The functions f'and g are both continuous functions
and g(x)> f(x) forallxin [a, b]. e

To get the area, we divide the region into # strips

of equal width, and then we can approximate the

S
ith strip by a rectangle with width .\—/. y=g(z)
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~8 and length g(X*)— f(X*).(x* is an arbitrary point in the interval

[%.,X.,].) Then the Riemann sum of the region S equals:

i{g(x*) ()X { /

y = f(z)

g(xx) — f(z+)

v=g(z)

-

VA

To approximate the actual area of region S, take » tends to be infinity. Then we can define the

area A of the region § as the limiting value of the sum of the areas of the rectangles.
Area of the region =4 = |im Z[g(x*) — f (x*)]Ax
n—oo -1

We can find that the limit above is the definite integral of g(X)— f(X) from x=a to x=Db.

Therefore, we get the following conclusion:

The area between continuous functions

f(x),g(X) are continuous functions and ¢(X) > f(x) for all a<x<b. Then the area of the

region bounded by the curves f(X),g(X), and the lines X=a,X=D0 is:

A= 1900~ f (0Jx
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f(x),g(x) are continuous functions, in the interval [a, e]. If we are asked to find the area

between the curves f(X), g(X), where f(X)>(g(X) for some values of x and g(x)> f(X)
for some values of x, we should split the given region S into subregions S1, S2, S3,... with areas
A, Az, As,... as shown in the figure above. We then define the area of the region § as the sum of

the areas of the smaller regions. Hence, the area above is:

A+ A+ A+ A= [ g(x)— f o+ [ F(x)-g(ax+ [ g(x)— f (e [ F(x) - g (x)ax

:j:|f(x)—g(x)|dx

<Hint> To find the area, the integral function should be all positive.

I1l. Application — Volumes

In the previous part, we learned one of the applications of the definite integral. Another important
application of the definite integral is its use in finding the volume of a three-dimensional solid.
We start with a simple type of solid — a cylinder (as shown in the figure below). The cylinder is
bounded below by a plane region Pi (base), and bounded above by another congruent region Ps.
If the area of the base is 4 and the height of the cylinder is 4, then the volume V of the cylinder

is defined as:
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Now we can find the volume of a cylinder with the formula above easily, but how can we get the
solid S that isn’t a cylinder? First, we slice the solid into pieces. Second, we estimate the area of
each piece. Finally, we add all the areas of each piece to approximate the volume of the solid.

(See the figure below)

We slice the volume by planes.

We slice the solid region S into n “slabs” of equal width Ax with planes and obtain cross-
sections of S. Let the function A(X) be the area of the cross-section of S in a plane P

perpendicular to the x-axis and passing through the point x, where a <X <b. The cross-sectional

area A(X) will vary as x increases from a to b.

Hence, we have the following:

(1) The height of each slab:

(2) The cross-section area of each slab:
A, % €[X %]
Then, we can find the volume of each slab to be:
V(S) = A(x)AX,
Adding the volumes of these slabs, we get the approximate volume to be:
3 AGO)AX
i=1

Finally, we take » tends to infinity to approximate the real volume.
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Volumes of solids with cross-sections

Let S be a solid that lies between x=a and x=D. If the cross-sectional area of S in plane P,
through x and perpendicular to the x-axis, is A(X), where A(X) is a continuous function, then

the volume of S can be represented as:
v =lim > A)Ax = [ A(X)dx
n—o0 i—1 a

We can also take the cross-section that perpendicular to the y-axis between y=c¢ and y=d
witharea A(Y),where A(Y) isacontinuous function, then the volume of S can be represented

as:

s . d
V= lim Y A(Y)AY, = [ Ay)dy
i=1

If we revolve a region about a line, we obtain a solid of revolution. For example, a sphere of

radius 7 can be considered as function y= f(X)=+r>—x> revolve along the x-axis, as shown

in the figure below.

y= flz)=+/r?—z?

=

revolve along the x-axis

Hence, the volume of a sphere can be considered in another way: J._r [ f (X)] dx

(We can slice the sphere into small pieces of cylindrical with radius y= f(X)=vr*—x* and

altitude dx. The volume of cylindrical element is: dV = zy?dx. The sum of the cylindrical
elements from 0 to  is a hemisphere. Hence, V = J._r [ f ()] dx = 2-[(: [ £ (X)]?dx = %ﬁr?’ )

We can extend this result to any polynomial function to get the following result:
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Volumes of solids with revolution

The volume of a solid generated by revolving the region bounded by a function y= f(X) and

x-axis on the interval [a, b] about the x-axis is:

We can also find the volume of a solid generated by revolving the region about the y-axis.

['ALfFdx . F()20 forall x<[a, b]

129

<Hint> This method to find the volume is also known as “the disk method”.

<Hint> Another method to find the volume is “the shell method”, which you will learn in college.

w EEEENBEE o

BlE—

st ¢ AR KA R Y P -

(HL37) Find the average value of the function f(X)=+v9—-X*> from x=-3 to x=3.
g

(ops0) SRt f () =9—x° 7 x = 3% x =3 2 P - (@[3, 3])

Teacher:

Student:
Teacher:
Student:

Teacher:

Student:

Now, we are going to find the “average value” of the function. In this example, we

are going to find the average value of f(X)=v9-x*> from x=-3 to x=3.

What should we do first?

Find the integral value of f(X) from x=-3 to x=3.
Good, and then?

Divide the integral value with the length of the interval [-3, 3].

Correct. Hence, we have the following:

The average value of f(X) is: 3 :(L 3 J‘_33\/9—X2dx :%J‘ixlg—xzdx , but how

can we get the value of J: \J9—x%dx?

It’s the area under the curve Y =+9—X’ . It is a semicircle with radius 3.

BOOMEABEFRE TR EEAR F
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Teacher: Very good. We only need to find the semicircle’s area and divide it by 6.

The answer to this question is: — I V9—xPdx = E E 7(3)* = %ﬂ' Please write it

down.

N BRAERMEAGTE RN T E ) o RS PR () =V9-X* 1E

x=-3 | x=3 [MIVFIE » —FiGZ EFEHRIE ?
B kg f(X) E£x=-3 ] x=3 EHREIE -
ERE ARG ARIE ?
B4 RS EINIRE S ERR UG [-3, 3|HTRE -
RN 2 o REEFRT AT USR] T FIRYAE SR

R T (X) £ [-3, SJ I E R -

3 (_3)[ V9- dx——j N9—x%dx o
{BEMTEAPEFERDY [ Vo xPdxHIEIE ?

| ERMG Y =V9-X* FIEREE (Y =9-X* Gy fFTE R ERERD - t
shE—(EP R R =1 B -
ERL: FRELF ﬁﬁuﬁiﬁD%ﬁ%EHE{IﬁﬁHﬁZE’JEﬁEF%LXﬁ?ﬁ?fﬂﬂu%ﬁ?@%ﬁﬂ@%

Foe NEER j \9- dx—— —7r(3) 4 7o PRI EACER K -
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(#:37) Find the area of the region bounded by the equations y=2x*+10 and y=3x+9.
(Use the definite integral, don’t use a Riemann sum.)
(Hp30) sAoKE y =2x° +10 8 y = 3X +9 F7l@l iy i i =
(RREEFER I AR AEEATR S - )

Teacher: In this question, we’ll find the area of a region bounded by two different equations.

How can we do it?

y=2x*+10

Student: First, we should find the intersection of two equations. That is: { -
y =3x+

= 2X* —3x+1=(2x—1)(x—1) =0. We have these two equations intersect at points

(%, 2?1) and (1 12).

Second, for 2x°+10<3x+9 on the interval X e[%, 1] the area of the region

bounded by the equations y=2x*+10 and y=3X+9 equals:

1

.E (3x+9)—(2x* +10)dx = E (—2x* +3x —1)dx =[—§ x* +gx2 — x}
2 2

1 24
2

Teacher: Wonderful, everyone please give her a big hand. In this question, first, we need to
make sure of the intersections of the given equations. After that, we need to compare
which equation is larger on the interval, and finally, we can calculate the area with
a definite integral. Your classmate just described all the details. Well done!

N FEEET o FAPIEOR R E A [F TR U E R s S - Helf ez BT ?

B4 Hi o BRI ERE TR ESE - oo DUE BT TR R —

y=2x*+10

= 2X* =3x+1=(2x-1)(x-1) =0 -
y=3x+9

—It = stER > B {

AL EME T G, ) - @ 1) -
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R > AEERS [%, 1175 26 +10 < 3X+ O 17 -

R DAL FRATAT DU Sy SR E BBy = 27 +10 B y = 3X+9 P& sl 1y etk

HREWT
1 1 2 3 1 1
_221 = —22 _1 :__3_2_ _ =
J.g(3x+9) (2x* +10)dx J’;( X +3x—-1)dx [ 3X+2X XL 24
2
HrERE TR TR A i .

ERL KT SBARSGHEZR T - EEEET - BIRME R AT E B
BB PMEEELES E A &R YA (BRI AR EERE
BACERRICEIERY )+ Btk - BT E R et R iR - ey (a2 choah ]
TRTERIAIET - S !

Bl =
sl HIFER T OKESHA -
(332 ) Find the volume of the solid obtained by rotating the region bounded by Y =%X,

x=0, X=h, and the x-axis about the x-axis. (The volume of a cone.)
(30 Bk y = % XHYEFZEE X =0 ~ x = h k x Bl [E AT ERIREE x BlieisF e e
IEEGHGTE - (HERGHGRR)
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Teacher: After finding the area bounded by two equations, we move on to the volume

problem. We find the volume of the solid obtained by rotating the region bounded
by y= . X x=0, x=h,and the x-axis about the x-axis. Do you have any ideas?

Student: Is that a cone? I think this should be the volume of a cone.
Teacher: Great idea! What steps should we follow?

Student: First, we can start by drawing a diagram to represent the relationship of the given

function. Yy
|

Teacher: Good, what’s the next step?

Student: Next, we can rotate the shaded region and use the method of integration (disk
method) for rotational solids to calculate the volume.

Teacher: How should we choose the starting and ending x-values for the integration?

Student: The starting point is 0, and the ending point as shown in the figure, is x =h. So,

the process for calculating this question is:

=1ﬂr2h_

[ 10T ax= o= o= L] L

h? h .

Teacher: Well done, this is the formula for the volume of a cone with a base radius of » and
height A.
ZHN - fEsT R ERR R - BEE R E AT T E M o EREIRTEKH

y= % XHYEIFEL x=0 ~ x=h kK x SHPTERAVIEEEE x STEE AT

Aefe o R5H EMEEUENS ?
B iEEEIN ? RS EE K E ARG -
R R AP EBSAGR EAMIERL B 7
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PR PR e - WA E R K eRe iy 77k (EE

REtEEHVEGHE -
ARFAM B e Pl a3 o FERE SR x (EIfE 2

Ry x =0 > EEHMIEFTR R x=h > NILEEETREEDT

I [f(X)] dx = jﬂ( X) dx_ 2 I dexzﬂh_fx[%xg}h 1
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(37 ) A particle moves along a line so that its velocity at time 7is v(t) =t*—2t—3

(measured in meters per second).
(1) Find the displacement of the particle during the time period 2<t<5.
(2) Find the distance traveled during this time period.
(Hint: You should find out at which period the velocity will be negative.)
(3) Find the average velocity during this time period.
(4) Find the average speed during this time period.
(Hint: Velocity has both magnitude and direction, but speed has magnitude only.)

(tp30) —(EEE L EaES)  HAERE R V) =t -2t-3 (AR /#) -

(1) SRAERSES 2<t <5 | » 'ERLEFILERRS
(2) KAEREE 2 <t <5 | » EEHESFTAGAATAES [ -
(3) RIEMEES 2<t <5 | » EBEEIglE o
(4) SRAFHFES 2<t <5 [ » BB -

Teacher: This is a physics-related applied problem that involves different physical quantities.
Be careful because displacement and velocity are directional physical quantities,
while path length (distance traveled) and speed are non-directional physical

quantities. Let’s complete these questions.

Student: For the displacement it is easier. We just need to integrate V(t) =t>—2t—3 from

t=2 to t=5, thatis:

. 50 1s 2 i
The displacement: S(5)—S(2):Lt —2t-3dt = §t —t° -3t

=9 (m)

2

M=g=3 (m/s)
52 3

Teacher: Correct, how about the distance traveled and the speed?

The average velocity:

Student: Note that Vv(t)=t*—2t—3=(t—3)(t+1) and so V(t)<0 on the interval [2, 3]
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Teacher:

TETEANKT D o HEASEHBHES L

and V(t)>0 on [3, 5]. Thus, the distance traveled is:
5 32 37
[ |v(t)|dt—j —v(t) [t + j v(t)dt——(——) =5

The average speed during this time period is: 3— +(5-2)=— (m/s)

Well done! When calculating path length and speed, it’s crucial to pay special
attention to the positive and negative values of the velocity function. Even when the
velocity function is negative, we still need to calculate the distance traveled during

that time period to obtain the correct result.

s A Y EARR R E R - T eE TERFESYEE - V0 (TS BLEE
BRI E - B RERREIA TR E - B —E5EiE
A |

D RS S M AZE V() =t - 2037 t = 25t = 5 (TR -

5

(WEES= s(5)—s(2)=_[:t2—2t—3dt=[%t3—t2—3t} =9 (m)
e - X020 2 s

DOIERE | AR AL R B HRIE ?

BRIV =t -20-3=(t-3)(t+1) - FE@RT[2, 3] v(t)<0 ; fEERT[3, 5]
v(t) 20 - NELIHERBEHR RS

[ veopt = [ T-vJa+ j v(t)dt__(_g) 32 3_7 o
[ B B~ 1 2R
6-2=2 )

FEHE A > BAFTERBS SRR 2 - B ERBE R ERE - &l
JEE Rl Ry IRt > BT RAE A B I A P AE HIRERE - FRFIA "T DUSE]
IERERVAESR

BYOEE AR EERE TR E R
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(FL3Z ) Prove that the volume of a sphere with radius 7 is g rd.

(57 SEIEE R r HIBRBE RS B gms .

Teacher: Now, I am going to take you through the proof of the formula for the volume of a

sphere. Do you have any ideas?

Student: We can start by drawing a circle with a radius of 7 on the coordinate plane. This

circle’s equation canbe C:x*+y*=r’.

Y

2

C:at+yt=r

Teacher: Good, but how do we use the equation and disk method to find the volume in this
case?

Student: We can extract the equation of the upper half of the circle, which is:

C':y=+/r*—x* . Then we can rotate this curve along the x-axis to get the volume.

The integral will be:

_[_rrﬁ[\/rz —x° de = n'f_rr (r? = x*)dx = n{rzx—%xz’}

r
3

4
=—nr
3

-r

Teacher: Great, so the process for this question will be:

(1) Draw a circle centered at the origin with radius of 7 on the coordinate plane.

(2) Extract the equation of the upper half of the circle: (Y =+’ —x*)

(3) Apply the disk method to find the volume by integrating this equation over the
interval [-r, r].

. . .4
Then, we can have the volume of a sphere with radius 7 is: 572'['3
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ERi

B

Eh

B

=S

HAERE R RZAGEHERBGHVEG I AR - AR A EEREL ?

B FME AR E B E R R r VB (O TEFTR) > B EER R

EBC X +y*=r?
Y
\
y =12 — 22
C:a? 9 =47

Rar > B E T E A e e AR TR (B R PR B RaRlE 7

FATAT AR B 2R R Cliy =P =X BEE R TAT DU

HE4E x BSTEE S RS - RIIRMIRE g2 ¢
J‘_’rﬂ[ /rz — :|2dX _ ﬂj‘_fr (r? = x2)dx = ”{rzx_%xs}

r
=—7r’,
3

-r

Riz > FrA(ME — SR REE S 7 e
(1) EAEPE EEH— BB S B ~ 85 r HIE -

(2) HyHasfEEr R E R - (y=vrt-x*)
) A eERretE (B F&f -, rIETED
o A EDER > BT S AE R v E@E*%%E%E%gms °
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BRSNS EEIRE More to Explore

EEMAEE

SHMEF DL
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AR A

https://terms.naer.edu.tw/search/

HEE P BRERS

BB T E YRR R
https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99

%E8%AA%IE

Oak Teacher Hub

BIYNEER R B EIR 0 bR T R RRIE A HAR

https://teachers.thenational.academy/

CK-12

BN Fos B EIR 0 bR T BUERREIE A H A
https://www.ck12.org/student/

Twinkl

BN R EEIR 0 bR T BEREEF MR E > & R
B R ERAINE

https://www.twinkl.com.tw/
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https://terms.naer.edu.tw/search/
https://video.cloud.edu.tw/video/co_search.php?s=%E9%9B%99%E8%AA%9E
https://video.cloud.edu.tw/video/co_search.php?s=%E9%9B%99%E8%AA%9E
https://teachers.thenational.academy/
https://www.ck12.org/student/
https://www.twinkl.com.tw/
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Khan Academy

R MRS EB R K R

https://www.khanacademy.org/

Open Textbook (Math)

B/ N B AR E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common

[toc/toc en.html

MATH is FUN

EISNEER R o A B AR Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BN R o B #=CE RS - bR T EEEEE  BEAHEA
i
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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https://www.khanacademy.org/
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
https://www.mathsisfun.com/index.htm
https://phet.colorado.edu/
https://www.youtube.com/c/misterwootube
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B = R R SR ER AR BE B
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching
Worksheets

2024 FEhERBANEERAX(ESP)EENKE

RHEESET SRR - B T BERE » 2H HAth I
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%IB%B8WEI%I7%ICHE6%95%II%E
6%9D%90?authuser=0

Desmos Classroom

SN ER - A B E TAE

https://teacher.desmos.com/?lang=en
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://teacher.desmos.com/?lang=en
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