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B HEGRBEERTGF Sentence Frames and Useful Sentences

o is perpendicular to

4] The z-axis is perpendicular to both the x-axis and the y-axis.

z BhERF EEE x fhEd y

(2) intersect

4] « These two planes intersect in a line.

A5 WY (EP A A — ELER -

©® How might ?

4] - How might these two lines be related when they are not coplanar?

EIERRGEATER— P > S W RS i LU TIRLERE A 7

m REEFERR Explanation of Problems

8 :RAEA ®

[The three-dimensional coordinate system]

The Cartesian coordinate plane is formed by two perpendicular lines: the x-axis and the y-axis.
A point on a plane can be identified by an ordered pair (x, y). Today, we will extend from a plane
to a space, from 2D to 3D. A three-dimensional coordinate system can be constructed by three
perpendicular lines: x-axis, y-axis and z-axis, while z-axis is perpendicular to both x-axis and y-

axis at the origin.

2 BYOREAR EERE TR R



N KT IEFEE T R ANKT P o E T AR

Now open your right hand and make your four fingers point to the right, just as the positive x-
axis. Next, hold your right hand with fingers curving from the positive x-axis toward the positive
y-axis. Imagine that you are giving people a thumbs-up. The direction that your thumb is pointing

is the positive z-axis. We say that these three axes form a right-handed coordinate frame.

These three axes determine three planes. The x-axis and y-axis determine the xy-plane, the x-axis
and z-axis determine the xz-plane, y-axis and z-axis determine the yz-plane. These three planes
separate the space into eight octants; while the x-axis and the y-axis separate the plane into four

quadrants. Here’s the sketch.

In the three-dimensional coordinate system, a point can be identified by an ordered triple

(x, v, z), while x, y and z are all real numbers. The coordinate of the origin is (0, 0, 0).
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In the above graph, the coordinates of the Point P are (2, 4, 5). The x coordinate, 2, represents
the distance from the yz-plane to P. The y coordinate, 4, represents the distance from the xz-plane

to P. The z coordinate, 5, represents the distance from the xy-plane to P.
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In the two-dimensional coordinate plane, the points on the x-axis have one thing in common:
their y-coordinates are all 0. The equation of the x-axis is y = 0. Can you guess the equation of
the xy-plane with the same logical thinking? The xy-plane is determined by the x-axis and the y-
axis. The points on the xy-plane have the form (x, y, 0). Their z-coordinates are all 0. Therefore,
the equation of the xy-plane is z = 0. The points on the yz-plane have the form (0, y, z). Their x-
coordinates are all 0, so the equation of the yz-plane is x = 0. The points on the xz-plane have the

form (x, 0, z), and the equation of the xz-plane is y = 0.

[Lines in space]

Hold up two pens and put them on the desk, pretending that they are coplanar lines. How many
possible intersections are there? If two lines are parallel, there are no points of intersection. If
two lines intersect, there is one intersection. If two lines are coincident, it means that they appear
as a single line, and there are infinitely many intersections.

Now we are going to extend from a plane to a space. Please hold up two pens in front of your
face, pretending that they are two lines in a 3D space. How might these two lines be related when
they are not coplanar? We may find that there might be one intersection for intersecting lines.
There might be infinitely many intersections for two coincident lines. There might be no points
of intersection when these lines don’t touch each other. If these two lines are coplanar and don’t
intersect, then we call these two lines parallel lines. If two lines are not coplanar and don’t
intersect, then we call these two lines skew lines. (The teacher can show skew lines in a 3D space

with fingers, presenting the visual image.) H G

Take the cube as an example, EH and FG are coplanar and

they don’t intersect. We say that they are parallel and denote that ¢
EH || FG. A B

EH and CD are NOT coplanar and they don’t intersect neither, therefore EH and CD are skew

lines.
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[Planes in space]

How might two planes be related in terms of possible intersections?

Two distinct planes in three-dimensional space might be parallel, coincident, or intersect in a
line.

If two planes E1 and E» are parallel to each other, we denote that E, ||E,. If these two planes
intersect in a line, we would be interested in the angle between these two planes. How do we
measure the angle? Let’s sketch the angle first. Mark a point O on the intersecting line. Construct
a segment OA in plane a perpendicular to the intersecting line, and a segment OB in plane S
perpendicular to the intersecting line. As shown in the graph below, the measure of ZAOB is the
angle between these two planes, and we call it a dihedral angle. The graph looks like a laptop.
When opening a laptop, the keyboard is the plane «, and the screen is the plane . The angle
between the keyboard and the screen is £4OB.

B

Take a tissue box as another example. The lateral faces are perpendicular to the base. Therefore,
the angle between the base and one of the lateral faces is 90°. How do we find the measure of
the angle? Connect 4B. Now can you see a triangle A ABO? Let’s find the length of three sides,

. 0A?+0B?-AB? .
and then apply the law of cosine: cos2AOB = ~—oios Then we can use the inverse of the

cosine function to find out the angle, by using a calculator.
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[Theorem of three perpendiculars =FE43 EH]

I want you to pair up with one of your classmates. You two have to work together to place the
pens. First, hold a pen vertically, and let it be perpendicular to your desk. Put the second pen on
the desk, and make it perpendicular to the first pen. Next, put the third pan on the table, and make
it perpendicular to the second pen. Last, take the fourth pen to connect the top of the first pen
and the intersecting point of the 2" and the 3™ pens. Do you think the fourth pen is perpendicular
to the third pen? Maybe you need one more person to measure the angle with the protractor!

Yes, they are perpendicular. This is the theorem of three perpendiculars.
N*

E C B

As shown in the graph above. PB is perpendicular to the plane E. B is the foot of the

perpendicular. If BC is perpendicular to any line L in the plane E, then PC is also perpendicular

to line L. Please remember this theorem, and we will solve some related questions later.
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(L) Which line(s) or plane(s) fit the description?
(@) line(s) parallel to EH and containing point F

(b) line(s) skew to EH and containing point F’
(c) planes(s) parallel to plane ABCD and containing point F.

. e At H G
(HIS2) WREE4R B ST o it 2
(a) Bl EH {7 HAS%EF s E £
(b) 1 EH 4} HAS% F 1%
() BT ABCD V1T » HA&E: F pr c
) |

Teacher: Which lines are parallel to EH?

Student: 1 only see segments, not lines.

Teacher: Please think of each segment in the figure as part of a line. When you answer the
questions, please use “line”. Now which lines are parallel to EH, and containing
point £?

Student: FG, 4D, BC are parallel to EH, but only FG contains F.

Teacher: Correct. Which lines skew to EH and contains point £?

Student: I forgot the definition of “skew lines”.

Teacher: Iftwo lines are not coplanar and don’t intersect, then these two lines are skew lines.
Now do you see any lines skew to EH?

Student: Not coplanar, not intersecting.... The lines in plane EFGH should be excluded.

Student: Is AD skew to EH?

Teacher: 4D and EH are both in the plane ADHE. They are parallel lines, but they are not

skew lines.

! BB EERE TR RN
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Student: (F_B: GC (EB, AB are skew to EH. They are not coplanar, and do not intersect with
each other.

Teacher: Which one contains point F?

Student: FB.

Teacher: Yes. Which plane is parallel to plane ABCD and contains point F7?

Student: Easy. It’s EFGH.

Teacher: Correct.

FHf kbRl EH SEAT 9

B RABTGER  SEBETIS -

BT S PR R B — R BRI — B4y o B RIS - S5 T E
FUEREL EREL EH P47 > If B EEE F?

24 FG-~AD -~ BC 81 EH {7 » [HAH FG A& F -

BT IEHE -
Whtbset EH AL HE 2% F?

R ST HERER

LA ORGSR ER — P EE AR - QSRS EERIS - BIEIRE G
FEFIEE EH ZERMAE T IE 2

B8 0 FAEE P ~ FHAL...... ISRELHES AT H EFGH FI4: -

© AD #1 EH R ?

EHili 4D F1 EH ¥ Vi ADHE N » & P(748 » R BB «

18
HE

B£ © FB~GC-CD~4B %1 EH 4} ©f1f1 EH FAEE—FF - AR EH FA
y o

2l T RE s F o

g FB -

Rl ¥ o UHERF B ABCD SPAT HAEI SR F?
BE 5 U EFGH -
LR BEET -
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(H37) Two right tringles A ADC and A ABC intersects in AC. It is known that DA 1 4AC,
and BA 1 AC. Find the dihedral angle between two planes ABC and ADC.
(t132) WE A=A ADC Bl ABC A5 AC - C41DA L ACKBA L AC -

TRV ABC BV ADC A/ I A o

Teacher: The right tringles A ADC and A ABC intersect in AC. DA LAC, and BA L
AC. The angle £DAB formed by these two planes is the dihedral angle between
two planes. How do we find out the measure of the angle?

Student: You can connect DB. Draw a triangle first.

Teacher: Good. What’s the next step?

Student 1: Measure three sides, and then apply the formula.
Student 2: Which formula? I forgot.

Teacher: Do you remember the law of cosine? We can find the third side of a triangle when
we know the two sides and the angle between them.

The formulais a2 + b> — 2abcost = ¢*, while 6 is the angle between sides a and

2+p=c?
2-ab

b. We can also write the formula as cosf = . This formula helps us find the

angles of a triangle when we know all three sides. We are looking for cos«DAB

in this question.

3 BYOREAR EERE TR R
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Student: We can find out the length of three sides AB, AD, BD , and apply the formula. But
AD is in the 3D space, how do we find its length?
Teacher: It is a good question. I would like to bring your attention to A DBA.

What kind of triangle is it? ).

Student: It looks like a right triangle! Point D is 2 units above the point B.

Teacher: Correct. DB is perpendicular to the xy-plane. A DBA is aright triangle. We have
an easy way to find the ratio of cosine function cos £DAB, in a right triangle.

Student: The adjacent side to the hypotenuse.

Teacher: Yes. cos ADAB:%- We just need to find out 4B, AD.

Let’s focus on AABC. Since the z coordinates of three points are 0, A ABC is in
the xy-plane. If we look at the triangle from the top, here is the sketch. If we only
consider the coordinates in the xy-plane, the coordinates of B will be (4,2) and the

coordinates of A will be (0, 0). What is the length of AB?

Student: I can use the distance formula, AB = V4% + 22 =+/20

Teacher: Good. AD is the hypotenuse of the right triangle A DBA. Point D is 2 units
above the point B, implying that DB = 2.
Therefore, the hypotenuse AD = V20+ 22 =\24.

10 BRSSP EFRETREIP (EERET F
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You have everything you need now, please find out the value of cos2DAB.
Student: Oh my god. I need a calculator.

Teacher: Indeed. Please take out your calculator and calculate cos2DAB =

3l
BIE

Student: I got 0.912871.
Teacher: cosZDAB = 0.912871. Therefore, 2DAB = cos~'(0.912871). Find the inverse

—71o

cosine button “cos™*” in your calculator.

Student: Where is it? I only see “cos”.

Teacher: Perhaps your calculators are different, and I use the

Casio calculator as an example. Do you see “cos”?

—719

You may see “cos™"” above the button “cos”, which is

written in yellow. Do you see “shift” in the upper left

corner? Press “shift” and then press “cos”, you can see

1 on the screen.

the inverse cosine “cos™
Student: 1 don’t have a calculator. May I use the calculator on my iPhone?
Teacher: Ok, but only for the calculator. No games.
Student: I only see “cos” on my iPhone. I don’t see any “cos™1”.
Teacher: Do you see the “2"% button on the first column? Hit the “2"® button, and you

will see the “cos™1” button. Now, do you find “cos~1(0.912871)”?

sinh cosh tanh

Student 1: I got 24.0948, about 24.1.
Student 2: But I got 0.420534, about 0.42.
Teacher: Well, which answer is more reasonable?

Student: The angle in the graph looks like 24.1 degrees. It is not 0.42 degrees.

11 BUPBREHBEFRETRIP (BT E
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Teacher: Your estimation is right. It is 24.1 degrees. That’s because the setting in your
calculator is “radian”, it gives you 0.42 radian as the answer.
Change your calculator’s setting from “Rad” to “Deg”, and then you will have 24.1
degrees. Besides this method, you can simply convert 0.42 radian to its degree.

Student: 45 =2 = 24.06. T think T got it

Teacher: Great!

EHl : AADC 1 A ABC HESHYAC E41DA L AC, BA L AC. £DAB Z-FHiEi{EF
ETZRCHTANE - e T HA o - FfafaridiEEne ?
B4 o fRe]DIEE DB - S — i = A -
EEN A o N2 Y
B ME=EE  ARERA -
B2 PHEAK ? IET -
T - RERLSER I EIRN ? ERMIARE N E e 2 EaY AR - FRAFT T DR E]
=AIPRE=E -
ARE @+ —2abeosd = ¢ Hr 0 ZRIIE o 71 b Z[EHIARE - Bfita]

2+b*—c?

LU AR cost) = ——— BRABNMERNE = EBER M=
HIARE - Sl 0 FFTEHAYE cos ~DAB.

BBk o FRHREIAB, AD, BDIE: - BROTLAH AN o (HZ24D £ 3D ZEfiffh » BUEJE
RECHERE ?

N ER—EA R - B IRME—TADBA » B &I =A ?
EREACEEEA=A - D /£ B LJ7iEHE 2 I & -
¥t DBFEE Y XY EH - ADBARH A=A » Bl HEENI7ET LIk
HA=APAHTcos ~“DAB

B ERIEBHRNE -

| ¥ cos ~DAB=22 - FRFRFHE, B AD. S ABC SR Z 4

THLE 00 AABC AE xy Vi b o ARIFWEIEmE & - BIPATT - AR
{558 xy “FHE_LAVAEE - BREE@2) > AZ (0,0) HIEE 4B Fyfef ?

12 BRSSP EFRETREIP (EERET F
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B4 0 WAL 4B = V47 +2° =20
Bl 47 - AD EEAZAVADBANTREE > D 1E B {9 L5 HERME 2 B E > FiLIDB =

2. PRILAHEAD =V20+2" =24 - (REAEAFTARENRAE T » S

cos ~DAB HI{H -
B4 s R - TR -

R o SRR IR cos£DAB =

R FRISET 0912871 ¢

ZEfi 0 cos2DAB = 0.912871 » Kl £DAB = cos~1(0.912871) -
TEVRATET B R S BR8] “cos™”

A TAEWE 2 FABE] “cos” o

0 BEFRAVETERORE o IR RPEEGETRIRIE /BT < fRET] “cos™iff ?
{RETREE B E] “cos™ it LMY “cos™ FhE-HRBELE LAHR “shift”
WE 7 $% “shift” » MR “cos” » L EEEE R L EFIKERZ “cos™ e

B4 0 FOCHEETEM - o] DU iPhone HYF R ?

Zhh ARl HERERETE o ARSI -

A . FRAE iPhone FIHFEF] “cos” » JGEE] “cos™1” o

Zhf 0 RIEFE—FIER] “2nd” #5 TUE ? # “2nd” > FREEEFE] “cos™!7 o
IHAE > B “cos™1(0.912871)”

BA 1 EFT 24.0948, K&E24.1. -
242 [HIREEFE T 0420534, R&UZE 0.42.

HAh I DHEEEE AR ?

B4 EPRAEEERGE 241 - N2 042 F -

HET IRV > 2 241 [ o RAIRAVETEMSE /T » B4AHT 042
RAE R B
BHRAETEGRE “Rad” By “Deg” » SAEIRFLE1SE] 24.1 J& -
BRI 4h o fRIETE] DL 0.42 53K fif BE. Hrsive s FEE sy -

180

Bt 042 % — =241 FEEHET !

2l

Sl

ER KT

s AR EE R TR ERRR



O (T RETRT 2 ERET fo EMALERBHETRL

plE=

aA ¢ A = EL e I R A GR Ef
(BL32) Itis given that CB L BX, BX L AX.If BX =10, BC = AX =5, find CA.

(557) B%1 CBLBX-~BX1AX 7% BX=10, BC=A4AX=15, ¥ CA.

Teacher: It is given that CB 1 BX, BX 1 AX, can you tell the relationship between CX and
AX?

Student: Perpendicular?

Teacher: Yes, they are perpendicular, according to the theorem of three perpendiculars.
In order to find CA, we need to know the length of CX and AX first. Then we can
apply the Pythagorean theorem.

Student: AX =5 is given. But CX.... Idon’t know.

Teacher: Do you see a standing triangle ACBX? What kind of triangle is it?

Student: A right triangle.

Teacher: Yes, CX is the hypotenuse of this right triangle. Can you apply the Pythagorean

theorem to find out its length?

Student: /5% + 10% = V125.

Teacher: A AXC is also a right triangle. Now you have two legs, V125 and 5. What is the

hypotenuse?

Student: \/52 + 125 = +/150.

Teacher: Write the answer in the simplest form.

Student: 5+/6.

14 BUPBREHBEFRETRIP (BT E
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Al E41 CB LBX - BX LAX > {RAEEEFE CX F1 AX (BHZIE 2

B4 FEEE?

EE By R =FERERE  BEMTREER - K T CA \IRE » IFTELFE
HIE CX Fl AX BIRE » MR T UEF R ER -

A BE AX =5 HE CX... AHE

Zhl . AREEEEIIN =M CBX TS ? & 2T =M1 2

B4 ZEHA=AF -

EET RHY 0 OX REMEEAZAVIIRNE - IREEER RER R TR REL ?

= V52 410 =125 -

il =k AXC tE—EEA=AE - BERAWEE - V125 f15 - IERIEE
%07

= V52 4125 =+/150 -

il P s HEE -
B 560

15 BB EARE TR EFRRT A
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(¥£37) RO is perpendicular to the plane OPQ. Let 6 be the angle between the plane RPQ

area of AOPQ

and OPQ. Show that area of ARPQ

= cos6

(32RO FEFVHEH OPQ. Al 0 ZWFHE RPO Fl OPQ HIFFE - sHIHARI = A
Ay EREE Ry

= cos0. R

P

( HKCEE A Math 2003 #18 )

Teacher: RO is perpendicular to the plane OPQ, therefore RO is perpendicular to the
segments in the planes, such as PO and QO. You can see the right angle signs in

the graph.

Let’s construct OZ perpendicular to PQ. Is RO perpendicular to OZ? Why or
why not?

Student: RO is perpendicular to the segments in the plane OPQ. Yes, they are perpendicular.

BYOEE AR EERE TR E R
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Teacher: Correct. Next, connect R and Z. Let me ask you a question.
OZ perpendicular to PQ, and RO is perpendicular to OZ. According to the
theorem of three perpendiculars, how are RZ and PQ related?

Student: They are perpendicular.

Teacher: Good. Do you see the right triangle AROZ?

Student: Yes.

Teacher: What is the measure of 2ZRZO?

Student: It is not given. I don’t know.

Teacher: 2RZO is the angle between the planes OPQ and RPQ. Let’s assume 2RZ0 = 6.
This question is asking for the ratio of two triangles. What is the area of A OPQ?

What is the area of A RPQ? Can you answer them in terms of segments?

Student: AOPQ =-PQ-0Z; ARPQ =5-PQ-RZ.
l— ——
faorQ POOZ 0Oz [
Teacher: Hence ——— 9_ 2 —— = — The ratio of the areas is —.
area of ARPQ > PORZ RZ RZ

How is it related to cos0?

Student: Trigonometry! The adjacent side over the hypotenuse. It is cosd.

area of AOPQ

= C0sf.
area of ARPQ

oz
Teacher: Yes, COSO = = Therefore,

Eifi . RO TEFYFPE OPQ » Rt RO TEFFHEIPINIARES - i PO F1 00 -

i ] A B o B A

HIWESRER OZ [l PO FH - RO T|EHF OZ 1§ ? Ryt ?

[R% RO TEEFEH OPQ FHI4RES » LR » RO EHR OZ -

EE: IERE o BE TR > B R A Z o BRI (ERE -
0Z TEHH: PO ii RO EH OZ - g =458 » RZ fl PO AT
%2

Bk EEEE -

EH R - IREE - EE A=A ROZUE ?

B 2

EH T £ RZO WIREBRS /D ?

1
HE
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B4 0 EHREG  FARE -

ERl : ZRZO &V OPQ F1 RPQ Z FEHYANE - Mt £RZ0 = 6 - iE(EHEE
KW(E =P EEAIEEE - =i OPQ NEREZ /) ? =i RPQ KR
UE ? {IRBE FH SR BRI B E G 2

Bt AOPQ=3-PO-OZ: ARPQ=3-PO-RZ-

Zhf - BAERA

BR cosd H{ TR % ?
B4 =) AERDRRE - 2 cosb -

07 AOPQAETFE
% N rpomms

R EHY > cosh = 0s0 -

R

plE—
st Rl = FE g e B A A P A RS R
(FL3Z ) Ken set up a tent. He erected a 2-m-pole vertically at point £ on the horizontal ground.
He elevated a triangular tent ABC of area 12 m? by the pole such that side 4B touches
the ground and vertex C is fastened to the top of the pole. 4B = 6m. At noon, the

sun’s rays vertically cast a shadow of the tent on the ground.

Find the area of the shadow. 9
l ¢ l Sun rays
C
2m
B E
6 m
A

(F132) Ken fEFE—{EIR:ZE - /e E B SR 2 ARSIET > 485 7 —(EHEE
By 12 m* =FAIRE » 58 AB BREEA - B C BAEMFFryTHY - 4B BE
Ry 6 m o RAEREGOEEE EIRST R TEMNA L  SKEZ A
(revised from HKCEE A Math 2003 #18 )
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Teacher: First, let’s draw CM, the altitude of A ABC. CM is perpendicularto AB. The area
of A ABC is 12, and the base 4B is 6. Can you find the length of the altitude,

M ?
C
/Mm
B 40 /0§
A
Student: 4.

Teacher: Ok. Connect E and M. Is EM perpendicular to AB? What do you think?

Student: You taught us the theorem of three perpendiculars. But it is a little bit different.

I know that if CE is perpendicular to EM, and EM is perpendicular to AB, then
CM is perpendicular to AB.

Teacher: You are right. Listen up. If CE is perpendicular to EM, CM is perpendicular to
AB, then EM is perpendicular to AB. This is also the theorem of three
perpendiculars.

This means if we find out the length of EM, then we can get the area of A ABE,
with AB as the base.

Student: Ok.

Teacher: Do you see the right triangle A CEM? How do you get EM?

Student: Pythagorean theorem. It is V12 = 2v/3.

Teacher: Correct. Find the area.
Student: 2\/§><6><%=6\/§.

Teacher: Correct.

HE e FIEE CM o iEE AABC 95 > CM EHFY 4B - A ABC [EfES
12 &8 4B Jy 6 - fREEfH S CM RSS2

B 4

HEH APy o HUBEEE E RO M o {REE(S EM FEEFY AB 15 ?

19 BRSSP EFRETREIP (EERET F
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Vectors in Space-Representations and Operations

SR RIRSREAD
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BIS Introduction
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ABITTS M EET T
% 0 ZEHFEAYINE ~ BUE - REIREE R R H ARV ERVRTESR - SR/ EZE R
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B % Vocabulary

XIEREERNBIE TENFE
B¥F hiE B¥F hiE
directed line segment B4R initial point aatets
terminal point LR magnitude =
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B HEGRBEERTGF Sentence Frames and Useful Sentences

(1) units in the direction.

4] : Plot a point 2 units in the negative x direction.

R xHE L > x = =2 (Y5 E— (% -

(2) as a linear combination of

{5/ - Write the vector @ as a linear combination of 5 and ¢.

R d Fonh b Fl ¢ BYSHELES -

© the relationship between and

4] - The relationship between AC and 4B is AC = —24B.
& AC F1 4B (9R{xA AC = —24B -

(4] divides into , and the ratio of is

{54 : The point P divides 4B into two line segments, and the ratio of two segments is 2 : 3.
Bh P AB 53 RyWARES - 4REER Ry 2:3 -
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m RIEEFERR Explanation of Problems

Py

o A »

[Point in space]
In the last section, we introduced the three-dimensional coordinate system. A point P in space
can be determined by an ordered triple (a, b, ¢), while a, b and c are all real numbers.

The x coordinate, a, represents the directed distance from the ¢

yz-plane to P. 2 P, 5,0
The y coordinate, b, represents the directed distance from the

xz-plane to P. ¢

The z coordinate, c, represents the directed distance from the a Y/ y
xy-plane to P. /

The origin is (0, 0, 0). How do we find out the distance
X

between two points in space?

Pretend that a light is right above point P, its shadow is located on point N(a, b, 0). ON is the

hypotenuse of a right triangle, with two legs a and b. We can use the Pythagorean theorem to get

the distance of ON. ON = v a? + b°.

PN is perpendicular to the xy-plane, so PN is perpendicular to ON. The point P is ¢ unit

vertically above the point N, so PN = c.

A OPN is aright triangle, so OP = ,/O—Nz +NP =V + b+ 2.

The distance formula established for the two-dimensional coordinate system can be extended to

three dimensions. In a plane, the distance between two points (x;,y;), (x3¥,) is

x; —x;)? + (v, — y,)?. In space, the distance the distance between two points (x;,v;,2; ),
Y=y p

(x2,¥2,2,) s \/(xz —x)? + (2 —¥1)? + (2, — z;)?. The midpoint of (x;,¥;,2; ), (X2,¥2,25)

s (x1+x2 ity Z1+Zz)
2 7 2 7 2 :
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[Definitions of vectors]

In the past, we learned about the vectors in a plane. Let’s review what we’ve learned.

“Vector” is a quantity with magnitude and direction, and we usually use a directed line segment
to represent a vector. If the vector u has the initial point at the origin 0(0, 0), and the terminal
point is P(x,y), then the vector is u = 0P, representing the direction from O to P. The

component form of the vector u is represented by u = (x — 0,y — 0) = (x,y).

The first number is the x component of u, which is the change in x. The second number is the y

component of u, which is the change in y. The “magnitude” of the vector |u| = /x2 + y2 isto

represent the length of the vector.

Now we extend this concept to represent a vector in 3D space using x, y, and z axes.

The vector & has the initial point at the origin 0(0,0,0), and the terminal point is P(1,—2,3),
then the vector u = (1 -0, —2—-0,3 —0) = (1,-2,3). 2

It is the component form of a vector u.

The first number, 1, is the x component of %, which is the
change in x.

The second number, —2, is the y component of u, which is the

change in y.

The last number, 3, is the z component of u, which is the change

in z.

The “magnitude” of the vector, meaning “length”, is |u| = /12 + (—2)% + 32 = V/14.

What if the initial point is not the origin? In the following graph, the initial point is 4(2, —3, 1)
and the terminal point is B(4, 2, —4). These two points are .
separated by the xy-plane. Point 4 is above the plane, and B is

beneath the plane. I draw the vector from A4 to B, and the vector

is (4=2,2—(=3), —4—1)= (2,5, —5).
2 is the change in x, 5 is the change in y, and —5 is the change ) \ ———1

,
in z. The negative number means the negative direction. Tea
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In space, the initial point is P(py, p,, p3) and the terminal point is Q(q4, g2, q3)-

The component form of the vector is given by P—QA =(q, — P1, 92 — P2,93 — P3)-
The magnitude of the vector, which is the length of the vector, can be figured out by the distance

formula. The magnitude is |ﬁ§| =J(q1 — p1)? + (92 — p2)? + (g5 — p3)*.

[Operations of vectors in space: addition and subtraction]
Some properties of vectors can be extended to three dimensions. Let’s start with addition and
subtraction.
Assuming that u = (— 1,3, 5) and v = (2, — 1, — 2), what would u + ¥ be?
To take the sum of two vectors, we add up their x components to get the new x component:

—1 42 = 1. We add up their y components to get the new y component: 3 + ( — 1) = 2. Then
add up the z components to get a new z component: 5 + ( — 2) = 3. The resulting vector is
(1,2, 3). I don’t think that simple math calculations would bother you here. Let’s check the

geometric meaning of adding vectors in space.

Let’sdraw u = (—1,3,5) and v = (2, — 1, — 2) in standard position, as shown in graph (1).
We are going to add v to u, and we have to shift vector ¥ over so that its initial point starts at
the terminal point of vector u’s terminal point, as shown in graph (2).

In graph (3), the resulting vector (1, 2, 3), in dashed line, describes the movement from the initial
point of % to the terminal point of ¥: move 1 unit toward the positive x direction, move 2 units
toward the positive y direction, and move 3 units up toward the positive z direction.

Following the direction of arrowheads, the addition can be expressed as OA + 4B = OB.

Point 4 is the connecting point.

Do you remember the parallelogram when we learned the addition of vectors in planes? We also
have a parallelogram here in three-dimensional space. u + v is regarded as the diagonal of a

parallelogram formed by u and v.
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(1

(2)

3)

Assuming that u = (—1,3,5) and v = (2, — 1, — 2), what would u — v be? The expression

U — v can written as U + (—v). The vector —¥ has the same magnitude as v, but in the

opposite direction. —v = (— 2,1, 2). To add —v to u, we shift vector —v~ over so that its

initial point starts at the terminal point of vector %’s terminal point.

We add the x components, y components, and z components correspondingly, and we will have

u+(—v)=(—-1,3,5+(-2,1,2)=(—-3,4,7).

[Scalar multiplication: Scale a vector]

The algebraic property, the scalar multiplication, can also be extended to three dimensions.

The scale multiplication can change its magnitude, or change its direction.

Let’s draw a vector u = (— 1, 2, 3) in the standard position. Put the initial point at the origin,

and the terminal point at ( — 1, 2, 3). Multiply the vector by 3,

and 3 is the scalar. We extend the line, and translate the point

Ato A" and A", while O4 = AA' = A'A""

We multiply each component by 3, and we will have

_

3u=(-3,6,9) = 04"

We can tell that the direction doesn’t change, but the

magnitude changes. It has been tripled in size.

BYOEE AR EERE TR E R
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Let’s try another scalar multiplication. Multiply the vector by —2.

We multiply each component by —2, and we will have —2u = (2, — 4, — 6).
Please draw the vector in the standard position and
observe the relative position between u and —2u

The direction has been flipped by 180 degrees, and it is in
the opposite direction. They still sit on the same line.

The magnitude of the new vector is increased by a factor

of 2. This is twice the magnitude of the original vector.

[Linear combination of vectors and section formula]
Three non-colinear points, O, 4, and B, can determine a plane, so any linear combination of 04

and OB will be located on the plane. For example, (see two graphs below)

OP = O4 + OB OP = 504 + 20B

OP is expressed in a linear function of 04 and ﬁ, and it is called the linear combination.
OP = xOA + y@, while m, OB are non-zero vectors, unparalleled, coplanar vectors, and

X,y are scalars.

This concept can be extended in a three-dimensional system. Let’s work on an example.
A point P (10, —12, —22) is located in the plane determined by three points O(0, 0, 0),
A(1,0, =3), and B(—2, 3, 4) and OP = xO4 + y@. How do we find the value of x and y?

First, find the vectors. O4 = (1,0, —3) and OB = (-2, 3, 4).
OP can be expressed xOA + y@.
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We get OP = x(1,0, —3) +y(—2,3,4) = (x — 2y, 3y, — 3x + 4).
OP = (10, — 12, —22) so we can have the following equations by comparing the components:

x—=2y=10
3y=-12
—3x+4y=-22

1

z

Solve the equations, and we will get x =2, y = —4. 0

You can see the graph.

The plane is formed by 204 and —40B,
and OP = (10, — 12, —22).

P=(10,-12,-22)

In the graph, the point P divides 4B internally into two segments, and the ratio of two segments

is 2 : 3. Point M can be generalized to any point on the plane. The position vector of P can be

expressed by MP = 21\72 + %m If the point P divides internally the segment joining 4 and B

in the ratio of x : y, then the position vector of P is MP = )fym + ﬁyz\—@

M

This section formula can be extended to three dimensions. e
If the point P divides internally the segment joining 4 and

B in the ratio of m: n, then the position vector of P is OP =

m

04 +-20B.

m+n

Assuming that A(xl, Yy zl), B(x3, ,, 22),

. nx1tmxy Ny tmy, nzi+mz
the coordinates of P are ( ,— ,
m+n m+n m+n
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(LX) Sketch a point (—2, 1, 4) in three-dimensional space.

(FP30) 12 3D ZER T fEaERE (-2, 1,4).

Teacher: First sketch a three-dimensional coordinate system. Make sure that the z axis is
perpendicular to both x axis and y axis. Then construct a prism.

Student: Idon’t know how.

Teacher: Sketch three sides of a rectangular prism along the coordinate axes. 2 units in the
negative x direction, 1 unit in the positive y direction, and 4 units in the positive z

direction. The sketch is as shown below.

Student: But I just need a point, not a prism.
Teacher: A prism can help you identify the position of the

point in the three-dimensional system. Qu:.

n
(]
L ]
-

When you construct the prism, the vertex
A (=2, 1, 4) is the point!
You can change the sides of the prism into dashed

lines.

Student: Ok. I get it.
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ERN . EeEL =R R WY z ShEEERY x iR v B - MRS —EA
e

Bt BRI R B

D O EAEEE LR ITESA =1 - fE8 x e E) 2 B > EIE y TRSE)
1 By > fEik z J5[AfeEh 4 BAL - 401 -

1
5y
1

|
B HEATEER > AFE-ERITRE -

ERN AR R BRI E = 4R T i E BV E RS Ay > THRE 4(-2, 1,
4) W HEOKREVES | IR DS AR R SRR -
g gy BAT -

fIEE

B ¢ IR AR TR R LR - R (S -

(3237 ) Assuming that u = (4,—1,2) and v = (0, — 1, 3), find the following vectors.
(1) u—2v (2) |1—2v] (3) | 2u— 49|

(F30) BA1 = (4,—1,2)> $=(0,—1,3) » i TG -

(1) %—2v ) |u—2v] (3) | 2u—4v |

Teacher: u —2v can be regarded as u + (—2v). You can use the scalar multiplication:
multiply each component of v by —2.

Student: —2v = (0,2, — 6)

Teacher: Good. You remember to change the sign when multiplying a negative number.

Next, add u and —2v.

R TS = s S EERE
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Student: 7 + (=27) = (4, — 1,2) + (0,2, — 6) = (4, 1, — 4)
Teacher: Good. Next, how do you find | u — 2v |, the magnitude?
Student: Square root!

Teacher: Can you complete it?

Student: J42 +1+(—4)° =33

Teacher: Next, what is the magnitude of | 2u — 4v |?

Student: I know. Use the scalar multiplication. Multiply the u by 2, and multiply v by —4.
Use addition and the magnitude formula.

Teacher: Very good. Please do so and share your answer.

Student: 2% + (—4v) = (8, —2,4) + (0,4, — 12) = (8,2, — 8).

The magnitude is V64 + 4 + 64 = 132
Teacher: Please simplify the square root.
Student: 2+/33.
Teacher: Good. Have you noticed any relationship between 2+/33 and the previous question?
Student: 2+/33. equals /33 times 2.
Teacher: You can take out the common factor 2. | 2u — 4v | = 2| u — 2v |. When the vector
is doubled, the magnitude is also doubled.

Student: T see. I can just multiply v33 by 2.

Teacher: Correct.

R u—2v DR u+ (=29) REIDAEHAESE K v ivEE &k E -2
B 23 =(0,2, —6)

LN AREF - SRDLASIGF RS E YT - TR B u A1 —2v A3 -

BA D u+(-20)=4,—1,2)+ (0,2, —6)=(4,1,—4)

D AR o FENAR R u—2v | BHERAN?

B BAfRSE |

TN B ?

\/42+1+(—4)2=«/§
RN BN | 2u—4v| FIEEANE ?
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B4 BREE T o (EHMEIRE - u L. 20K v RDL —4 - ZMRAEND -
EEN . IREE R ERIEE -
B 2l 4 (—40) = (8,—2,4) + (0,4, —12) = (8,2, —8)

[FEIEE V64 +4+ 64 =132
D SRR
B 2V33 -
R REF - (REREERE] 2V33 RIAT—ERE > R R 2
B 2V33 Fh V33 RDL 2
EEl IRATPARHARE 20 | 2u—4v | =2]u—2v]| - EREIER > KN -
B RHAT  HEHFEE V33 R 2-
il 28

plE=
wiH A ENE - ez PR R SRR
(L) A(5,—2,3), B(0,4,4), C(—5,10,5), D (0, 6,7) are four points in the space.
(1) Find the vectors E, E, AD.
(2) Determine whether 4, B and C are colinear or not, and explain your answer.

(3) Determine whether A, B and D are colinear or not, and explain your answer.

(3L A(5,=2,3)~ B(0,4,4) > C(=5,10,5) ~D(0,6,7) RyZEfE]HIUES -
(1) K& 4B~ AC~ 4D
(2) ¥lEF 4, B, C =BEZ A4
(3) #lEr A, B, D =BhZ 4R -

Teacher: How do you find the vector AB?

Student: The terminal point minus the initial point.

Teacher: Which one is the initial point? Which one is the terminal point?

Student: AB The vector starts from A4 and goes to B. A4 is the initial point and B is the terminal
point.

Teacher: Correct. AB = (0—5,4+2,4-3) = (-5, 6, 1). Please find the other two vectors.

Student: AC = (—5-5, 10+2, 5-3) = (—10, 12, 2).
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Student: AD = (—0—5, 6+2, 7-3) = ( =5, 8, 4).
Teacher: To check whether 4, B, and C are colinear or not, we can check whether the vector
AB equals ¢ . AC or not, while ¢ is a constant. If AB = t-Z@, then 4, B, and C are

colinear. Do you see this relationship between AB and AC?

Student:

_

AB = = AC. Can ¢ be a fraction?

N

Teacher: 1. . .
Yes. 5 1s a constant. Do you think 4, B, and C are colinear?

Student: Yes.

Teacher: I would like to ask one more question. 4 is the initial point, where are B and C?
Can you sketch a draft?

Student: 4B is half of AC. B is in the middle of 4 and C.

Teacher: Great. B and C are on the same side of 4.
If ¢ is a negative number, such as AB = —% E, where are B and C?

Student: Opposite side?

Teacher: Correct. AB and AC go in different directions. 4 is between B and C, and they are
still colinear, as long as AB =1 AC.

Student: 1 see.

Teacher: Next, are A, B, and D colinear? Please work on your own.

Student: 4B = (—=5,6,1)and AD = (=5, 8,4). I can’t find the constant.

Teacher: There is no such # which makes AB = ¢ AD. Therefore, A, B, and D are not colinear.

EHf C AfRE 4B 9

ELE T GREEREEEE -

Bl 0 BEEACES 2 DR E R4S R ?

B AB (M BRE A AT B o A BALEE 0 B RAE -

B TEHE > AB = (0-5,4+2,4-3) = (5,6, 1) - FHEHTSNREEE -

BB 1 4C = (—5-5, 1042, 5-3) = (—10, 12, 2).

BaA: 1 4D = (—0-5, 642, 7-3) = (-5, 8, 4).

HH A A BRI C BERG  ROTTLGERE 4B BEE ¢ - AC» Hi t
S EE B - 4 AB =1 AC » J3EE A~ BRI C shi23Lan - 5] 4B M1
AC A TR (50 2
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2l TBL e S R EEE - TR 4~ BRI CREE IR ?
Bk R
L HAFER—(ERRE - 4 BAEEE - BRI C GIENRE 2 SEEHCREIE RN 2

B3 0 4B F AC f—F > FITLL B ©1F A fl C HyHhRY -
FET - 1REF - BRI C #ER 4 fE[E—H] -

40 (AR A0 4B = — 2 AC - Y B 1 CAEWE 2

B SRR 2

T 0 348 - AB il AC BR[EI A - W AB =1 AC A{E BFIC 2R > Ty
SR B o

B RET

PH BEFA A4 BRID SBEE GG 2 FEECAEE -

B4 B =(=5,6,1) fll AD = (=5, 8,4) - I AFIHH -

EHli: At (ff AB=rAD - At » 4~ BRI D ZBERILLR «

w EHERE/ BAEEE o

BlE—
st SR ZE ] RGHY EERE AT o A R E AR R
(¥£3Z ) Find the radius of the sphere with the center O(3, 0, — 2) containing the point
P(5,2, — 1). Find the other endpoint of the diameter which starts at P(5, 2, — 1).
(tf=0) —EEL 03,0,—2) #EiEE: P(S, 2, — 1) KELEZAAE - KL PS5, 2, - 1)
Ry EASHREARREY 55— U Ry AL A

Teacher: The radius of the sphere is the distance between the center and the point on the
sphere. Find the distance between O(3, 0, —2) and P(5,2, —1).
Student: /(3 -35)2+(0-2)2+(-2+D?=+9=3

Teacher: Correct. The radius is 3. Next, where is the other endpoint of the diameter?
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Student: Iknow that the diameter is 6. Does this information help?

Teacher: How about using the “vector”? Let me sketch the sphere and the points.
Connect the points P and O, extend the radius and meet the other endpoint of the
diameter 4.

What is the vector PO?

Student: PO=(3—-5,0—2,—2+1)=(=2,—-2,—1)
Teacher: Good. What is OA4?

Student: Looks the same as PO.

Teacher: P, O, and A4 are colinear, and PO = OA. Hence, the vectors are the same.
04 =P0=(-2,—2,—1).Can you find the coordinate of A? You can assume the
coordinate of 4 is (x, y, z).

Student: O4 = (x—3,y—0,z+2) =(-2,—-2,—1),s0x=1,y=—2,z= —3.

Teacher: Correct. 4 (1,—2,—3)

H O EREPEAR L EER - BEHIRESE - 5k 03, 0,—2) 1 P(5,2,—1) R
FEEfE o

B JB-52+0-22+(2+1)2=v9=3

EHN IR - PEE 3 B IR BRHY SRR

B4 RAEEKRE 6 - S{EEHAEEE ?

N AR A& T - FRARE HERAIRL - HEEEE P A1 O AE{RERRETE
Y 55— Tmikh 4 -
PO” [AERE%/?

B PO=3-50-2-2+1)=(=2,-2,—1)

EHT : 1RAF o OA4 2TEE?

B B PO —HE -
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Zffic P~O~A4=B53t43 - H PO=04 -

(Rt o [EE—#E - 04 = PO = (=2,—2,— 1) * {RAEHREIEE 4 (AL 2

A LMEEE 4 VAR (0, 2) ©
B Od=(x—3,y—0,z+2)=(=2,—-2,— 1) fiblx=1-y=-2+2,z= -3
EEN O IERE-A4(1,—2,-3)

plE_
A ¢ MR BRI E - 5w B0 R/ IME A E B £ E -

(EX)a=(2,-3,1), b= (1,2,0).Let v=a + kb, find the minimum of |v|.

() a=Q,=3,1) ~b=(1,2,0) 2 v=a+kb ¥ |9 HIE/ME -

Teacher: $=d+ kb , v isexpressed as a linear combination of @ and b.Can you write v
in terms of k?
Student: $ =g+ kb= (2, —3,1) +k(1,2,0) = 2+ k, — 3 + 2k, 1)

Teacher: What does |v| mean?

Student: The magnitude of the vector. |v| = J Q+ k)2 + (=3 +2k)2 + 17

Teacher: Correct. Please expand the expression and simplify it. I will give you some time.

Student: 5| = /5k% — 8k + 14

Teacher: What is the minimum of |v|?

Student: Very small.

Teacher: Can |v| be a negative number?

Student: Maybe.

Teacher: A square root of something should be a positive number or 0, if we are mentioning

real numbers.

Student: [ see. The minimum is 0.
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Teacher: Don’t make the conclusion so quickly. I need to complete the square.

Do you remember the steps? Take out the common factor for the first two terms....
SK* = 8k+ 14 =5 (K = 2k) + 14,

5
Which number do you add in the parenthesis to make it a square?

Student: s it the half of §?

4

Teacher: ? 16 16 o
It should be 5) - You add > and you should take away 5 at the same time, in

order to keep the original expression the same. You will get:
2 _ 2 8 4 2 4 2
SK* — 8k + 14—5(k ~2k+(3) )—s(g) +14

Student: The process looks familiar.

Teacher: Yes, because we learned it before. The expression can be simplified as
> _ 4\2 4\2 _ N2 54
s —sk+14=5(k=3) =5(3) +14=5(k-3) +2
2
5 (k — g) + 55—4 1s greater than or equal to 55—4.
Student: Why? I forgot the reason.

Teacher: N2 . S .
(k - g) has to be a positive number or 0. After you multiply it by 5, it will be a

2
bigger positive number or 0. We say 5 (k - ?) > 0.

You add 5?4 to the both sides of the inequality, and you will get

s(k—‘g‘)2+55—420+55—4.

Student: The minimum is 55—4.
Teacher: You are almost there. We were discussing the minimum of 5K* — 8k + 14.

However, the question is asking for the minimum of 5k* — 8k + 14. What should

we do?

. 54 .
Student:  Add a square root! \/; is the minimum.

Teacher: Good. When |v| reaches the minimum, what is the value of k?
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2
Student: When 5 (k - %) =0, |v| has the minimum.

4 . ..
Teacher: Correct. When k& = = ] has the minimum.

Ehi V=a+kbo v TLFORE @ F b BIRIEAE - IREERT k AR V1B 2

B S=a+kb=0Q,-3.D)+k(1,2,0) = Q+k —3+2k 1)
ZEL | RERAEERE?
B

EEIAN © V] = \/(2 + B2+ (-3+26)2+1% -
Ehl IR > SERERGEL o LSRR -

9| = V5K — 8k + 14

ERL P HIRAMEREZ D ?

B4 JEE/N -

R V] ATEUR RS ?

B4 EF e

Ehl . HREBOGR > SPAIREZ S EZ O -

B BlET - sy MEZEO -

AL Al NeSE o WOTREMECT A - (REEED RS ? #ai g 3L F A

.
SK = 8k + 14 = 5 (K = 2k) + 14 - FIAMHEHFERSA RN A —E5 e
777

LD R s

0 g (2) - Mk 2 EREE S R AT - (e
5K — 8k + 14 = 5<k2 —§k+ (‘5‘)2> ~5 (‘5‘)2 +14 -

24 EEEEEERRIGE
Ehl B NRIKRMIZATEE - iE(EFREA T IR R

5k2—8k+14=5(k—§)2—5(‘3‘)z+14=5(k—§)2+§o
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2 54 o 4
s(k—3) +3 K 2
B R ? s TR -

E (k-2 pmEIER 0 - BRI S B SRR BT AR

50 7l 5 (k-2) 20 45 2 ErRER A GEs

5<k 4)2+54>0+54
5 5 = 5

BE mMER T

EE  EARSEESERT o BEEHIVE 5K — 8k + 14 (9E/ME - FiBEE R
VSIZ — 8k + 14 HIBRIME - Bl B 2

Sk MLEFIR M 2

EHT R D] REUMERS - kRS ?

B g s(k=1) =0 85 ) ARME -

EHTERE - k=1 B 9] ARIME -
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Inner Product of Vectors in Space

31N

@
nl’

#

1B

B 38 ol

a

I TR R E B S TR HIR R

B A= Introduction

AEITTIN A G Joat s ZE H m BRI R SRR > 5 M GE AR W A RS

FEt R EIESR

A& e st PE A s H M SRR R - NS4 B

E RHIPIRE R T S AR S » B o] DS E T e AP - RS -
VIR S SR RN - P A B T2 AR « S DU N
S BIRE AR A P A ML T TR -

B % Vocabulary

XERER AR ETTERER

E¥F thi ¥ thi
inner product (dot product) | Nf& projection EHE
space ZEfH] orthogonal IEXXH
Cauchy inequality FIAEARFER tetrahedron VUEfe (=MA8)
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O If and are orthogonal, .

{4 : If two vectors u and Vv are orthogonal, then their inner product is 0.

EMEE u Ml v BIERH > HABAZ -

® A/an is known as .

5] A tetrahedron is also known as a triangular pyramid which is formed by four triangular

faces.

VUTRTEG T A] DA Ry = - ERYVU(EE S R = -

B [EEFERE Explanation of Problems

o3 iR =

When discussing plane vectors in grade 10, we learned the contents of the inner product of
vectors, the angle between vectors, the vector projection, and the Cauchy-Schwarz inequality.
These contents still apply in space.
Teachers can guide students to review the contents of plane vectors, and then extend these
concepts/formulas to space vectors. For example, the formula of the inner product in plane
vectors is X+y =x;y, +xy,, where X = (x1,x;) and y = (¥1,¥,). In space, the inner
productis X'y =xyy, + X9, +x3;, Where X = (x1,%2,%3) and y = (1,2, ¥3).
Similarly, we can find the angle between vectors is

Xy X1y +X2y,+X3)5

= = =
1|1y [x12+352+x32 Y12+9,% 47,2

and the vector projection is proj,u = (%) v

in space. Finally, the Cauchy-Schwarz inequality space is

|11 + X252 + x3y3] < \/x12+x22+x32 '\/}’12+}’22+}’32 (Ix -yl < Ixllyl).
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(LX) In space, there are two different vectors ﬁa =(1,-2,—1) and PR = (1,1,2).
Find
(1) PQ-PR  (2) QPR

(h30) Bz s PQ = (1,—2,—1) ~ PR = (1,1,2) » 35K
(1) PQ-PR  (2) QPR

Teacher: The formula for the inner product in space is similar to the inner product in the
plane. So, we have
Xy =xy, +xp, + x39;, where X = (x1,%2,%3) and y = (1,2, ¥3).
What is the value of @ - PR?
Student: —3.
Teacher: Yes, the inner product (or dot product) is —3.
Also, we can use the inner product to find the angle between two nonzero vectors.

X -y = |x||ylcosO, where 6 is the angle between x and y.

So, cosf= m )

Find cos 2QPR.

Student: cos ZQPR = —=

Teacher: Very good.
Then, what is the measure of £ZQPR?
Student: £QPR = 120°.
Teacher: Well done.
CAN - AEZER R R A E AT KL FFEE] Xy =xy, + xp, + 53y,
» B X = (0,00, x3) H Y= 0 y2ys) ¢
s5f PO-PR HIER%/V? -
B4 =3

R R > NRE-3 - TME A LUEH NS (EIEE & 2 R A R -
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Xy =|x||jlcos8 » EHrf 0 2 X f1 y ZFEHIAME - AL > cos® = == o

|x]

e cos 2QPR -
cos LQPR = —% °

Efl  AREF o B - 2OPR HIEHUE SV ?
B4 1 LQPR = 120°
EHN S

flE_
REH - AR TR E N EE R ENEE -
(F£37) In space, there are three nonzero vectors u = (2,3,a), v = (—4,b,2) and

w = (1,-3,¢), where a, b, c are real numbers. If u || v and v L w, then what is the

valueof a + b +c¢?

(th0) ERIZERF =(EIEZEE u=(23a)v=(-4b2) &k w=(1,-3,c) > Hf
a, ba c i@%%%& ° %a " EH{; 1 W ’ E\U(l + b +¢ Z{E/j%{ﬂ Q

Teacher: Wehave v =t-uor (—4,b,2) =t(2,3,a) if ul v.
So, —4=2t, b= 3t,and 2= t-a.
Then, —4 =2t, and t = —2.
What are the values of a and b?

Student: b = —6,and a = —1.

Teacher: Very good.
So, u=(2,3,—1)and v = (—4,—6,2).
veow=0if v Lw.
v-w=(-4,-6,2)(1,-3,c)=0
Find the value of cand a + b +c.
Student: ¢=—7and a + b +c¢c= —14.

Teacher: Excellent.
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v=tu g (—4,0,2) =12,3,a)  Fill - —4 =2t~ b= 3t~
2= tra- X —4=2t> G t=-2-
afl b MEZEZDV
A p=—6-a=—-1-°
Zpfc IEEG R u=(23-1)1v=(-4-62)
viw o Hlv-w=0-
v-w=(-4,-62)-(1,-3,c)=0-
Bt ¢ Pl atb+c-

BAg: ¢c=-7a+ b +c=-14-

=S IR NN

plE=
i ¢ ANEE K ZEH A EAIESR -

(9537 ) In space, there are two vectors u = (4,4,—3) and v =(1,—1, 2).
(a) Find the vector projection of u onto v (proj,u).

(b) Use proj,u to write u as the sum of two orthogonal vectors.

(F320) () 5okAE u= (44,-3) f£AE v= (1,-1,2) FAVIESF (proju) -
(b) # u FREEIESF(proj,u) K EE R IES 2 (proj,w) 1R E RIE 2 A -

Teacher: The vector projection of u onto v is proj,u = (Tv)

So, U - v=(4,4,—-3) (1,—-1,2)=—6 and |?| = V6.
Find proj,u now.

Student: proj,u = (—1,1,-2)

Teacher: Excellent. We can write u = proj,u+ w, where w = u — proj,u.
Can you find w?

Student: Yes, w = (4,4,-3) — (—1,1,-2) = (5,3,—1).

Teacher: It is correct. Then U can be written as the sum of two orthogonal vectors.
u=044-3)=(-11-2)+ (53,-1)
We can check that proj,u and w are orthogonal because the inner product of the
two vectors is zero.

proj,u - w = (=1,1,-2) - (5,3,-1) =0
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W BIE TR EREHBR proju=(50)5 -
i-v=4,4-3) (1,-1,2)=—-6" |9 = V6. -
BAEHHT projyu -
B4 proj,u=(-1,1-2)
Ehh R - BT LUK Hkproj,u+ w o Htw = u—proj,u -
w EZ/DIE ?
B (4,4,-3) - (-1,1,-2) = (5,3,-1)
Hhh BET o A u ATLURRRE EAS B AT - hatE
(4,4,-3) = (-1,1,-2) + (5,3,—-1) -
wi% o BEEHEEL I E R ER ARG AE > FATLRIE proj,u f1 w E&

Ho g Sbooy Sl
- .

proj,u - w=(-1,1,-2) - (5,3,—1) =0

BRI
aiH ¢ AR A e AN OR S -
(FL3Z ) Refer to the diagram below, point O is inside right A4ABC. The distances from O to the

three sides of AABC are a, b, and c respectively. Find the smallest value of

a® + 4b? + 9¢2.

(FP3O) A0 NEFTR - B8 O B E A AABC N—EEHILEEE] AABC 238 2 iEEE IR a

becoBUE a? +4b% +9¢2 HIfME - B
10
b . |6
0 ]
a
L O
A 3 ¢
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Teacher: Connect the three segments 04, OB, and OC.

Assume that the distances from O to the sides AB,AC ,and BC are a, b, and ¢

respectively.
Area of AABC
=Area of A4AOB + Area of ABOC +
Area of ACOA
6x8_Ba 10b e
2 2 2 2

We have 4a +5b + 3¢ =24.

By Cauchy inequality|x - y| < |x]||y|

|11 + X252 + x3y3] < \/xlz + x% + x32 '\/y12 + 22 + y3?

Because a® + 4b% +9¢? = (a)* + (2b)% + (3¢)?.
We have |4a + 5b + 3c| < Va2 +4b2 +9c¢2 - \/y;2 + y,2 + y52.

Therefore, |[4a + 5b + 3c | < \/(a)z + (2b)? + (3¢)? '\/}’12 + Y52 + 32
Find the values of y;, y,,and ys.

Student: y, =4,y, = g, and y;=1
Teacher: Yes, you are correct.
Because y,a = 4a, y,(2b) = 5b, and y;(3c)=3c. We havey; = 4,y, = g, and
y3= 1. If we get the square of each side of the Cauchy inequality, then
(4a + 5b + 3¢)%2 < (a® + 4b% +9c?) - (4% + (;)2 +12)
What is the smallest value of (a? + 4b? + 9¢?)?

Student: The smallest value of (a? + 4b? + 9¢?) is 73;‘18.
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Teacher: Yes, your answer is correct.

5 2
a? + 4b%? + 9¢? > (4a + 5b + 3¢)%? + (42 + (E) + 12>

and (24)? + (

93)_ 768
4 31°

So, a?+ 4b%? +9c? > %

EHN  EPER4REE 04 ~ OB~ OC - E&4¢E 0 %8 AB -~ AC ~ BC WIHEEES A Ey

a\b %D C °
AABC [1ififE =AAOB 1iEfE + ABOC [EFE + ACOA NYE &
6><8___|_ &4_ = »{5%]4a +5b +3c =24 -

2
REAPEAE |x -y < x|yl
|11 + %252 + x3y3] < \/9512 + x,2 + x32 '\/3’12 + 22 + y3?

HE a® +4b% +9¢% = (@)% + (2b)* + (3¢)* » #EALFF

l4a + 5b + 3c| < VaZ+4bZ+9c% - \Jy;2 +y,2 + 32 ¢

I > [4a + 5b + 3c| < /(@)2+ (2b)2 + (3c)? “y/¥12 + V52 + y32
BAEKH y1, y2, 1 y3

By =4y, =2y =1

EHT BET | HB yia=4a~ y,(2b) = 5b~ y;(3¢) =3 HIERHY y, =4
vy =2 sy, = 1o MERPHATE R SR RHERE S -

2
(42 + 5b + 30)2 < (a® + 4b% +9¢2) - (4 + )2 +12) » ) a® + 4b? + 9c?
N MEEZ /D ?

EAA: 1 g2 4 4% 4+ 9¢2 YR/ MER 222

2
Zffi T BT o a?+4b2+9c2 > (4a + 5b + 30)% + (42 +() 12) ’

2. (93) _ 768 2 2 2 < 768
(24) T(T)_gl it > a? +4b% +9c% 2 =
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(L3 ) In coordinate space, choose one vertex of a cube with side length 1 to be the point O.
Then, randomly select two different vertices other than point O and name the two

vertices P and Q respectively. Which of the following values is the expected value of

the inner product OP - 0Q?
Om: @ e @ 6

(ehir) AsPzER - B R | MET 7R B THE O - 0 LU (EIRES
SR SR + SLRIRE s P O+ SARIFTISHIPIRE OP - 00 ZHiSEfE By
I ?

m: @2 @ @ O

(112 FEELAEEE A BUBEEEE 6 jHD)

Teacher: We draw a cube in coordinate space, and label the vertices shown below.
Then P and Q can be any two different points from the vertices (1, 0, 0), (1, 1, 0),
(0,1,0),(0,0,1),(1,0,1),(1, 1, I)and (0, 1, 1).
Let P be the point (1, 0, 0), then OP - w could be:

(19 O, O) (19 19 O) =1 YA 0,1, 1) (l., 1, l)

(1,0,0) (0,1,00=0 .

(1,0,0) (0,0,1)=0 (0,0, 1) E/ﬁln
A la,o

(1,0,0) (1,0, 1)=1 A A

(1,0,0) (1,1,1)=1 J

(1,0,0) (0,1,1)=0 Ow.0.00 o0
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Teacher: When OP is fixed, there are 6 different 56 vectors.
Besides, the inner product is 0 if two nonzero vectors are orthogonal.
So, the sum of the six different OP - 56 is 3.
Find the sum of the six different OP - 55 when P is the point (0, 1, 0).
Student: The sum of the six different OP - 0Q is 3
Teacher: Very good. What is the sum when P is (0, 0, 1)?
Student: It is also 3.
Teacher: Yes, you are right. Then, find the sum when P is (1, 1, 0), (1, 0, 1) and (0, 1, 1)
Student: The sum of the six different inner products (OP - 0Q) is equal to 6.
Teacher: Great. Then find the final one when P is (1, 1, 1).

Student: The sum is 9.

Teacher: Excellent. So, the expected value of all the inner products oP - w is equal to

(BX3+3X6+9)+42 =

~ |

(P and Q are two different vertices other than point O. There are 7 different oP ,
and each OP has 6 different outcomes of OP - w So, the total number of OP -
00 is42.)
The answer is (3).
N MR R E LTS W RA T FTREYTEEL © AVE - PRI QO |
PUBZRETERE (1,0,0) ~ (1,1,0)~ (0, 1,0) ~ (0,0, 1) ~ (1,0, 1) ~ (1, 1, 1) A1 (O,
1, 1) FHYEERI(E A [F] YRS o
[ P2 (1,0,0) 0 FEE OP - 0Q FIRER :
(1,0,0)-(1,1,0)=1
(1,0,0)-(0,1,0) =
(1,0,0)-(0,0,1)=0
(1,0,0)- (1,0, 1) =1
(1,0,0)-(1,1, 1) =1
(1,0,0)-(0,1,1)=0
& OP [EER - €A 6 (BFFEN 0Q ME - REMEIFTAREY - AIHRN
Tk 0« (R BAMERER) OP - 0Q HSER1E 3 - HRAIEEE PR (0,1,0) I
EAERER OP - 0Q HILEFI -
A EANERER OP- 0Q HISERIE 3 -

49 BUPBREHBEFRETRIP (BT E



FE TR B ERT P o HEASEHBHES L

LA JERAF B P E (0,0,1) B SERIES /D 9

BUE T g 3

G B 28 - BREE & P YRR (1,1,0) (1,0, 1) FI (0,1, 1) BEAYERILERE 2
R EAEARERINRE (0P 0Q) HIEBISAFIET SR 6 -

B KT o ERR— 0 B PR (1,1, 1) BLEIES) 9

B4 ERE 9

FH: (RMEBIESE | B FANTE OP- 0Q HIHISEMERLE G Xx3+3X6+9)+

42 =

Al B

o

i)
il

e ()

(P FI Q 2 O LISMYY 7 (EITESE -h e HE S EE - FrLlA 7 R [FIfOP > &5— OP
75 6 FEOP - 0Q - 375 42 {EHOP - 0Q - )

HIRE—
st AR A BRI EE R 2 YA

(ZE37) In space, there is a tetrahedron ABCD. Please find the correct option(s) if AD is
orthogonal to AB and AC respectively.
(1) DB - DC = DA% — AB - AC.
(2) If £BAC is aright angle, then ZBDC is also a right angle.
(3) If £BAC is an acute angle, then £BDC is also an acute angle.
(4) If £BAC is an obtuse angle, then 2BDC is also an obtuse angle.
(5) If AB < DAand AC < DA, £BDC is an acute angle.

(th3r) 22 A —VUiE S ABCD - {#3% AD 4378l AB F1 AC TEH - 3B IEREN
HETH -
(1) DB-DC = DA? — AB - AC
(2) # 4BAC ZEF » Hll £BDC ZEFH
(3) # 4BAC Z#ifg > Al £BDC Z#ifd
(4) 5 4BAC Zgiifg > Al £BDC Z#iifd
(5) # AB <DA H AC < DA’ HI| £BDC Z#i1
(106 FELHHER 2555 13 7))

Teacher: By the given information, we have AD - AB = 0 and AD - AC = 0 because AD
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is orthogonal to AB and AC respectively.
DB :DC = (DA + 4B) - (DA + AC)

= DA%+ DA-AC + AB - DA + AB - AC
=DA%+ AB - AC

Because DA - AC = (—E) AC =0 and AB-DA = DA-4AB = 0.
So, the option (1) DB - DC = DA% — AB - AC is false.

Let us move to the 2" option.

“If £BAC is aright angle, then 2BDC is also a right angle.”

To tell whether £BDC 1is a right angle, we can find cos £BDC first.
What is cos ZBDC?

DB - DC

Student: cos £ZBDC = Bz

Teacher: Yes, you are right. From the former part, we know that
DB-DC =DA? + AB-AC =DA% (AB-AC =0)

A2
So, cos £BDC = _ba” 0.
|DB||DC|

Is £BDC aright angle?
Student: No, 2BDC is an acute angle.
Teacher: Correct.
Now, we can use the same way to check the options (3) and (4).
If £BAC is an acute angle, then AB-AC = |E||R| cos 2BAC > 0.

DB-DC DA2+AB-AC
S0,c08 ZBD(C = —— = ——
|DB||DC| |DB||DC]

£BDC is also an acute angle when £BAC is acute.

The option (3) is correct.

Please check the option (4) with your partner.
(After a few minutes)

Is the option (4) correct?

Student: No, because we do not know whether DA% + AB - AC is positive or negative.
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Teacher: Excellent. We know that AB - AC < 0 when 2BAC is obtuse.
But DA% + AB - AC is undetermined. The option (4) is not correct.

Let us check the last option.
Can you tell whether DA? + AB - AC is positive, negative, or?
Student: Yes, DA% + AB - AC is positive.
Teacher: You are correct.
If 4B < DA and AC < DA, then |AB - AC|= |AB||AC||cos BAC| < DA?.
So, cos £BDC >0 because DA? + AB - AC is always positive.
£BDC 1is an acute angle. The option (5) is correct.

The answer is (3) and (5).

HEf 0 BH > AD 4yRIEL AB F1 AC THE - EILFMELAIE AD-AB =0
AD-AC=0-
DB - DC = (DA + AB) - (D4 + AC)
=DA% + DA-AC + AB - DA + AB - AC
=DA% + AB - AC

Kk DA-AC = (—AD)-AC=0>FH AB-DA= DA-AB =0 - ikl » #15 (1)
DB -DC = DA% — AB - AC ‘Z:55(1) -

PBEES (FEEE T3 £BAC 2HA > HIl «BDC EHA - | ZHET «BDC
e AEA > A LUK cos 2BDC -

B DB -DC
- cos ZBDC = ——
|DB||DC|

Rl 2R (RERIGH - fERTEAYEL Y > BMIRE

—_— —_ _ —_ —_ A2
DB-DC =DA? + AB-AC = DA? (AB-AC =0)>- mt’cos4306=$>

0 - £.BDC EHFAIE ?
B4 N> 2BDC 2 -
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1EAE - FRAE > BT T PLFHIEIGRAY G =CHIENBEIE (3) A (4) - WISR4BAC J2iiFS -
JbE AB - AC = |AB||AC| cos 2BAC > 0 -

DB-DC  DA+AB-AC . n
FFLL » cos 2BDC = I;H%I = DID”;H%I >0 % £BAC 245y 0| 2BDC 11

S BEIE () JEILHE -

A A RAVRS A —EE HIE B8 TH (4) -

(5&oriEt% ) EEA4) EIEREE 2

Rt R EFRPIRAE DA? + AB-AC S FErgE & -

THFT o BE2BAC ZHlifans > $2(%0iE AB - AC < 0> {HR%1% DA® + AB - AC
B%/0 o NILEEE (4) Z A IERERY -

PR E k% —(H8E0E - DA% + AB - AC EIFH - AR T HAIE ?

DA® + 4B - AC H2-1F#; !

BET -

4154 AB < DA H. AC < DA - Hi] |AB - AC| = |AB||AC||cos 2BAC| < DA? -
[N » DA% 4+ AB - AC 7k3&EEIEHE > cos 2BDC >0 2BDC 24015 - #IH (5) I
W - BEZE 3) M (5) -
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(3¥£37) In the diagram, A ABC is a right triangle with ZACB = 90°,AC = 5,and BC = 6.
If ADEB and ADFC are both rectangles, which of the following statement(s) is (are)
true?

(1) There are two tetrahedrons if the object is cut along the plane ACE.

(2) The acute angle between the two planes ADEB and ADF'C is greater than 45°.
(3) £CEB < £AEB

(4) tan £AEC < sin £CEB

(5) £CEB < £AEC

(30 TE R —EEARN R ERE > Hh 4BC fs—EA A LACB =90°AC =5~
BC =6 H ADEB ¥1 ADFC & 457 - sttt IEHERTHETE -
(1) BRI ACE YT » Al Y15 R{E VU E i
(2) “F1Hl ADEB H1 ADFC P AN 45° D
(3) £CEB < £AEB :

(4)tan £AEC < sin <CEB .............

(5) 2CEB < £AEC E
(111 FERIEEE A 5 11 /)

Teacher: In option (1), the two objects EABC and EADFC are formed by cutting the object
along the plane ACE,
Are they both tetrahedrons?
Student: No, the object E-ADFC has 5 different faces because ADFC is a rectangle.
Teacher: Very good. So, the option (1) is not correct.
There are different ways to determine whether the 2" option is correct or not.
We can use the inner product to solve it here.
Let F be the origin (0, 0, 0) and FE,FC,FD as the X, V, Z axes.

Assume AC = x, and we can label the coordinates of the other points.
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D (0,0,5) A 0, x,5)

-7 - 6 C(Osxao)
E@®6,0,00 X  B(6,x,0)

The acute angle formed by the two planes ADEB and ADFC'is £BAC.

_ AB-AC _ (60-5)(00-5 _ 5 _ 2
cos LBAC = aslac] — e =75 < .

What can you conclude if cos ZBAC < cos 45°
Student: £BAC> 45°.
Teacher: Yes, you are right. So, the option (2) is correct.

Of course, you can also find the answer if you directly use tan 2BAC.
Because tan ZBAC = g > 1, we can get that ZBAC > 45°.

The next option is to compare the measures of £CEB and £AEB.
Find cos £CEB and cos £ZAEB now.

Student: . x . x
cos£CEB = Wand cos LAEB = N

Teacher: Good. Because both £ZCEB and 2AEB are both acute angles.
We have 2CEB < £AEB if cos 2CEB > cos £AEB.
The option (3) is correct.

Now, find tanZAEC and sinZCEB for option (4).

. 5 . 6
Student: tan ZAEC <sin £CEB because tan ZAEC = NI and sin ZCEB = Trero
. . 5 5
Teacher: Excellent. In option (5), we have sinZAEC = Toe “tan 2AEC = NETATER

So, the option (5) is false because sin ZAEC <tan £AEC <sin 2CEB.
Therefore, we have £AEC < £CEB. (Sine function of acute angles is strictly
increasing.)

The answer is (2), (3) and (4).
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B

A -

B

I

i -

: cos2zCEB =

© A tan £AEC =

BEIH(DER © RHIERAS V| ACE VI > AIUISRH(EYIRE EABC A1 EADFC -
AT E P RS 2

A& > NFy ADFC JZ2—(EJEJY > AtLL E-ADFC /5 S {E-REIAYIA

FEHLF - FTLL > B (1) A e -

AR ERITEAAET S (B E S IERE - oM o] DI S #E TSI -
5% F BJFBE (0,0,0) i FE ~ FC~FD 5YHIfER x -~y > z i -

3% AC = x, » FRMTAT IR LA REH AL -

D0,0,5) A0, x,5)

6 C (07 Xy 0)

E®6,0,00 X  B(6,x,0)
FHRAESEiRT ADEB 1 ADFC WpftIsifiE: £BAC -

_ AB-AC _ (60,-5):(00-5) _ 5 _ V2
cos £LBAC = asTad Ve == < .
15 cos £BAC < cos 45° » §E1S H TSR
£BAC > 45° -

S 8 BTE (2) RIEREN - E 4R IR T DIEEREF] tan 2BAC HEIE
% o BB tan ZBAC = 2> 1 FTO[LUSE] LBAC >45° -

N—{EEIE 2L 2CEB f1 £AEB YR/ » BfEHH, cos2CEB il
cos LAEB -

X

V61+x2

\/36xw » cos LAEB =

 IR%F - [N #«CEB F1 2AEB E#H-E§7F8 o cos 2CEB > cos £AEB » R[5 H

£CEB < £AEB > #8318 (3) ZIFHEAY -
PFEEEIA (4) $H tanzAEC F1 sinzCEB -

» AftDL tan ZAEC < sin £CEB -

#1 sin £CEB =

5
V36+x2

36+x

KHET | BEIE(S) S, BMATLISE sinZAEC = —— <tan LAEC = 7——= Fi

DIISETE (5) HEE4E:R0Y > [ sin £AEC < tan £AEC < sin 2CEB > 155
LAEC < £CEB - (3 FaR1E5% B B fS IR IG Y - )
FrAEZEE (2)~ (3) F1 (4) -
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Cross Product and Determinant

BT T R A

B  FI= Introduction

A B TTHI N BB 2 22 ] 1) B Y S MR B =

B EIRIEERT

EMAEFHBHRF O

E1T5050 o ESEAIMEACK A PATRI B A

= A & R TVUEE YIRS - M R AMEACK = R E TR EHY TN A e

AR E =P TH AR S =S TH A ACK TN AeHIRe e - RYMBERZEH A&
RAER - HEt RO B AR TS E MY
%

ERHER - N4 DKL

5= EE T PETT YRR NS - ds B E ] DU ZPE Ty U AR SR R R
N > B8 =P TH =N MEE S R =P T 5= AOR AT NG HYRE TR © fefg DAE
fE RE B HRE AR R 2 A M A BTy T i

B ;3% Vocabulary

X B RS ILETENER

¥ thiE B¥F thiE

cross product / vector product | 7ME parallelepiped ST SEAS
right-handed rule HFER] three-dimensional = FEZE Y
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O A/an is shape with

4] © A parallelepiped is a three-dimensional shape with six parallelogram faces.

FATANHREEEA 6 (EFTIUEP Iz -

(2 , with which .

#4] : This section introduces the determinant of a 3 X 3 matrix, with which we can find the

volume of a parallelepiped.

A EE=FETAI > R =TI IAT A DOR AT N RS HIRGAR -

©® 1t is more concise to

4] © In this question, it would be more concise to use the inner product to find the angle

between two planes.

iE— I IR ACK R P Ry & B R R

m [ERE:EEE Explanation of Problems

8 :RAEA ®

In this section, we will cover the cross product and the determinant of a 3 X 3 matrix. The cross

product of two vectors a and b (denoted by a X b and read as @ cross l;) is defined in

three-dimensional space (It doesn’t exist in plane). Teachers can first discuss the area of a

parallelogram formed by two vectors a and b.
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If 6 is the angle between a(a,,a,, az) and b (b1, by, b3) , then the area of the parallelogram

|@l|b|sin6= |al|b|VT — cos?6= J|a|2|5|2 — (@ b)?

= \/(a12 + ax? + a32)(b12 + bz2 + b32) — (a1by + ayb; + azbs)?

= \/(a2b3 — azb;)? + (azb; — a;b3)? + (a1b, — azby)?

. a2a3|2 a3a1|2 a1a2|2
by bs b3by b, b,

Then introduce the definition of th duct @ x b (|“zas| |a3a1| |a1a2|) N
cn mmtroduce tnc dcrinition o € Cross product a = , , , where
’ babs " bsby | 1byb,

@ = (a,,a, a3) and b = (by, by, bs). The cross product of @andb (denoted by @ X b) is
also a vector that is perpendicular to both a and b. Remind students to note that @ X b and

—_

b X d are two opposite vectors. In fact, @ X b=—(b X ).

Second, we apply the magnitude of the cross product to find the area of a parallelogram or
triangle. The last part of this section introduces the determinant of a 3 X 3 matrix and its
properties. We learned the operations and properties of the second order determinants last
semester. The third-order determinants also have similar operations and properties.

The third-order determinant is defined as follows:

a, by ¢
a, by c,
as bs c;

= a,b, c3 + a,b;cy +asby c; — azb, ¢y —a,b;c3 — abscy

The third-order determinants can also be expanded along any row or column.

If we expand the determinant along the first row, then

a; by ¢
az bz C2 = a1b2 C3 + a2b3 C1 + a3b1 CZ - a3b2 C1 - a2b1 C3 - a1b3 Cz
az bz c3
_ bzcz‘ _ a2c2| |a2b2|
1 b3C3 1 ascs 1 a3b3 )

We can use this way to simplify the calculation in the third-order determinants, and then apply

the determinant of a 3 X 3 matrix to find the volume of a parallelepiped.
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(I3 ) In space, there are two different vectors a = (1,—2,0) and b= (3,1,-2).
(1) Find @ x b and b X a.
(2) Find the area of the parallelogram formed by @ and b.

(30 EAZEMFHAER d=(1,-2,0b=(31-2) &KX"
(1)@ X bEb x a -

(2) AR af1b AR T IE AT mER -

Teacher: The cross product @ X b is defined as follows:

a2a3 asa;) | ¢1a - R
b2b3| |b3b1|, |b1b;|), where a = (al, a,, a3) and b = (bll bz, b3)

When @ = (1,—2,0) and b = (3,1,—2),

- (| 12 —02|'|—02 ;Hé 12|):(4'2'7)'
Can you use the same way to find b X @ now?
Student: Yes, b X a = (—4,—2,—7).
Teacher: Very good. y

Also, please notice thatd X b # b X d.

A
By using the right-handed rule, the cross b
products of a X band b X dare two opposite —
a
y

Y}
X
S

vectors which are both perpendicular to the vectors

S
X
Q!

d and b.

—_

i x b=—(b x ad)

In Part (2), the area of the parallelogram A

is equal to the magnitude of @ X b (denoted by la x E|)

If 6 is the angle between the two vectors a and b.
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The area A = |&||I;|sin9= I&I|B|v1—c0529= \/I&|2|I;|2—(&-I;)2

= \/(alz + az? + a32)(b12 + bz2 + bsz) — (aiby + ayb, + azbs)?

= \/(a2b3 — azby)? + (agby — a1b3)* + (ayb, — azby)?
_[j@zaz)? | jazaq)> ja1az)?
= j b2b3| + b3b1| + b1b2|

= la x b|

Can you find the area of the parallelogram by finding |Fl X l;|‘?
Student: Yes, itis v 69.
Teacher: Well done.

FEf: 4ME @ x b INEFRLT

a2a3 aza;| |a1a; ~ = .
= (bl oy | o, ) » F0 = (@3,02,02) » b = (by, by, ba)

QL

#a=(1,-2,0)Hb = (3,1, —2)i

b= (7" S sl 7= @2n
IRBEFIFIRA TR B x @ 1852

B4 b x a=(-4-2-7) JFEL -

G- FIFATERax b fl b x a HMEETR

o
Z
e
el
Ql
X
ol
H

e TR E )

—_

G BAERANAE  EMfEEERAEE a f b -
aXb=—(bxa)

FEQYNE > FATIVE A IEREE x bHTA/N (Frkla x b))
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ME 6 ZFE a ~ b RINIA - ERIIE |dl|b|sing

= |al|b|V1 = cos?6= J|a|2|5|2 — (@ b)?

= \/(a12 + az? + a32)(b12 + bz2 + bsz) — (aiby + ayb; + azbs)?

= \/(a2b3 — azby)? + (azby; — a;b3)? + (a1b, — azby)?

a,as2 asza)?> |a,a;2
S
= |a x b
BAEE |d x b| RTAFILE I ER
B 2 V9o

Ehl - REF

plEE—

s A Ry MRS = AP R E A

(337 ) Inspace, A(0,1,0), B(3,5,0) and C (—1,3,2) are three noncollinear points.
Find the area of A ABC.

(=0 BEAZEFE A SRR =8 A(0,1,0) ~ B(3,5,0) KC (-1,3,2) > &K AABC HJH

f& -

Teacher: The area of A ABC is equal to half of the area of the parallelogram formed by the

vectors AB and AC.The area of A ABC = % |E X R|

Find the vectors of AB and AC now.
Student: AB = (3,4,0) and AC = (—1,2,2).
Teacher: Very good. What is the outer product AB x AC?
Student: The outer product is (8, —6, 8).

Teacher: Excellent.

So, the area of A ABC = %x/ 164 = 2v/41

BOOREAREFRE TR EFRR
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M AABC SERBLEHER 4B A1 AC FRHITI IS A E RS —F -

A ABC == |4B x AC| - Bt 4B 71 AC HyfE & -

B2/ 1 AB = (3,4,0) ~ AC = (—-1,2,2) *
HHT 0 JERAF o SMiE AB x AC 2%/
BA 0 IMEE (8, —6,8) ¢

2l FHE e I AABC =164 = 2VA -

=
SRUF AR R & -

(3437 ) In space, there are two nonzero vectors a = (2,1,0) and b = 0,-2, 2).

Find a vector ¢ if ¢ is perpendicularto @ and b with |¢] = 12.
(+30) EAER MR = (2,1,0)~ b = (0,-2,2) » Fik ¢ BENFEE G HFE
bEIEI=12 » 3R -

Teacher: @ X b is perpendicularto @ and b. c=k(a X b)
Find @ X b now.
Student: @ X b = (2,—4,-4)
Teacher: Very good.
|a x b|=6. |¢| = |k(@ x b)| = 12.
What is the value of k?
Student: £ =2.
Teacher: Well, £k = 2 is correct. But there is another solution “k = —2”.
So, ¢ =2-(2,—4,—4) = (4,—8,—-8) or ¢ = —2-(2,—4,—4) = (—4,8,8).
The solution is (4,—8,—8) or (—4,8,8).

" FYBREAREIRETREP EFR%TF



A dax b REEN a f b AYAEE 2 ¢= k(@ x b) - B{EHM a@ x b -

18
HE
Qy

b=(2—-4—-4) -

Ehh - REF -
B k=2
Ehh: B k=2 ZIEWEN > HERFS —EEE "k= -2, ! FTll> ¢ =2
(2,—4,—-4) = (4,-8,-8) 5, c = —2-(2,—4,—4) = (—4,8,8) °
EEE (4-8,-8) 5 (—4,8,8) «

b| =61 ¢l =|k(@ x b)| = 12 3K k &%/ ?

58
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(L) In space, E is a plane which passes through the three points 4(0, —1, —1), B(1, —
—~2), and C(0, 1, 0). H is a point and AH = ZAB — ~AC + 3(AB x AC). Find the
volume of the tetrahedron ABCH.

(The volume of a tetrahedron = % X base area X height.)

(TP30) Azt » & E Byigim =% 400, —1, —1)~ B(1, —1, —=2)~C(0,1,0) K -
(B H pyZefih—B > Bie AH = gﬁ —~AC + 3(AB x AC) - fi#% it » 5%

[ T3
(1) BOKIUERS ABCH AYRSHE - (5 © WUEIESHSIE o =70 2 —HY R EESR LS )

(110 FEA5FHHIRER-EES 1 )

Teacher: A(0, —1, —1), B(1, —1, —2), and C(0, 1, 0) are the vertices of the base plane of
the tetrahedron.
Find AB, AC,and 4B x AC.

Student: AB = (1, 0,—1), AC = (0,2,1), and AB X AC = (2,—1,2).

64 FPOBEGREERET ORI (F:
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Teacher:

Student:

Teacher:

I

B
4

-~
3

Yes, you are correct.
The area of the base triangle is equal to % |Z§ X TC| The volume of a tetrahedron

1 :
=3 X base area X height

= % X the volume of the parallelepiped (formed by AB,AC, and E)

(The base area of the triangle is one-half of the area of the parallelogram formed

by AB and E.)

== x |4H - (AB x AC)|.
By the given information, AH = %E — gﬁ + S(E X E).

_ e — 2
AH - (AB x AC) = 3|AB x AC| =27

Because AB X AC is perpendicular to both AB and AC.
4B - (4B x AC) = 0 and AC - (4B x AC) = 0

What is the volume of the tetrahedron?

.
Yes, you are correct.

A0, =1, =1)~ B(1, =1, =2) Fl C(0, 1, 0) EVUFBLEFEAITESS - 5K 4B« AC

1l AB x AC -

AB = (1, 0,—1) ~ AC = (0,2,1) » AB X AC = (2,—1,2) °

R 3288 -

= AR SR 2 [4B x AC

- DUTRSHASESER | x TR X & > S0

XSEITNERSTASR (68 4B~ AC il AH FrPH)
(ZFHEER Ry AB 71 AC Bl TATIURIE ) -

=§x|ﬁ-(ﬁxf€)

o

BYOEE AR EERE TR E R
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i 0 HRBEEGHER > AH = —AB — —AC +3(AB X AC) -
AH - (AB x AC) = 3(AB x AC) - (AB x AC) = 27 - [ AB x AC TEH > AB
1 AC > ikl AB-(ABx AC) =0 AC-(AB x AC) =0 -
VUG HIRS R %) 2
X . 9
A4t S
EA R R -
BlER
$HH - AR = PET T E
(337 ) Find the third-order determinants.
-2 -1 2 -2 -1 2 2 1 5
(1) 1 4 2) 0 3(+[1 O 3
0 3 -1 1 2 -3 1 2 -3
(FF30) FOR M =T8I E
-2 =1 2 -2 -1 2 2 1 5
(1) 1 4 2 0 3|+|1 0 3
0 3 -1 1 2 -3 1 2 -3
Teacher: We learned the operations and properties of the second order determinants last
semester.
The third-order determinants also have similar operations and properties.
The third-order determinant is defined as follows:
a, by ¢;
a; by c;| =ayb,c3 + aybscqy + asbyc; — asb,c; —ayby c3 — agbs ¢y
az bz c3
Find out the value of the determinant in Part (1).
Student: Itis 16.
Teacher: Yes, you are correct.
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Let’s see the next question.

-2 =1 2 2 1 5
1 0 31+]1 O 3
1 2 -3 1 2 -3
—2+2 —-1+1 245 0o 0 7 10
= 1 0 3 |={1 0 3‘=7|1 2|=14
1 2 -3 1 2 -3
Do you have any questions so far?
Student: No.
Teacher: Ok.

Zhl - RIS T RSP AVERNIMEE 1y =P Y E A DAY A RO
B EHIERATT

a; by ¢
a; b, c;
as bs cs

() ME IR -
B EHAE 16
BT A KT o RICE TV -

= a1b2 C3 + a2b3 C1 + a3b1 Cz - a3b2 C1 - a2b1 C3 - a1b3 C2

2 -1 2] |2 1 5
1 0 3|+]1 o 3
1 2 =30 It 2 =3
~2+2 —1+1 245 |0 0 7| .o
=1 0 3 [=|1 o 3‘=7|12|=14
1 2 —3 1 2 -3

5 5 A RS ©
B -
T -
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(3L32) In the diagram, OABC-DEFG is a cube, which of the following vectors is parallel to
the cross product AD x AG?
(1) AE
(2) BE
(3) CE
(4) DE
(5) OE

(t137) 4 » OABC-DEFG Fy—IEJ7Hs » SR ESME AD x AG B F5I0F— (& &
AT ?
(1) AE
(2) BE |
3) CE 6 B JC
(4) DE |
(5) OF

D G

4 B

(113 SEELHEEE A BEBEEES 2 75D

Teacher: Refer to the diagram, we can label the coordinates as follows:

D@.0.1) GO, 1,1)
E1,0,1) FA, 1)1
0, C(0,1,0)
A (1,0, 0) B (1,1,0)

The two vectors AD and AG are (=1,0,1)and (=1, 1, 1).
Find the cross product AD % AG.
Student: 4D x AG = (—1,0, —1)
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Teacher: Yes, it is correct.

Now, find out the five vectors and see which one is parallel to AD x AG.
Student: The answer is (5) OE.
Teacher: Well done.

D 0 P AT LURHE H RV EIT AT R AR

D0,0,1) G(©,1,1)
EQ,0,1) Fa, 1,1
0, C(,1,0)
A (1 0,0) Ba,1,0

WilEE AD filAG 538k (—1,0,1) Fl(=1,1,1) ° KHME 4D x 4G
B4 4D X AG =(-1,0, —1)
SR R EET

BRI o AR - B —(HEL AD x AG P47 -
Bk K2R (5) OF -

ES TR (SR
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(%37 ) In coordinate space, there are three noncollinear points P, QO and R on the plane

2X—3y+5Z: \/7 Let ﬁa\: (al,bl,cl) and ﬁ: (az,bz, Cz).

Which of the following determinants has the greatest absolute value?

-1 1 1 1 -1 1 1 1 -1
(1) |a b ¢ (2) | b ¢ 3) |a b ¢
a, b, ¢ a b, ¢ a, b, ¢
-1 -1 1 -1 -1 -1
(4) |a b ¢ (5) |a b ¢
a, b, ¢ a, b, ¢

(ths0) BAIAfEZERI Py O~ R B 2x—3y+5z= V7 FAR#LLGE=8E. & PQ=
(a1, by, cq) > ﬁ: (az, by, c3) - SUEH T YITA = P 4R E R i KRR o

-1 1 1 1 -1 1 1 1 -1
(1) |la b ¢ (2) |a b ¢ 3) |a b ¢
a, b, ¢, a, b, ¢ a b ¢
1 -1 1 1 -1 -1
4) |a@ b ¢ (5) |a b ¢
a, b, ¢ a, b, ¢

(112 FEELAEEE A BUBEEES S D

Teacher: m X PR is parallel to the normal vector of the plane.
So, PQ x PR=k(2,-3,5).
= k2, =3,5) = (2k, =3k, 5k)

Besides, the third-order determinant can be written as the inner product form.

bycq
byc,

a,by

)
) J azbz

PQ x PR=< a,

a, b, c
ror b,c, azC2 ab,
a; by ey =ay — Dq + ¢
b b3C3 a3C3 a3b3
as D3 C3
—a b,c, +p |C2 a2| c ab,
1 b3C3 1 C3 a3 1 a3b3
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_ |b2c2| €2 Q2| |azb;
= (@, by o) (22| |er ol as
- 11 bici| |€1a1] |a.b
The first determinant|a; by ¢1| = (=1, 1, 1)- ( 1 ,| ! 1|, ! 1)
szz A, azbz
a, by c,
= (=1,1,1)-(2k, =3k, 5k)=0
1 -1 1
The 2" determinant |a; by ¢ | = (1, =1, 1)- 2k, —3k, Sk) =10k
a, by c;
1 1 -1
The 3" determinant | @y by ¢; | = (1,1, —1)- (2k, =3k, 5k) = —6k
a, by c,

Find the values of the other determinants now.
(Wait for a few minutes.)

What are the 4™ and 5th determinants?

Student: -1 =11
a; by ¢ | = (-1, —=1,1)-(2k, =3k, 5k) =6k
a, b, c;
-1 -1 -1
a; by ¢ |= (-1, =1, =1)- 2k, =3k, 5k) = —4k
a by c

Teacher: Good. They are correct.

Which one has the greatest absolute value?

Student: The second one.

Teacher: Yes, you are right.
Compare the absolutes of these determinants: 0, 10|k|,6|k|, 6|k|, and 4|k|.
The greatest one is 10|k|.

1 -1 1

a, by ¢

a, b, c;

So, the answer is (2)
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EHl: PQ x PR BLPHEATAREFAT - Ik > PQ X PR=k(2,-3,5) -
Firld
7 o 51 _ (|P1c1] [€1@1] |ai1by ) _ _ _ _ —
’WXPR‘(mQW@%L%m = k(2, =3,5) = (2k, =3k 5k) - B4} =
PFETTHI=CAI LB RN TEIE 2 -
O ] 0
az bz Cz 1 b3C3 1 ascCs L a3b3
_ b,c, C2 Az azb,
=a |, + b Cs a3| cq asby
_ |b2c2| €2 az| |azb:
_(alo bl: cl) (b3C3 s |C3 a3|9 a3b3
-1 11 bici| |€1a1] |a.b
BEOFI (o bl = 1L (2] el 5
202 242 azbz
a, by c,
= (—1,1,1)- 2k, =3k, 5k)=0 -
1 -1 1
BEQTFIR (a1 b o[ = (1, —1, 1) 2k 3k 5k) = 10k -
a, b, c,
1 1 -1
BEHGHTHIR | a1 by o1 | = (1,1, —1)-(2k, —3k, Sk) = —6k -
a, b, c,
BRI EAM THIZCAVE - (5808 - ) BETHG) ~ O)rhlEZ /DI ?
BA -1 -1 1
aq b1 1 = (—1, —1, 1)(2k, _3k, Sk) =6k
a, b, c
-1 -1 -1
aq b1 Cq = (—1, —1, —1)(2k, —3k, 5k)= —4k
a b, ¢
ERN  REF o IERE o WE—{EEEHERR ?
B EIE e
EHN 0 288 o PEEE S THIFAVABEHME $ 0~ 10]k| > 6]k |~ 6K | ~ F1 4|k| » F KHYZ 10[k] -
1 -1 1
FRLL» BHER (2) |01 by ¢ e
a, by ¢

BYOEE AR EERE TR E R
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(L3 ) Inspace, A(—1, 2, 1), B(—4, 1, 3), C(2, 0, —3) are three vertices of the base plane of
a parallelepiped, and one of the vertices on the other plane is located on the x-y plane
which is 1 unit from the origin O. What is the maximum volume of a parallelepiped

that satisfies the above conditions?

(Hp0) ARz th—PA TN RS > Fe— REAH P =TERRy (-1,2,1)~ (=4,1,3)
(2,0, =3) S5—HIZ—TERAE xy P b HEFREEERE R 1 - e iz ri: <
TI8mfET > KRR ?

(111 FEERRIER A BEEESE 17 )

Teacher: A(—1,2,1),B(—4,1,3),and C (2,0, —3) are the vertices on the base plane of the
parallelepiped.
The area of the base parallelogram is equal to |E X TC|
Find AB and E, and then the area of the parallelogram.

Student: AB = (-3,—-1,2), AC = (3,—2,4), and the area is /181.

Teacher: Yes, you are correct.
Assume P(cos 6, sin 8, 0) is the vertex which is on the x-y plane and 1 unit from the
origin O.
The volume of the parallelepiped is equal to the vertical distance of P to the base
plane times the base area.
One of the normal vectors of the base plane is AB X AC = (8, —6,9).
So, the equation of the base plane with normal vector (8, —6, 9) and passing
through the point 4 (—1,2,1)is8(x+1)—6(y —2) +9(z—1)=0.
The standard form of the plane equation is 8x — 6y + 9z = 11.

The distance of point P to the base plane
_ |8 cos@—6sinf—11| |8 cosf—6sinf—11|
V8Z+(=6)2+92 visl
We need to know the range of (8 cosf — 6sin)before we find the greatest value of
|8 cos@ — 6sinf — 11].
So, what is the range of (8 cosf — 6sinf)?
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Student: The range of (8 cos@ — 6sinf) is between 10 and —10.

Teacher: Yes, you are correct.

(8 cosf — 6sinf) = 10 (g cosf — %sin@)z 10 cos (a + 0), where cos a = % and

. 3
sina =-.
5

Hence, the greatest value of |8 cosf — 6sinf — 11| is 21.

21

V181

Ehfi A B (—1,2,1) B B (—4,1,3)~ fl C B (2,0, —3) EE{TAEAEEE
o S E P TILEIUAEEE |AB x AC| $kH AB 1 AC - SM&STEPATIUE
T AT -

B4 1 AB = (-3,—1,2) » AC = (3,—2,4) > Hif& kR VISL.

W 0 AT 0 985 o B P(cos 0, sin 0, 0) AL x-y SEE b~ FHEEFEE O 1 B
TEEE o SEAT/SHIBSATRERESE R P e 1 W i 0 2 B BEs e DURS i A% -
ST —(EEE R AB x AC = (8, —6,9) » [RIEL » BB A(—1,2,1) ~
SEEE RS, —6,9) HIEFEEE /T2 8¢+ 1) —6(r—2) +9z—1)=0 -
fEE Ry 8x— 6y +9z=11-

The greatest volume = 181 = 21.

s 18€0S0-6sinf—11 8 cosf—6sinf—11
5 P 5 T P B - e | [Bcosd—Gsing 1],

FeMFEZHIE (8 cosh — 6sind) HYHEIE > A HELE] |8 cosf — 6sinf — 11| 1Y
B KA - HB > (8 cosh — 6sinf) FHEIEIE /D ?
B4z ¢ (8 cosH — 6sinf) HIFIEAE 10 F] —10 ZfH -

Spf: &HY > IERE o (8 cosf — 6sinf) = 10 (gcosg —%sin@)z 10 cos (a +6) » Hh

cosa=§ Esinaz%oﬂ:b » 18 cosf — 6sinf — 11| HIRAAE S 21 » Ehcifg

181 -—=121-
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Planes in Space
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B A/S Introduction

AT 222 [ P i T RE AR 2 BT Rl DA P Ry —RE R B E P IRH IR E [ &

(% VHEEVARE) AEEZE P AP E 5 - ARG FrEEAREE 7 SRR
T DAEP i EIRETMR IR PTRY A & - FEREMRIIMERE AT LA E] - JAE &Rk el
BAHLE Ay TR - A mT DUR R WA~ 18 905 5] & P AR B A AR B R P Y 2R S © B
I G s R 2 M PR EAVEESE - R AT AR -

B :@% Vocabulary

XIEREERNBIE TSN HE

EF th3 BF thE
plane SEHE angle between two planes | Wi SEH AR A
normal vector AR distance P
equation of a plane SEH TR orthogonal #wHIEX
midpoint Hh parallel SEAT
cross product SMR Cauchy’s inequality PR NERY
inner product IR minimum w/ME
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B HEGRBEERTGF Sentence Frames and Useful Sentences

® Find a normal vector of

f7l4) : Find a normal vector of plane xy.

PR P xy B —(EFA &

® If plane passes through with normal vector n = ,

then the equation of plane is

4 : If plane E passes through A(3,4,6) with normal vector n = (1,2,3), then the
equation of plane Eis 1(x —3) +2(y—4) +3(z—6) = 0.

HFH E# AG3,4,6) HiAAER n=(1,2,3), AlFFHE E 85205
=3 +200—4)+3E—-6)=0

©® Given two points and , find the perpendicular bisector of

4] © Give two points A(1,2,5) and B(0, 1, 2), find the perpendicular bisector of AB.

B A(1,2,5) > B0, 1,2) » 83K 4B (NEE P4y i -

® Given a plane through three nonlinear points and

, find the equation of plane

4] © Given a plane E through three nonlinear points A(1, 2, 0), B(0, 3, — 1) and
C(—2,—3,—1), find the equation of plane £

P E iR 4 =B A(1,2,0) > B(0,3,— 1)~ C(—2,—3,— 1) » XV E 95
2 -
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© Find the angle between plane and plane
#4] : Find the angle between plane E,:x + 2y +3z =9 and plane £, :x —y+ 7z = 3.

KR Ejix+2y+3z=9 Ml Ey:x—y+7z=-3 HYAAH -

® Find the distance from point to plane
#f4) : Find the distance from P(1, 2, 3) to plane £:3x —4y + 6z = —3.

SKEEP(1, 2, 3) FSEHE E:3x— 4y + 6z = —3 HYFEHE -

® Find the distance between two parallel planes and

#14] : Find the distance between two parallel planes £, :x+2y+3z=9 and E,:2x +
4y +6z=75
SKWAATHE E :x+2y+3z2=9 f1 E,:2x+4y+ 6z =35 HYFEEE -

m [ERE;EEE Explanation of Problems

o8 :RAEA ®

To write the equation of a plane in space, we need to find its normal vector. What is a normal
vector? A normal vector to plane E is any nonzero vector that is perpendicular to plane E .

We can find the equation of a plane E if we know its normal vector and one point on E .

Normal vectors can also be used to tell whether two planes are parallel or not. If one plane’s
normal vector is parallel to another plane’s, then those two planes are parallel. If one plane’s
normal vector is not parallel to another plane’s, then we can use their normal vectors to find the

angle between those two planes by finding the angle between their normal vectors.

[ RS GBEFRE TR ERR S
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We have learned how to find the distance from a point to a line on the coordinate plane before.

How do we find the distance from a point P to a plane £ in space? First, we can choose any point

A on plane E. Second, we find AP and calculate its projection on plane E ’s normal vectorn,

called it projﬁ@. The last part to be found is the magnitude of this vector projﬁ@ and

deduce the formula to it.

Since the normal vector plays such an important role in this lesson, is there any way we can use
it to find a plane’s normal vector? The answer to this question is cross product. By using the
cross product of two nonparallel vectors we find on this plane, we can find a vector orthogonal
to those two nonparallel vectors at the same time which surely is orthogonal to the plane. So that
vector will perfectly serve as the normal vector we need. And any scalar multiple of the vector

can be a normal vector to this plane.

w EERIENERE o8

BlE—
st AR AP E YA R E RGP BRSO ER o

(#237) Given plane E passing through A(3,4,6) with normal vector n= (1, 2,3), find the

equation of plane E.

(thr) EPE £ ABG4,6) FikERE n=(1,2,3), sRPHE E 1t -

Teacher: Once we know the normal vector and a point of a plane, we can find the equation
of a plane. What is a normal vector of a plane?

Student: A normal vector is a vector orthogonal to a plane.

Teacher: Great! What is the given normal vector here?

Student: Itis n = (1,2, 3).

Teacher: What is the given point here?

Student: Itis A(3, 4, 6).

BOOMEABEFRE TR EEAR F
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Then we can use the point-normal-vector form of the plane,
a(x — xo) + b(y —y,) + c(z — ) = 0 to express this plane, where (a, b, ¢) is the
normal vector and (xo, yo,zo) is a point on this plane. Now, you can plug the
normal vector 7 = (1,2, 3) and A(3, 4, 6) to plane E.
The equation of plane E'is 1(x —3)+2(y —4) +3(z—6) = 0.
Excellent. Simplify 1(x —3) +2(y —4) + 3(z— 6) = 0 to the general form. We
canget x +2y+3z—29=0
B RAMRIERZ T A —(EDA R 8 P EAY— R - MIiae B e iy 7
AT - BEEERER L ?
—HEAEREZ %V HEEREE -
R%f - AVE H4aHyA R 22T EE ?
= n=1(1,2,3)
A H 4GHY A BB Ryl ?
= AB3,4,6) -
ATERAT R AR EZ R 2 A& 1= (1,2,3) KHBEAG, 4,6) A

a(x —xo) +b(y —y,) +cz—2%)=0-

SEHEMHERE I(x—3)+2(0—4)+3(z—6)=0.
1RRE | FMTr] DA By P A X0 x+ 2y +32-29=0

SAH ¢ AN P WP Y VA T B R A P A A o

(FL37 ) Find the angle between plane E|:x+ 2y +3z=9 andplane E,:2x—3y—z =

(0

Teacher:

79

KWiFH Ey:x+2y+3z=9 f1 E;:2x—3y—z = -3 B -

How do we find the angle between two planes? Let’s take a look at the graph below.

Let n; and 7, be the normal vectors of E;and E,, respectively.
Let 6 be the angle between E; and E,, and 6,be the angle between 7, and n,,

Compare 6, and 6,.

BYOEE AR EERE TR E R
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Student: They are equal because they are supplementary to the same angle.
Teacher: Good job. To find the angle between two planes, all we need to do is to find the
angle between their normal vectors. From the previous lesson, we know the angle

between two vectors can be found by applying the formula

=
=]

cosé = z_

What is the normal vector n, of E, :x+2y+3z=9?

=l
> |

Student: 717 is (1,2,3).

|

Teacher: Good. What is the normal vector n, of E,:2x—3y—z=-3?

Student: n, is (2,-3,-1).

Teacher: Plug n and n,into COS@ = LWL
-
1.2+2-(-3)+3- (-1 —7 -1
Then cosé = = =—.
N1 427 430 \[2% 1+ (<3)2 +(-1)° V1414 2
Whatis 67?

Student: @ =120". So the angle between E and E, is 120°.

Teacher: Be cautious that the supplementary angle of &is also the angle between these two

planes. So the answer is 120°and 60°.

Student: Hope I won’t forget to do it next time.
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A FATH AR A P AR 2 2R G M P EEY A - 41 R IEl 6, & E flE,
AIRFE > 0, RyFFIALAR R ny Al ny HYZEA - GUELEL 01 1 60, -

h

_

En

B4 0 oM 6,H%E  WEEMME—MEIEH -
il EEL | AT R B ER A R BRI A BLRE TR B R YA A T .
Z AT R E A S 8 A AR R A S YA

cosg = 1o S E, i x+2y+32 =9 E A & n, B ?

]

2o 2 (L23) -

i

T fRYF o PHE E, 1 2x—3y—z=-3{EFEE N, BT ?

g on, 2(2-3-1) -

n,

T 0 R n, fRA cosﬁ—‘an ‘ FefMr21
cosp—_ L2+2:(9)+3-(]) 74
P +224+3 . [22 4 (237 +(-1)? 14414 2
0%V ?

B 9=120" - FILARITE E Al E,f95cfn 120° -

CHl LSRR EEE 120 (YRR - R e a a2 am FrE A -
EEFy120° L 60° -
24 HERTRAETRLERFSE -

B AEEARE TR HERRE
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(F£3Z ) Find the distance from P(1,2,3) toplane E:3x—4y + 6z = -3

(132) 3KEREP(L, 2, 3) EPE E:3x — 4y + 6z = —3 HYREEE -
Teacher: How do we find the distance from a point P (not on E) to a plane E? Let’s take a

look at the graph below. Let ﬁz(a,b,c) be the normal vector of plane

E:ax+by+cz+d =0and A(x,Y,,2 )be any point on plane E , the distance from

P to plane E equals the magnitude of the projection of AP on n (denoted as

proj. AP ). Given A(x,Y,,z) and n=(ab,c), the equation of plane E is
a(x—x)+b(y-y,)+c(z-2)=0 and we get d=—(ax +by,+cz,). From the

previous lesson, we know the magnitude of proj.. AP is

‘projﬁAP‘
|AP-n | [AP-n| (% =% Yo~ YaZo—2)-(aibic)
- ‘ﬁr o |_ JaZ +b? +¢?

_ |ax, +by, +cz, - (ax, +by, +cz,)|
Ja +b? +c?
~ |ax, + by, + ¢z, +d|
Ja? +b? +¢?

E A 0
Teacher: What is left to do is to plug the point into this formula.

What is the normal vector n of E:3x—4y+6z=-3?
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Student: N is (3,-4,6).

Teacher: What is the given point?

Student: Itis P(1, 2, 3).

|ax, + by, +cz, +d|

Ja2 +b? +¢?

Teacher: Plug nand P into

, . [3-1+(-4)-2+6-3+3 16
Then the distance is =
JF (4762 6L
EHN ¢ REKG—BER S —FEAVEESE - BT UM % B R 1 —REY =) &
ZAF AR ENIER 250K - 2 o] DUE R AT

|ax, +by, +cz, +d|

JaZ +b? +c?

E %! Y
FE BT RALT ikt E:3x—4y+6z=-30VAHE -
BUE SRR B(3,-4,6),

EHN 0 BH PTG YR Ryl ?
B4 0 P(1,2,3)

ax, + by, +cz, +d|

JaZ+b® +c?

B EEEER P(,2.3) RALR |

3:1+(—4)-2+6-3+3 16
JF+(-a2+6 6L

=zl
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(£ ) We cut a triangular pyramid O — ABC out of a cube. Assume the side length of the cube

is 6 cm, (ﬁ;lcm, OB =1cm and OC =2 cm, if we place this pyramid on the
ground by using triangle ABC as its base, find how high it is from O to the base.

() FE—EE-RR 6 ASYHVIETL 7RSS » VI FIUFi#% O — ABC » 4fE 1 - £ 0A=1

N5y OB =1/4%% OC =2 /A%% » WIS DU G BE HofEHbifi | o DL ABC R JEST -
4108 2 0 SIS RS S ?

(B 1) (B 2)
(EXSSRE R —= T 84 H)

Teacher: To begin with, we place this cube in space by setting O as the origin, OA as the
positive direction of the x-axis, OB as the positive direction of the y-axis, and oz

as the positive direction of the z-axis. Given OA=1cm, OB=1cm and OC =2

cm, tell me what the coordinates of A,B and C are?

o\-* o -y

Student: A(l, 0, O), B (0,1, O) ,C (0, 0, 2) .
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Teacher: To find how high this pyramid is, we find the distance from O to plane ABC.

Since we already know the three intercepts of plane ABC through, we can use the

intercept form: X + y + Z_ 1 to find the equation of plane ABC.

a b c
Plug A(1,0,0),B(0,1,0),C(0,0,2) into the intercept form by replacing a=1b=1
and c=2.

Student: T get Xi¥iZog
1 1 2

y

Teacher: For the convenience of calculation, I will simplify §+ ) + % =1 as

2X+2y+2—-2=0.Now, to find the point O(0,0,0) to aplane2x+2y+z=2

|ax, +by, +cz, +d|

JaZ +b? +c?

we cam apply the distance formula from a point to a plane:

What is the normal vector of plane ABC : 2X+2y+z2=27?

Student: n= (2,21).
Teacher: Plug 0O(0,0,0) and n= (2, 2,1) into the formula, we get

|ax, +by, +¢cz,+d| [0-2+0-2+0-1-2 2

N N O T 3

T RTHEE T TR F e AME 24 » DLO B B - OA By x BilTEE » OB & y BlIE

> OZ By z $HIEA - BT OA=1/434y » OB =1/4%% » OC =285y » B{EH S
A~ B C fsaE -

o\\-* b, -

24 A(14,0,0),B(0,1,0),C(0,0,2) -
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Srp 0 TEPRE] O FISEE ABC (RERE » F{FTET LU G S a5 - 4RI A
{FTET LA P S R e 4 g + % +§ — 1Ak SE TR ABC (R -

% A(L0,0),B(0,1,0),C(0,0,2) ftA#gERT -

j==h : > 7E 5 X E: o

B @ZT{F?UlJrlJrZ 1

Sl Ry T TR > TR §+%+§=1 {ERERE 2x+2y+2 =2  BAEA DI
££0(0,0,0) F M 2X+2y +z =20YEEEE T - S ABC : 2x+2y+z2 =21y
SEE -

240 n=(2,21).
HHT : BEHE0(0,0,0) Bn=(2,21) R AL » (5E

|ax, +by, +czo+d| [0-2+0-2+0-1-2] 2
Ja? +b? +¢? 22422 412 3
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(L3 ) Asquare is on XY plane with vertices O (0,0,0), A(8,0,0), B (8,8,0),C (0,8,0). Pisa

point above the XY plane and equidistant from O, A,B,and C. Given PA=6, find

the equation of a plane through A,Band P interms of Xx+by+cz=d.

(P30 ARz xy Vi A —IE 5 - HIERLR 0(0,0,0) ~ A(8,0,0) ~ B(8,8,0) ~
C(0,8,0) » Z5—Hh PAE xy “FHHYET > HEL O~ 4~ B~ C VUBEHVIHEE SR
6 - KiEME 4 ~ B~ P =HHYFHEITEA X +by +cz=d -
(B H 98 FELHIEEIGE G)

Teacher: Since P is equidistant from O,A/B,and C, P is .

P(4,4.%)

on the normal vector through the center of square

OABC . Where is the center H of square OABC? C(0.8.0)
.1.

A(R0.0) B(8.8.0)

Student: H is (4,4,0).
Teacher: Assume the coordinate of P is (4,4,k), let’s use distance formula to find k.

Given PA=6, we get,

J(4-8) +(4-0) +(k—-0)" =6

Square both sides.
16+16+k* =36
Simplify.

k*=4

Since P is above XY plane, we only keep k =2. Next let’s find the equation of a

plane E through A Band P.First, find AB.

Student: ﬁ _ (0, 8, O) ‘
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Teacher: Good. Then, find AP .
Student: ﬁ:(—414’2)-

Teacher: Great! Here comes the most important part of solving this question. How do we
find a vector orthogonal to AP and AB?
Student: By finding the cross product of AP and AB.

Teacher: Excellent! Compute

ABx AP

638 550

=(16,0,-32)
=16(1, 0,-2)

Observe that the question asks us to write the equation of the plane as

X+by+cz=d, so we can consider the normal vector of plane as n= (1, 0, —2) .

Student: Therefore, I can plug A(8,0,0)and n=(1,0,-2) into point-normal vector form

1(x—8)+0(y-0)-2(z-0)=0
X—2z=9
Teacher: Awesome!

£ KEPEL OABA CH§E, PEMBIESOABC .
UL R T - BRE OABC KR H 2

A(8,0,0)

B(8,8,0)

B HAMER (4,40 -
Bl © 3 PRy (4,4,K) - FIFIHEEEE A ORES & -
HHIPA=6 >

\/(4—8)2+(4—o)2+(k—o)2 —6
Wi 7155016 +16+k* =36 -
PR - kP =4
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R%s PAE xy PR RE > k=2, 8 FACEMAHCTH E i 4 - B il P H71E
= o SR AB -

B AB=(0,8,0) -

CHl RAF > BETACRE AP

BE AP =(-4,4,2) -
LRI KBET | IAEHREIERGSEL AP FI1 AB IEXCHYIA I ?

B BRI AR AP M1 AB AMEKRAS -

E B | S EET A RS T
ABx AP

638 550

=(16,0,-32)
~16(1,0, 2)

B IR S ey 2t x+by+cz=d 1o X (5B 1 FRATRPTE]
DUEL n=(L0,-2) S {EZ PHEETAR S -

EUE T FTDAECAILUR AGB0,0) R n=(10,-2) fRABEER

1(x—-8)+0(y-0)-2(z-0)=0
X—2z=9
TR REEE T )
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Lines in Space

B TR E R E R R BRILSEEAT

B A/S Introduction

ZEfE R HY EL AR T DU BRI B SR P AT HY— {7 5] [m) 8 R 4R B — RO - MRoniy =R
THESNZ2H - BB > el DURIRSFEEEE LG o AETRE T AR S E AR B
AR (5 > BT AT DA ELAREL P I Ay G RE SRR RE 5% ELAREERZ T A R S fY— Bl > AT
SEENE ? FEEE RS B ERAIR (A > R B R TR A AR E TR AR
A —H > S TEGEERNE ? SR e Al a T RS A R R ELAR VRS - RSP TERAVER
B S R R RHR AR -

m 3% Vocabulary

XERER AR ETERHR

B¥ thiE B¥F thiE
nonzero vector EBEE projection point Eita 2
parallel SEAT skew =R
direction vector J71A] A& coincide HE
parameter S8 common perpendicular NGRS
dot product WiE common perpendicular segment | /N FELRES
cross product AN foot of perpendicular T
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B HEGRBEERTGF Sentence Frames and Useful Sentences

0 If and have coordinates and , find the

parametric(symmetric) equation of line

#l4] : If A and B have coordinates A(1,2,3) and B(2, — 1, 4), find the parametric

(symmetric) equation of line AB.

ix A~ B RIRSIVAAEE Sy A(1,2,3) ~ B2, - 1,4) > KELR 4B ZHEU(LHIED -

® Given two planes and intersecting at line , find the

parametric equation of line

#ile] © Given two planes E;:x+3y—2z+5=0 and E,:3x+ 4y —z+2 =0 intersecting

at line L, find the parametric equation of line L.
EWSEHE E ix+3y—2z+5=0 fll E,:3x+4y—z+2=0 ZELL » KHHE

W LHVZHE -

® Given a plane and a line , tell whether the line intersects, is

parallel to or lies on plane
x=2+t
y =3 —1t,tell whether the

#ilt] - Given a plane E;:3x+y—2z+7 =0 and a line Ll:{
z=1+44t

line L, intersects, is parallel to or lies on plane £,.
x=2+t

EAIVE Ey:3x+y—2:+7=0 FIE& L, :{y=3—t BUHIRIES L SOV
z=1+44t

E\HIRE (A -

® Find the point of projection of on plane

#14] : Find the point of projection of A4(1,0,4) onplane £:3x—y+2z—3 =0.

e

SKA,0,4) fFFHE E:3x—y+2z—3=0 B2 8L -
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©® Given plane containing a point and a line , find

the equation of plane

#4] © Given plane E containing A(2,7,4) and L :)%1 = y_T6 = #, find the equation of

plane E.
CAIEH E G A8 AQ, 7, 4) RIS L =20 = 22 SUR0PH £ )7kt -

o

® Tell the relationship between two lines and

@ Find the distance between a point and a line
%4 : Find the distance between A(1,1,5) and L :)%3 = )%2 = Z_Tl
SREEA(L 1, 5) FIELG L0 =12 = =2 fygns -
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B RIEEFERE Explanation of Problems

8 A »
In the previous lesson, we used a normal vector and a point to find an equation of the plane. Now,
we also use a vector, the direction vector, and a point to find an equation of a line. There are

three ways to express the equation of a line in space which are parametric equation, symmetric

equation and the intersection of two planes.

There are three scenarios for a line and a plane in space. First, a line can intersect a plane at one
point. Second, a line can be parallel to a plane which also means there is no intersection between
them. Third, a line can lie on a plane or the plane contains this line which means there are
infinitely many intersections between them. To decide which of the relationships these lines and

planes have.

There are four scenarios for a line and another line in space. If two lines are on the same plane,
then they can either intersect, parallel, or overlap(coincide). If two liners are not on the same
plane, we say they are skewed to each other. To decide which of the relationships these two lines
have, we plug the equation of a line into another one to check how many solutions we find along

with checking to see if their direction vectors are in proportion.

How do we find the distance from a point Ato a line L ? Construct line L, perpendicular to L
through A and name the intersection (also known as the foot of perpendicular) as B . Then the
length of AB is the distance from a point Ato a line L . To find the distance from two skew lines

takes more effort. To begin with, we need to find a common perpendicular to those skew lines.
Next, we find the intersections between the perpendicular and two skew lines. In the end, the

distance between two intersections is the distance between these two skew lines.
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(L3 ) If A and B have coordinates A(1, 0,2) and B(2, — 1, 4), find the parametric equation
of line AB.

(F30) B A ~ B RIRSIVAREERs 4(1,0,2) ~ B(2,-14) - SKE& 4B IS HA -

Teacher: Once we know the direction vector and a point of a line, we can find the equation
of a line. What is the direction vector of a line?

Student: A direction vector is a vector parallel to the line.

Teacher: Great! Since AandB are on AB , WE can use AB as a direction vector of AB.
Whatis AB?

Student: AB = (1’ 1 2) .

Teacher: What is the given point here?

Student: o iwo given points, A(1,0,2) and B(2,-1,4) .Which one should I use?

Teacher: Either A or B is fine. We can use the parametric equation form of the line,

X =X, +at,
L:3y=y,+bt,to express this line, where (a, b, ) is a direction vector and
Z=17,+ct,

(xo, yo,zo) is a point on this line. Now, you can plug the direction vector

AB=(L-12) and A(L0,2) tolinelL.

x=1+¢
Student: The equationis L:{ y=0—¢.
z=2+2t

Teacher: Excellent.

T ERAIRIER BRI 7 A [ B AR AT — B - MTELRE B L EAR Y
JtEENT o EARAYTTIA A B 2

B4 HEHTHFEEEEZEFTHYEE -
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EHl: RAF | B AT B EELR AB | FMTET LI A& AB E(E AB HY— {8 J7 1
B o AR AB ?

B4 AB=(1-12)

L REE P AR AR B ] 2

B RHEES ALO,2) FIB(2,-1,4) - B A —(EIE 2
v ASUBEDEILL - 85 PR IR E SIS

X=X, +at,
L:y=y,+bt, > Hf(a,b,c) fE RN T HIF R (X, Yo Zo) FyEL&R FAT—Bhe
Z=17,+Cct,

BAEFRATATRE AB = (1-1,2) B2 A(L0,2) R AL 2B -

x=1+4+1¢
a4 RABREKEE L:yjy=0—1 °
z=2+4+2t

LRl REHT -

plIEE—
sl ¢ A E AR BT EIHIRE (%

x=24+t
(3£X) Given a plane E; :3x+y—2z+7=0 andalineLl:{y=3—t,tell whether the
z=1+4¢t

line L, intersects, is parallel to or lies on plane E;.

x=2+t
(30) BAIFE Ey:3x+y—22+7=0 RIES L1:{y=3—t SHIBIELL, BT
z=1+4t

H Ey B8 T - BRESREFE L
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Teacher: Generally speaking, we plug the parametric equation of a line into the equation of
plane to solve for the parameter t. There are three possible scenarios,
1. If there is only one solution of the parametert, then the line intersects the plane
at one point.
2. If there is no real solution, then the line is parallel to the plane.

3. If there are infinitely many solutions, then the line lies on the plan.
Assume P(2+t,3—t,1+4t)is on L and plug that into E :3x+y—-2z+7=0,

what do you get?

Student: p oot 3(2+1)+(3-1)—2(1+4t)+7=0
Teacher: Solve for t.
Student: 6+3t+3-t—-2-8t+7=0
—6t=-14
-14 7
6 3

Teacher: How many solutions are there?

t=

Student: There is only one solution. So the L, intersect E at one point.

Teacher: Well done!
EH *ﬂx“”\?ﬂdﬁﬂﬂﬁﬁ L Y2 E E VTRERTE - KRS HTt
1 HUEAEEEEE - ARz BB AR -
2> ﬁ%“;%z@fr AllEZ B4R B AT
CEUREEER > ARZESEE VAL -

% P(2+1,3-t1+4t) By L E{E—8 4P BERASEE E, :3x+y-22+47=0
RS 2
FAFFI3(2+1)+(3-1)-2(1+4t)+7=0

L B ¢ R -
B 6+3t+3-t-2-8t+7=0

ERN HZ/ VR ?
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(3£ ) Find the distance from P(1, 2, 3) to line L :)%3 = )%2 = Z_Tl

(F30) KB P(1,2,3) BIELRL: T2 =20 = 2 (ypEs -

3

Teacher: How do we find the distance from a point P (not on L) to a line L? First, we draw

line L, perpendicular to L through P, and name the foot of perpendicular as B. Then

the length of PBis the distance from a point P to a line L.

Assume B(—3 +t, —2+3t, 1 +2¢) ison L, find PB.
Student:  pg _ (_34t-1,-2+3t—2,142t—3) = (4+t,~4+3t,—2+21)
Teacher: Since PBis orthogonal to L , what is the dot product of PB and the direction vector
ofL?

Student: The dot product isO .

Teacher:  Good! So we can use (—4+t,—4+3t,—2+2t)-(1,3,2)=0 to solve for «.

(—4+1)-1+(-4+3t)-3+(-2+2t)-2=0
—4+t-12+9t-4+4t=0

14t =20

10

"7

t

Now, plug tzginto B(-3+t,-2+3t,1+2t).

Student: B has coordinates

B(—3+E,—2+3-E,1+2-E]
7 7

=
_(_ 1 27}
H 7 L) 7

N
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Teacher:  Here comes the last part, using the distance formula to find PB. Would you like to

do this part by yourself?
Student: Yes, I can do it.

2 2 2
S A
7 7 7
56 4 36
= /—+—+—
49 49 49

96

49

4
=6
7\/_

Teacher: You are awesome!

LB 0 QISEERS B P IS —ELR L IR - BRIV LR L (ES
Ly WHREER B - A8 PB (IR P 55— H4R L (VEEEE -
B E4 L FAYER B(=3 +t,— 2 +3t, 1 +2t) » 45k PB o

B34 1 PB=(-3+t-1-2+3t—21+2t—3)=(-4+t,—4+3t,-2+2t)

T PR PB B4R L IEAT » PBRIESR L [ A PR By fay
B IR O o
ZHh REF o BENARRIARERE 0 (—4+t,—4+3t,-2+2t)(1,3,2)=0 #ikt.

(—4+1t)-1+(-4+3t)-3+(-2+2t)-2=0
—4+1-12+9t-4+4t=0

14t =20

10

7

HATAT LAt =§ﬁ)\ B(-3+t,—2+3t,1+2t).
B4 BAER

t

B(_3+E’_2+3.E,1+2.E]
7 7 7
_ _1 1_ ﬁ

777
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B i MBS ARICR PB © (REE A 2
B 4FEY 0 TR -

Eh O KEET

w BAREE/ BREEE o

plE—
st ¢ IE A BRI S AR -

(JL3 ) There are two fighter jets, Jet X and Jet Y, flying in formation. Assume that both jets
fly straight with constant speed in the air. The initial position for Jet X is at A(1, 2,
— 1) and the initial position for Jet Y is at C(0,8,4). Jet X flies toward
B(5, 8, — 3)after 2 seconds and Jet Y flies toward D(2, 10, 3) after 1 second.
(a) Where are Jets X and Y after ¢ seconds?
(b) When will Jet X be closest to Jet Y?

(FF30) BRATRSAT 22 T T IR - AR/ N E Y22 h - WA B4R
FHIRAT - RIS CHVBUITE RIS < AE F — (2] R —FatG 4(1,2, - 1)
2P Z1&IRE B(S, 8, — 3): LR —BAIG1E C(0,8,4) 1 PP Z1&IE] D(2, 10, 3)-
(1) ¢ PRI ~ 2Rt RS P~ Q RI(ELE - 55 « T P~ Q Rz

BEHJAAE -

QA EH ~ ZWAIREGRT 17587012 - IR AT -
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Teacher: Since both jets fly straight in the air, we can assume Jet X flies on line AC and Jet Y

flies on line BD. Because we also need to tell the position of each jet at a specific

timet, it will be convenient to use parametric equations to express both lines. To

begin with, what are the direction vectors for both lines?

Student: 1 will use AB = (5-1,8-2,-3—(-1))=(4,6,-2) as the direction vector for line

AC and CD=(2-0,10-8,3-4)=(2,2,-1) as the direction vector for line BD.
Teacher: Let’s take a look at the movement of Jet X on E within 2 seconds. The direction

vector (4, 6, —2) indicates the plane moves 4 units in the positive x, 6 units in the

positive y and 2 units in the negative z in 2 seconds. That also means the plane will
move 2 units in the positive x, 3 units in the positive y, and 1 unit in the negative z

in 1 second. We can use the direction vector to indicate the movement of Jet X in 1

second. Therefore, we can use(2,3, —l) to indicate the movement of Jet X in 1

second. Treat tas time in second, the parametric equation for AB can be written

Xx=1+2t
as<y=2+3t,t e R. What is the parametric equation for CD?
z=-1-t

Student: The parametric equation for CD is

Xx=0+2t
y=8+2t,teR.
z=4-t

Teacher: Good! Assume P (1+2t,2+3t,—1—t)is the position of Jet X after tseconds on AB
and Q(2t,8+2t,4—t)is the position of Jet Y after tseconds onCD, what is the

distance of P_Q ? Write your answer in terms of t.

Student: %

= J(1+2t-2t) +(2+3t-8-2t) +(-1-t—4+1)

= J1+t2—12t+36+25

=\Jt? —12t +62
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Teacher: To find the shortest distance from P to O, we complete the square for the quadratic
polynomial within the square root.
t> —12t + 62
=t*-12t+36+62-36
=(t-6) +26

That is, when t=6, Pisclosestto Q.

EE PR B AR T 2 T BT T - BT X RAEE 4R AC LTt Y

FRATE 45 BD I - WIS TR RIALTRIEAT  FMERIOE  FeMIm DL B G128
HIRFET « B2 o R B AR 7 1R [ 8 s ] 2
EE L RAHA AB=(5-18-2,-3—(-1))=(4,6,-2) &E{EACHIJj[a& -

CD=(2-0,10-8,3-4)=(2,2,-1) &1 BDHY [ &

ot BZE (4,6, —2) IR X WAPPWAE x @R EfEEh 1 4 807 - y #hiEm B
BEI T 6 BB > z B [m EAEEN T 2 B - etk X —FPAAE x Bk
g T 2 By BHIER BB T 3 BB 2 S m BB T 1 BBAL - ATPAR

FITTLAF (2,3, -1) RFDRIME X 1E | TR BRI H4R AB FAE—B6P 1E tF)

Xx=1+2t
R BRI LSRR 1y =2+3t,teR. SR HELCD S ?
z=-1-t

B4 HyCDMSERE
X=0+2t
y=8+2t,teR.
z=4-t

ZETRAT o F P (L+ 20,243t —1—t) R X 1F ¢ RRIAIE > Q(2t,8+2t,4-1)

Fetd Y 12 t FVEIIALE > PQATERE B 2 DLt FrfRIYEZE -
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2 PQ

= J(+2t—2t) +(2+3t-8-2t) +(-1-t—4+1)

= J1+t> 12t +36+25
—Ji-12t+62
FEh 0 EHE P 2 QB AR EERE - B A EC T EAARSKAR SR AN — K IHEA N/ IME.
t? —12t +62
=12 —12t + 36+ 62— 36
=(t-6) +26

FTLUE t=6, PRSEITO-

HIRE—
StHA ¢ R A A W B AR O R R

(F£3Z ) Which of the following lines is skew to z-axis?

() Liz{xzo 2) LZ:{y:O () LS:{Z:0
Z= X+2=0 X+y=1
4) LA:{X_ (5) Ls:{y=1
y=1 z=1

(th30) MHIBELGRT - sFEEHIN z Bl B KB RIRAVERH -

(1) Liz{xzo ) Lz:{y:O (3) LS:{Z:0
z=0 X+z=0 X+y=1
@) L@{X:l (5) Lsr{y:1
y=1 z=1

(105 FEEJZES 9 )

Teacher: Let’s review the definition of skew lines in space. What can we say about two skew
lines in space?

Student: Two lines are skew if they are not parallel and they don’t intersect.

Teacher: That also means if two lines are parallel or intersect, then they are not skewed.
To check whether two lines are parallel, we can see if one’s direction vector is a

scalar multiple of the others. To check whether two lines intersect, we can assume a

point P(0,0,t)on z-axis and plug P into the lines to see if there is any solution.
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Now, we plug P (0, O,t) into L.
Student: I get t=0, so there is an intersection between L and z-axis and they are not skew.
Teacher: Plug P(0,0,t) into L,.

Student: I also get t=0, so there is an intersection between L,and z-axis and they are not

skew.

Teacher: plug P(0,0,t) into L.
Student: Since 0+0#1, so there is no intersection between L,and z-axis. The direction
vector of L, is (1, -1, 0) which is not a scalar multiple of the direction vector of

the z-axis, (O, 0,1) , so they are not parallel. We can conclude that L, is skewed to

the z-axis.

Teacher: Plug P(0,0,t) into L,.

Student: Since 0#1, so there is no intersection between L, and z-axis. The direction vector
of L, is (0,0,1) which is a scalar multiple of the direction vector of z-axis,
(0, 0,1) , so they are parallel. We can conclude that L, is not skewed to the z-axis.

Teacher: Plug P(0,0,t) into L.

Student: Since 0+0#1, so there is no intersection between L. and z-axis. The direction
vector of Lg is (1,0,0) which is not a scalar multiple of the direction vector of

the z-axis, (0, 0,1) , so they are not parallel. We can conclude that L. is skewed to

the z-axis.

Teacher: In summary, L,;and L, are skewed to the z-axis.
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HAMR 2z # E—RBEP(0,0,t) - Wi P RAZI TR E S ITRAEKE. K

P(0,0,t)fRA L.

POREEIt=0, FRBLL Az SAAEAE » BRI E R ERR -

P EP(0,0,t) FRAL.
DORAEEIt=0, FTLL LRz BEIERE - EITNEE RERKR -
D P(0,0,t) AL,

PREB0+02 LRl L 2 SRAHAS o LT AR R (L, -1,0) fR 2 2 BT

[ (0,0,1) fZEL > FTLEMTEE T - U EFM TS LE z 85 5
ERt
#P(0,0,t)fLAL,.

PRF 0= FTPAL R 2z SRAEEE ¢ L, By A8 R (0,0,1) F 2 BT Al &

(0,0,1) WS - FREAEAMSEAT © BHDA EFRFTRIDUSAT L B 2 sl R 1T

D B P(0,0,t) fRA L.

PR 0+0=1FrlL L Fl z SR AEAE « Lg B9 77 )11 8 7 (1,0,0) R /2 z 7 i [l

12(0,0,0) HfE8 > FRLLEIBEATAT - bl R EA L5 2 5 B
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Conditional Probability and Independent Events

BT TR E E E R A BRI SRR

Ai= Introduction

Ry T EAEEEING - B EEE I e id i A o AR R E Ik — 2R
2 BERIEERIFESHERE S /D 2 [BARR MR ESE SR A E PR
FIEMEAYEEREEEARVRE R/ DIE 7 &R AT —(E R REH S E— B ? £55 (@R
B TR E RS ) BT SRR — @R - STREER S — (SRR T 2B
G ECRIRR - 5350 4 WEBEARES— BT B SRR - (7H
Ff 4 Jo B ZIEILEM > BAMELLET a2 e W B AL

B :@% Vocabulary

XERERNBUIETERHR

EF thiE EF thiE
conditional probability | fR{4HER draw without replacement | HU{& i [=]
sample space EARZERE independent events BrsEH
event =gl dependent events TR
intersection TR complement EREE

disjoint
union S GF
(mutually exclusive)
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Exs

multiplication rule RIS EFH | coin hei
general addition rule HIAJREE die (dice) B (ZAEREF)

B HEQRBEERAGF Sentence Frames and Useful Sentences

©® What is the probability that given that ?

514 © What is the probability that the card is a diamond given that it is red?
TEMENAL ROV - FHEIAYRE T BRI Ryfel 2

® What is the probability that when rolling a die?

fla] - What is the probability that you get a 3 when rolling a die?
B — N IERE IS M 3 REAVHR Ko AT 2

© What is the probability that and ?

&) - What is the probability that the card is a queen and it is red?
MR RR R 2fE H RBALERHER R ?

® What is the probability that the you draw is if you
draw the from the without replacement?

{514 : What is the probability that you the 2™ marble you draw is red if you draw the

marbles from the bag without replacement?

BRI AR AR - S5 I BIKLERAER Ry o 2
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© Show that and are independent.

4] - Show that event 4 and B are independent.
alae 4 ~ B WEBEFEL -

® Given 4 and B are independent, and P(4) = ___, P(B) = ___, find
P(4 N B).
4] : Given A and B are independent events, and P(4) = 0.2, P(B) = 0.3, find P(4 N B).

A~ BWHEMEIL - HP(A)=02>PB)=03>351KPUNB) -

® Flip a coin

#1457 - Flip a coin three times.
J— ([ N E A RERE 3 2K

B [EEFE#E Explanation of Problems

o3 RAA =

In this lesson, we will explore, conditional probability and independent events.

Assume we randomly select a student from our class to answer a question, what is the probability
the selected student is a girl? From the theoretical probability, we know the answer to this
question is the number of female students divided by the number of total students in class. But
if we separate our class into two groups, one with odd seat numbers and the other with even seat
numbers, what is the probability that a female student will be selected given that her seat number
is even? From the example, this additional condition “with even seat numbers” will affect the
result when we calculate the probability. A probability that considers a given condition such as
this is called a conditional probability. To find the probability that event 4 happens given that

event B happens, we use the notation P(A|B) (read as the probability of A4 given B) to calculate

P(ANB)
P(B)

the conditional probability. The formula P(A|B) is
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What if P(A|B) = P(A)? That means the outcome of event B will not affect the probability of
event 4. We also call that event 4 and event B are independent events. Furthermore, If 4 and B
are independent, to find the probability that both 4 and B happens, we can find the product of
P(A) and P(B).Thatis P(ANn B) = P(A)P(B).

Alternatively, we canuse P(AN B) = P(A)P(B) to show 4 and B are independent.

w EEEENBEE o3

pIEE—
st ¢ ANEEAEDEA AR EL N E AR RRAYRE -

(%) You draw a card at random from a standard deck of 52 cards. The
probability that each card is drawn is the same. Find each of the
following conditional probabilities:

a) The card is a diamond, given that it is red.
b) The card is a king, given that it is a face card.
(F30) —RIEEEEPA 52 5RF - [RexERk R Env i EEE - HE%E TS -
a) CAHMEIALRRAIFRAE T - SKIEDTBEARER -
b) EAHHENERREIFRAET - SREMEIEH £V -

Teacher: Let’s have a brief introduction about a deck of cards. There are 52 cards, including
four suits: spade, heart, diamond and club. Spades and clubs are black. Hearts and
diamonds are red. Each suit contains 13 cards, labeled as Ace, 2, 3, ..., 10, J, Q, and
K. Face cards are J(Jack), Q(Queen) and K(King). Assume S is the sample space,
and n(S) = 52. What does part(a) ask for?

Student: What is the probability that the card you draw is a diamond given that it is red?

Teacher: Assume A represents the event you draw a diamond, B represents the event you
draw a red card and 4 N B represents the event you draw a red and diamond card.
What is P(B) and P(4 N B)?

Student: Since there are 26 red cards, P(B) = g = %

Teacher: Way to go. What is P(4 N B)?
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Eh

B4

EH

4
sk

EH

Since there are 13 red diamond cards, P(4 N B) = e

527 4
To find a conditional probability of 4 given B, we calculate
PUNB) 5 1
P(A4|B) = E SIS 7 For part(b), Assume C represents the event you draw a
2

king, D represents the event you draw a face card and C N D represents the event

you draw a king and face card, what is P(D)and P(C N D)?
Since there are 12 face cards, P(D) = ;—i

Great. What is P(C N D)?

Since there are 4 face cards which are king, P(C N D) = 54—2.

To find a conditional probability of C given D, we calculate

4
P(C|D) = 202 _ 3

P(D) 5 é
AR 48— T —BIE A E AL R - —BIBE T REA 52 /K
TYE 4 FEAC T Bl R Bk - 4L0 > JTBR AR - BRI B ERYR > AL
ORITBREELEM R - SREEOER 1355 0 1€ Ace, 2,3, ... 10,1, Q, —HZ
Ko FERRTE T~ Q ~ AT K - fiae S Ryt AZ=fd > Al n(S) = 52 > B H (@fEH T
J& 2
ERFHEIELRREIEROE T > SKINETBRAVEER -
BBt 4 R BTV ECE > B0F B BHIEIRIMAVEM 4 n B ACERFER
BRI BRAV RN - B0KE PB) R P(ANB) ?

2

PR 26 SRATHE - P(B) = 2 =1
R | SRE PN B) ?
IR 13 BT LA BN » Bl PANB) =S =1

Ry TORHAE B B AERIRET - 4 B RRER - I EH R RN
T

P(AIB) =00 = 3 = Lo iy  AERIRED) - R C BRI E AL -

P(B)
D (CEMEERAIEL - T C n D [ERHhEIE AT EM: - 50Kk P(D)
K P(CND)?

KR 12 5RACHE - FTEL P(D) = g o

BB REERETRIP (E N

B
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EHTREF - SR PC D)2
g AR 4 RETATE - FILP(CND) =2 -
El BPTRETEAE D BEMGEIET » C HAEMR -

P(cAD) _
P(D)

o

P(C|D) =

o

1
3

[ —
mlml

BlE_

i - A HETW SR RIS -

(LX) Roll a fair die. Let A= {1, 2} be the event of gettinga 1 or 2, B= {2, 3,4} be the event
of getting a 2, 3, or 4, and C= {4, 5, 6} be the event of getting a 4, 5, or 6. Answer the
following questions:

(a) Are A4 and B independent? Disjoint?
(b) Are 4 and C independent? Disjoint?

(FP30) #5—ATERET » 2 A= (1,2} IR | 8o 2 BAVHME - B=(2,3,4) 4R 2% - 3
B~ 5 4 BT - 1T C= (4,5, 6} LI 4 85~ 5 B - 5 6 BETE  HIBT T
FIGER
(1) 4~ BESEIL? BELR?

(2) B4 CEREBIL? EELF?

Teacher: Since A= {1, 2} and B= {2, 3, 4}, can you tell me what 4 N B is?

Student: A N B = {2}.

Teacher: Good! Are 4 and B disjoint?

Student: No, they are not disjoint. Because 2 is in both 4 and B.

Teacher: Great! If the intersection of two events is not an empty set, then they are not disjoint.
Next, find P(4), P(B) and P(4 N B).

Student: P(A) = % = g, P(B) = % = %, P(ANB) = %'

Teacher: To show whether 4 and B are independent, we can check whether

P(ANnB)=P(A)P(B).

Student: 1 found out that P(ANB) = % = g X % = P(A)P(B), so A and B are independent.

Teacher: Way to go. Now, find P(C)and AN C.

110 BRSSP EFRETREIP (EERET F



N HTmEFEFTE T ANKT P o EMIAUEHBHESRDL

111

Student:

Teacher:

- -
B
- -
B

Eh

I

D PA) =2=2P(B)=2=; PANB) =

3
6

P(C)=-= % ANC = ¢,SoAand C are disjoint.

And P(ANC)=0= § X % = P(A)P(C), so A and C are not independent.

Excellent!

B A= {1,2} > B={2,3,4} - 5k AnB?

ANB={2}-

REF ' AFIB ERGF?

A IR G o RE 2 FIGAE A M B S W{ESEFF -

{RIEE | ARSI IFZEES  AMMTRE SR - # T » B P(A4) -

P(B)R. P(ANB)
2

3 1
— 0

6 6 6

©OEHE A BWESREAEIL > WM PIEEE P(ANB) = P(A)P(B) &

AT > S PRI YES - R0 R 280 -

D HEH P(ANB) =2 =2x2=P(AP(B) > Fibl 4 I B BB -
DB | ERMAEP(C) R ANnC -

3

D P(C)=2=--ANC=¢ FLLARICESE -

6

MPANC) =0+#=x>=PAP(C) * ALl AR CHIK -
IRESHT !
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(L) A survey found that 80% of Taiwanese people have a home phone, 70% have a cell
phone, and 56% have both.
(1) Are having a home phone and having a cell phone independent events?
(2) What is the probability that a Taiwanese has a home phone given that she/he has a
cell phone?

(FP30) —THFHETE L 80%MY &I EERARA THEE » 1M 70%HY ERRA THEFT5E » S6%HY AR Al
[EIR & -
(1) Aiah oA TS ABILE A ?
(2) TEE THFTISRRA T - 2B ERGA TaEAVER BT ?

Teacher: Let H represent that a Taiwanese person has a home phone, and C represent that a

Taiwanese person has a cell phone. What is P ( H ) , P (C) and P ( HNC ) ?

Student: Given the mention of “80% of Taiwanese have a home phone” and “70% have a

cell phone”, I can get P(H)=0.8 and P(C)=0.7. Since it also mentions “56%

have both”, so P(H nC)=0.56.

Teacher: Excellent! To determine whether H and C are independent, we check whether
P(H) - P(C) = P(HN C) . Here, we have
P(H) - P(C)
=0.8-0.7
=0.56
=PHNCO)

Teacher: Thus, having a home phone and having a cell phone are independent events.

Teacher: Next, let’s find the probability, P ( H |C) , that a Taiwanese has a home phone given

that she/he has a cell phone. How do we calculate P ( H|C ) ?
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P(HNC) 056

Student: P(H|C)= P(C) =07

=0.8.

Teacher:  Good job! Additionally, we notice that P(H|C)=P(H), indicating that the

occurrence of C does not impact the probability of H occurring.

RN R H RaBREA TS - C A THRPTSRRIEMS -
SHMIP(H) ~ P(C) KP(HNC)53RIRZD -

KR E AR T 80% M &R A A NEE > FTLLP(H)=08  BE MR
"T0%HI R TSR L0 ATLAP(C)=0.7 - AR THARE] " 56%HIR AR

RIS EEA | HIAP(H AC)=056 -

EEN - ARGF - EHEH A C RIBILEM o FfiteE&E— 1~ P(H) - P(C) = P(H N O)iEf
R B AL -
P(H) - P(C)
=0.8-0.7
=0.56
=PHNCO)
N PTEA > AiEh koA TSt RB 1L

T BT FRAMEER M TSRO T - SERBEEEIERP(H|C) A

fa] < AAIETE P(HIC)?

FE p(Hic)= P(HNC)_056_g4
P(C) 0.7 o

BT | RPHEZEEIP(H|C) = P(H) - REALE TR O EA T
B 2 -
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(L3 ) Assume A4 and B are two events of the sample space S such that P(A) = P(B) = 0.6.
Which of the following is true?
(1) P(AUB) =1
2) P(ANB) = 0.2
(3) P(AlIB) =1
(4) P(A|B) = P(B|A)
(5) 4 and B are independent.

(H30) S8 AL B Rl ARZE ] RV (ESE(F - ©AHIP(A) = P(B) = 0.6 » GEEEH (F2E
HYEIE -
(1) P(AUB) =1 (2) P(ANB) = 0.2 (3) P(AIB) =1
(4) P(A|B) = P(B|4) (5) A T B FyJ& I =AF -
(100 FFEHE L BEEEES 1 )

Teacher: Let’s check whether item 1 is correct. What does the general addition rule say about
P(AU B)?

Student: P(AUB) = P(A) + P(B) —P(ANB).

Teacher: That’s correct. Since P(A N B) is not given here, we can’t conclude the value of
P(A U B). Therefore we can’t choose item 1. Let’s check item 2. We can use the
general addition rule again. Since P (A U B)is not given here, we can’t conclude the
value of P(A N B). Hence, we can’t choose item 2.

Student: That makes sense to me.

Teacher: Let’s check item 3. How do we find P(A|B)?

Student: P(A|B) = %. Wow, since I don’t know P(A U B),Ican’t decide what P(A|B)

is.
Teacher: Great! So, we can’t choose item (3). Let’s check item 4. Can we compare P(A|B)

and P(B|A) here?

114

BOOMEABEFRE TR EEAR F



If\‘?{q"‘? ?A\Psi’ﬁﬁh’?{sﬁ .. SEMAEEZHENAR

115

P(ANB) _ P(ANB) _ P(BNA)
P(B) 06 P4

Student: Yes, since P(A|B) = = P(B|A), so item 4 is correct.

Teacher: Awesome! Let’s finish this one by checking item (5). To check 4 and B are
independent, we can check whether P(A N B) = P(A)P(B). But P(A N B) is not
given here, we can’t conclude whether P(A N B) = P(A)P(B). As a result, we

can’t choose item (5).

EhT - WFIREEZEHE 1 2O IR - R IDARME ST RFTEZEHEP(A U B)?
2/ P(AUB) =P(A)+ P(B)— P(ANB).
FEh 0 IERE - REP(A N B)ARAD  BMEEREE P(AVUB)EZE  ATLIEEHE 1 A&

% - FPTET ARSI 55 2 - (RIS (AU BYHIRALE - ek
i P(AN B + FLUSEE 2 R TERE -

B T -

2 KBS - RIMEEP(AIB) ?

TR plalg) = ") . s AT P(AUB)  SEETEE P(AIB) M -

Ehl - REF - REBEIH 4 > HMIRELE P(AIB) M1 P(BIA)AYENS ?

R REP(AB) = 240D _ PUNE) _ PBOA) _ p(pla) b FRLLEEE 4 B -

P(B) 0.6 P(A)
EED KT | SRR S EEE S ARSERGERE | BAETEMT A 1 B 2EMEIL > T A
LIEE®E P(AnB)=PAPB) - H PANB) IAXE  HIAAEMEE
P(ANB) = P(AP(B) - /& * BETH 5 FREHEE

BPEEAFREFRETREY (EF

VY
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(L3 ) The probabilities that an adult Taiwanese man has high blood pressure and/or high

cholesterol are shown in the contingency table

Blood pressure
'6‘ .
g High OK
% High 0.14 0.18
5 | oK 0.19 0.49

a. What’s the probability that a man with high blood pressure has high cholesterol?
b. Are getting high blood pressure and getting high cholesterol independent?

c. Are getting high blood pressure and getting high cholesterol mutually exclusive?

(F30) EERFERESEE MR EER AR T

i [ BR

SIMEE | EHEmER

B | ShEERE 0.14 0.18
TE S HE [ 0.19 0.49

a. FEASMEBRIEL T - —HBME SHERIRRAIRR Ry 2
b. SIS MBS 2 S HEE R & 0L 7
c. FEIEMBEMSEISEERERE T ?

Teacher: To begin with, let’s add one more row below the table to find the marginal

distribution of a man with “high blood” pressure and “OK” pressure. See the table

below.
Blood pressure
S High OK
Z;j) High 0.14 0.18
60 OK 0.19 0.49
total
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Student: Like that?

=

column of “OK” blood pressure.

Blood pressure
'é High OK
i"’j High 0.14 0.18
60 OK 0.19 0.49
total 0.33 0.67

cholesterol. See the table below.

» EMMAEEFHBWIERL

Blood pressure

S High OK total
i% High 0.14 0.18
60 OK 0.19 0.49

total 0.33 0.67

Student: Done.

cholesterol.

Blood pressure

S High OK total

i._"; High 0.14 0.18 0.32

5 OK 0.19 0.49 0.68
total 0.33 0.67
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Now add each cell in the column of “High” Blood pressure, then add each cell in the

Teacher: Correct. So we know the probability of people getting high pressure is 0.33 and for
people with OK blood pressure is 0.67. Next, add one more column to the right to

find the marginal distribution of a man with “high” cholesterol and “OK”

Add each cell in a row of “High” cholesterol, then add each cell in a row of “OK”

Teacher: Great! Let’s do part a. What’s the probability that a man with high blood pressure
has high cholesterol? We should treat “a man with high blood pressure” as a given
condition and calculate the probability of a man having high cholesterol given that
a man with high blood pressure. Suppose B represents a man with high blood

pressure and C represents a man with high cholesterol, what is P(C|B)?
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Student:
Teacher:
Student:
Teacher:

Student:

Teacher:
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P(CNB) 014 14
P(B) 033 33

Good job! For part b, to check whether B and C are independent, we check that if

P(C|B) =

P(B N C) isthesameas P(B) X P(C). Whatis P(B N C)?

P(BNn C)=0.14

What is P(B) X P(C)?

P(B) =0.33, P(C) =0.32, and P(B) x P(C) = 0.33 x 0.32 = 0.0348 # 0.14.
So, B and C are not independent.

Fantastic! For part ¢, P(B N C) = 0.14 because some people who are both high

blood pressure and high cholesterol, B N C # ¢. B and C are not disjoint.

B LB ARSI T 70— 5 A s BRI L BRAY 34 » 40 R 2RFT

AR

i Ifr R
15 TR TEH I ER
% T B [ 0.14 0.18
T HE A 0.19 0.49
Y5t

SRR 1o BRI — R A {18 B IEE A » PR L BRI — e v {1 =i
2K BRI R M EEYAR—5 -

GIstE ?
HEs I B
T 11 BR TEH IR
B7 = s E R 0.14 0.18
TE S HE [ 0.19 0.49
HEt 0.33 0.67
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ZHhi

EH

IREES T - BAEFAIR 28 55 TUBR R 15 BRI 5 1 By 0.33 (1 0.67
N2 AEFIIRRAYA JT 0 A M A 2% e B [ R AR E I B AR 04T

SHMEF DL

WTHFR -
& [ AR
2 R IEH MmBE 4aET
5 e [ 0.14 0.18
15 BE [ 0.19 0.49
st 0.33 0.67

e HEE AL — 51

BHIER - REERBHE A EA— W -

R (EE RIS - e AE R A AL — 5 TP ey R E &

- BT e
5 I ER
e LR B MR HaEt
7 TSI B 0.14 0.18 0.32
1B HELE B 0.19 0.49 0.68
T 0.33 0.67

: P(C|B) =

R | B DRAGEE a7 - E—EEMASIMEBAEL T - A SRR
R FRyfe] 2 PP 25RE @ man with high blood pressure” AFEHRERTIGERAET
et B A EEERRAIRR - FEES B B ASMBES > C KBTS
EfEEREAY SR - BUEHP(CIB)?

P(CNB) 0.14 14
P(B) 033 33

PO T L EE boop BT BRI C REEAL > TR L& — T P(B n O

P(B) x P(C)/2&AH[E - P(B N C)EZ/VIE ?

: P(BNC)=0.14 -
DB HP(B) x P(0)?
: P(B) =033~ P(C) = 0.32-[fiP(B) X P(C) = 0.33 x 0.32 ~ 0.0348 # 0.14 - fff

L B#l C Wi =G -

ARG VEH e AP(BNC) =014 # 00 fXRBNC #+ ¢, FTLLBHICfi

JELF -
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Bayes’ Theorem, Objective Probability and Subjective Probability

B TR S E S E BRSSO SRR

B A= Introduction

(B E A AR FE b0 73 FH A RS - 10 55— 8000 SR LRg s - i SR
B W TR A EE s B B HEME AT RE TR S il A B an ks
fig > A BAnZ BB R R 2 AERRELZ A - AR o SR G P MR B Bl 21 B L
BREE LA - FERLIEEE i By " BAIIeR | EAERIERIEHE A Ranfks - BATHI AT
AYEEREEHTa Tl B4 hE 2 B TREHIBERTE BB iR A RMIFA HRE
HAGTRERER -

EIEETT > FFIERER A M LR R R - A S S\ &R AT RE AR E
PR ZREE R —EHREHER - R EEERR . MR IRE —EREE
TR B HEZ B AR > PR T R LEeR -
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m @5 Vocabulary

XIERERABUIETERER

EF thiE E¥F thiE
conditional probability | {54183 objective probability HEIR
Bayes’ formula BRE#H subject probability FEIHR
prior probability =N 2 posterior probability FEBER
tree diagram RN complement rule grEER]

B HEQRBEERAGF Sentence Frames and Useful Sentences

©® What is the probability that given that ?

f5il4] © What is the probability that people have hepatitis given that the test result
is positive?

FERREREE R R BRI IRIE T > BE A HF SRAVER Rofel 2

e If , what’s the probability ?

f514] * If one of those products turns out to be defective, what’s the probability it’s from
factory A?

EAEE e A IIERIEIL T - R EE oK E TR A HIBRE ?

©® Let 4 be the event of

4] : Let A be the event of people who have type A blood.
BEe A By A AR -
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O® We can make a tree diagram to discuss

ffl5] : We can make a tree diagram to discuss this problem.

AP o] DL BGHIR ] A s (e -

® What’s the probability that ?

#7147 - What’s the probability that a patient testing negative is carrying HIV?
B RE W MR - ZBEWE EA HIV AR L] ?

® Assume P (4) represents the probability that given that

4] - Assume P(A) represents the probability that a patient has diabetes given that his/her

test result is negative.

3 A RRAE—ERBR IR EATIESL T - 2B AT AR -
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B RIEEFERE Explanation of Problems

8 RAA »

Assume the probability of Taiwanese male adults getting diabetes is 12.4%
(https:// www.mohw.gov.tw/fp-5020-63343-1.html). If the results of a large study suggested that

among people with diabetes, 99% of the test conducted were positive, while for people without
diabetes 97% of the test conducted were negative. To answer the probability of people who have
diabetes given the test was positive, we can use Bayes’ formula to calculate as follows,

Let A4 be the event of people who have diabetes and B be the event of people whose test results
are positive,

P(AnB) _ P(A)xP(B|A)

P(A|B) = P(B) = P(B)

Here, we call P(A) the prior probability which represents the probability we know people who
have diabetes. Given the condition that the test results are positive, combined with the
information of knowing the probability that people’s test results are positive given that they have
diabetes (that is we knowP(B|A)), we are able to revise P(A) by calculating P(A|B). The
method is called Bayes’ formula and we call P(A|B) the posterior probability.

Objective probability is the frequency based on the occurrence of similar events of frequent trials

and Subjective probability is the level of your belief toward a certain event.
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(L3 ) A car factory produced 25% of electric cars and the rest of the fuel cars. A small number

of its cars had defects: 2% of the electric cars are defective and only 1% of the fuel
ones are defective. If one of those cars turns out to be defective, what’s the probability

it’s the electric type?

(FR52) — G T 25% Y EE BN B K, 75 % A ER o TR At B s iy B 3 55 290

EEE AT T 1% AT - S SRR RO T » %
2R T B AR By ] 2

®  Solve by making a contingency table.

Teacher:

124

We can make a contingency table to discuss this question. Let E = the electric cars,
F = the fuel cars, D = cars with defects, and D’ = cars without defects, the
contingency table of car types and defective or not is constructed as below,

E F

Total

D
D b
Total

Let’s begin with the marginal distribution. Given that 25% of cars are electric and

75 % of cars are fuel, we can fill in the values in the last row as follows,

E F Total
D
D’
Total 0.25 0.75 1

It also states that 2% of electric cars are defective, while only 1% of fuel cars are

defective. Consequently, we can fill in the first row as follows,

BOOREAREFRE TR EFRR
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E F Total
D 0.25x0.02=0.005 | 0.75x0.01=0.0075 | 0.005+0.0075=0.0125
D’
Total 0.25 0.75 1

The second row (representing non-defective cars) can be obtained by subtracting

the first row (representing defective cars) from the last row (marginal distribution

of car types). The result is as follows,

E F Total
D 0.25x0.02=0.005 | 0.75x0.01=0.0075 | 0.005+0.0075=0.0125
D’ 0.245 0.7425 0.9875
Total 0.25 0.75 1

The question asks for the probability that a car is electric given that it is defective,
P(E|D).
How do we find P(E|D)?

Student: From the previous lesson, P(E|D) = %.
Teacher: Find what P(END) and P(D) are from the contingency table.
Student: P(END)=0.005 and P(D)=0.0125.
Therefore, we can find P(E|D) = P(EQD) _ 0005 _ 1
P(D) ~ 0125 25
Teacher: Correct!

® HIFIBtRAREE

L AT LU IR ARG e — = BHH « F = PRlE - D = "FIRIEHY
] D’ = IR E - 45 E-E?K I%EEE&EE‘E%ﬂi)&méﬁfﬁzﬁﬁﬁﬂﬂé
W
E F HaET
D
D
qEEt
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ZHh

FFERT 2R T P

P 5e KAV B IR A |
E F EE
D
D
HaEt 0.25 0.75 1

R Ry 2% EEBNEE AL - M 1% BUPAHEA IR » JAFT] DASERGEE—FI40 T ¢
E F HaEt
D 0.25x0.02=0.005 | 0.75x0.01=0.0075 | 0.005+0.0075=0.0125
D
ARGt 0.25 0.75 1
B AR =R EE —FIREGE
E F HaEt
D 0.25x0.02=0.005 | 0.75x0.01=0.0075 | 0.005+0.0075=0.0125
D’ 0.245 0.7425 0.9875
T 0.25 0.75 1

TSR — S BIEE IR T > BESIEEERy P(E|D) > A a1E
P(E|D)?

e (EnD)
A — WIS P(EID) = Zoo.
15k E] P(END)FI P(D) I -
P(ED)=0.005 [fi P(D)=0.0125 « fi LIk TR LG 5] P(E|D) =& =
0.005 1
o1m 7
T |

P EERBEFRY

FRER HE

S
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®  Solve by making a tree diagram.

Teacher: We can make a tree diagram to discuss this question. Let E=the electric cars, F= the
fuel cars, D=cars with defect, and D’= cars without defect, the probability the car is
electric given that it has defectis P(E|D). According to this question, we can make

a tree diagram below.

END

E S
:'E-=£':5 - END

dlfs '

3G =073 e FnD

F ':.-:'

PID¥IF=0.89
FD’
How do we find P(E|D)?
Student: .
Ut Erom the previous lesson, P(E|D) = PI()E(Z;)).

Teacher: Good! By the addition rule, we can rewrite P(D) = P(E N D) + P(F n D).

P(END) _ P(END)
p(D) ~ P(EnD)+P(FND)’

Student: Like this? P(E|D) =

Teacher: Correct. Next, by the multiplication rule, we can rewrite P(E N D) = P(E)P(D|E)
and P(F n D) = P(F)P(D|F)
Student: Like this?

P(END P(END
P(EID) = (P(D) ):P(EnD()+P()FnD)
_ P(B)P(DIE)
P(END)+ P(FND)
P(E)P(D|E)

~ P(E)P(D|E) + P(F)P(D|F)

Teacher: We can plug in our data from the tree diagram to simplify it now.
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P(E)P(D|E)
~ P(E)P(D|E) + P(F)P(D|F)
0.25 x 0.01
~0.25 % 0.01 + 0.75 x 0.02
25 1
= =~ 0.14286

Here we call the probability of selecting an electric car, P(E), the prior probability.
After knowing the probability of defective cars among different cars, we revise our

probability of selecting an electric car given it is defective, P(E|D), the posterior

probability. The process is called the Bayes’ theorem.

® FARHREREE

R BT R ERHRE A3 (R > & =l - F- #Rilie - DR
B T D= SRR - (R AR R T B
Myl PEID) - (KIGEEBIEHRENLTT -

- =no
o073 P FnD
SO HEP(EID) ?

ek HEHT—EEET P(EID) = T

A (R | SRITTLA BRI IIAEER 3] P(D) = P(E N D) + P(F 0 D) » 524
A -

ok O P(EID) = P = )
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ZEfic BHT o BTIRKMALUKE PEND)=PEPD|E) KP(FND)=
P(F)P(D|F) -
B4 sk ?

P(END P(END
P(EID) = (P(D) - P(E N D() ¥ p<)F nD)
_ P(E)P(D|E)
~ P(ENnD)+P(FnD)

P(E)P(D|E)

~ P(E)P(D|E) + P(F)P(D|F)
Fhh s J28E > BE AR DIRHEHRE Y E R AL =0
P(E|D) =
_ P(E)P(D|E)
P(E)P(D|E) + P(F)P(D|F)
0.25 x 0.01
~0.25x 0.01 + 0.75 x 0.02

1 0.14286
175 7

S AR MR BRI AR P (E) BB AR - AERE IR HRUN D Rt 5%
AHIERTE > IPTEREHE B BB R BT BRI E S AR
P(E|D) BB t& iR - BRHVTEARFIME B EK EH -
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(L3 ) Determine what kind of probability is applied to explain the following statements:
(A) Subjective probability (B) Objective probability (C) Classical probability

(1) Roll a die once. The probability of getting a “2” is %.

(2) Sherry has rolled a die 10 times and recorded the frequency of each number. She
found that “2” appeared 3 times so she concluded that the probability of getting a “2”
next time is —.

10

(3) When David went to school today, he observed many things related to “two”,
such as meeting two red lights in a row, bumping into two friends, and spotting two
magpies perching in the tree. So, he felt the probability he would get a “2” when rolling

a die was more than 50%.

(SPST) SHIBTLN FH853 HIRE A 70— R & 2
() EHBHE (B) FEHE (O Hths

(1) E—{ERT 1 R HBHEIIRER -
(2) THTEHRT 10 RERS S BBHERA I - 55 T2 8 IR T =
K FIMES T—REL 28, ERR -

(3) E ARG EERHYIFEE - M3 SRR PRI 2 RN S - B R E EI
(B0 > BE TR - BE T W EZHELR B L - ATt RS
PE N AREER T - IR 2 BEHIBERARS 50% -

Teacher: What do you think of question (1)?
Student: 1 think it belongs to classical probability. Assume this is a fair die, the probability

. . T |
of getting each number is the same which is pe

Teacher: Great! What do you think of question (2)?
Student: I think it belongs to objective probability because the probability is derived from
previous experience and data.

Teacher: Good! What do you think of question (3)?
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Student: It belongs to subjective probability because he estimates the probability based on
his hunch.

Teacher: Fantastic! You got all three correct.

R | R TR 2
B
FET pmmm s - WS ATORT RSB

LRl AREF o ARG HERE 2 2B (iR 2

24 WREEFBR > NBEHARE 2 BEZAseEREEd] - MRmEainsk
fifch FIE R = R

Ehf R - AIERE 3 ?

B2 BEER > NRHVERE B CHERACH S — (SRR Ay HEr.

LD REE - (R=EEEE T

w BAREE/ BREEE o

BlE—
SR ¢ I L S P R S (e -

(B£3Z) In July 2005 the journal Annals of Internal Medicine published a report on the reliability
of HIV testing. Results of a large study suggested that among people with HIV, 99.7%
of tests conducted were (correctly) positive, while for people without HIV, 98.5% of
the tests were (correctly) negative. A clinic serving an at-risk population offers free HIV
testing, believing that 15% of the patients may actually carry HIV. What’s the
probability that a patient testing negative is carrying HIV?

(h=2) fF 2005 4 7 HHEF > Annals of Internal Medicine 2535 17— 52 R HIV faks
FRTSEME » 15— (B R BRI ZE &S S~ R HEE A RS HIV BYFEL T 99.7%
WM ERAS SRS 5 TE REMEL HIV (YT - A 98.5%0 ik ER4s - mfa
M - A—EZ A E— s R R R - 20t HIV i85 - Z2PiHEZ S EbRET
MHAH 5% R GHEE AR HIV AR N EZ B EEE ARG HIVIVEL T
P MR Ry fa] 2
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Teacher: A negative test result for a sick person is called a false negative. A false negative is
considered to be more serious because sick people will assume they are healthy and
can’t get treatment in time. So, we hope the false-negative rate is as low as possible.

Student: Oh! I see the point of finding the false-negative rate.

Teacher: Let’s begin. Assume HIV= people with HIV, HIV’= people without HIV,
+= people with positive testing results, and - = people with negative testing results,
what do you know P(+|HIV), P(—|HIV'), and P(HIV)?

Student: Because of people with HIV, 99.7% of tests conducted were (correctly) positive,
P(+|HIV) = 0.997 . Because people without HIV 98.5% of the tests were
(correctly) negative, P(—|HIV') = 0.985. The question mentions that 15% of the
patients may carry HIV, so P(HIV) = 0.15.

Teacher: Draw the tree diagram and put the data into it.

) HIVN+
P+ tuu-‘:=':".'§9?
HIV @
), F‘l Hl‘wz'_'I
:|;H|}fﬁ:-='/n_15 HIVI-
People g\@
P\:\HI‘:!'} HIVN+
P(+IHIT)
’ HIV ":—j
3|j-|‘ll:|'l‘e"'j:-=§‘.985
) HIVI-

To complete the tree, we need to find P(HIV'), P(—|HIV), and P(+|HIV'). Can
you find them?
Student: Yes, I can. By using the complement rule, I will get the following results:
P(HIV') =1—-P(HIV) = 0.85
P(—|HIV) =1 — P(+|HIV) = 0.003
P(+|HIV) =1 —P(—|HIV') = 0.015
Teacher: Terrific! Now, use the general multiplication rule to find P(HIV N +),
P(HIV n—=),P(HIV'Nn+),and P(HIV'N —).
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Student: I’ll calculate those,
P(HIV Nn+) = P(HIV) X P(+|HIV) = 0.15 X 0.997 = 0.14955
P(HIV n =) = P(HIV) x P(—|HIV) = 0.15 x 0.003 = 0.00045
P(HIV'n +) = P(HIV') X P(+|HIV') = 0.85 x 0.015 = 0.01275
P(HIV'n =) = P(HIV") X P(—|HIV') = 0.85 x 0.985 = 0.83725

Teacher: That is hard work . We can complete our tree diagram now.
HIV+ P(HIVIN+)=0.14955
P(+HIV)=0.997
HIV ©
P(-HIV)=0.003
PIHIVI=0.15 ~ HIVN- P (HIVIJ=0.00045
People <@
P(HIV)=0.85 HIVIN+
P(HIV'N+)=0.01275
P(+|HIV)=0 015
HIV Xey

P(HIV')=0.985
HIVN-

P(HIV'M-)=0.83725

—_—

So, the probability that a patient testing negative is carrying HIV is
P(HIV|-)
_P(HIVN-)
- PO

P(HIV n =)
“P(HIVn—) + P(HIV' N —)

P(HIV) x P(—|HIV)
~ P(HIV) x P(—|HIV) + P(HIV") x P(—|HIV")
0.00045

~ 0.00045 + 0.83725
= 0.000537

i EEIEAARRRATERGS F Rl RITEZ RS R R b1k - (k2
VS SR IE T TS e R LB Y - (N R ISR A\ &R PUR M2 (R R T 4
BB A2 - P AR S — (EfebasE ROV B2 ERE AR T -

B4 | BT ERELLAIER T -
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Ehf - IREAMFAAAE | R HIV= §iZ% HIV (Y=, HIV'=

eI HIV BB -

[ EMAXEFBTHRBWHE PO

+= fRERGE R RIS TRV, and - = RRERGER IR TERYEM: - SR P (+[HIV) »

P(—|HIV") ~ }zP(HIV)?

B EREHIVINEED A 99.7% 1Ukaats R st Frbl P(+|HIV) = 0.997-
FESERLA HIV R » 98.5% HYRgBass R B » FTLLP(—|HIV') = 0.985 -
HA$EE] 15% of fyRSEE A HIV > FrLP(HIV) = 0.15 ¢

- EBEHRENE IR I BERE A -

/ HIV
P(HIV)=0.15
People <:6
™
P(HIV)
HIV'

, HIV+
P(#[HIV)=0.97
P{HIV)
'\\‘
HIVN-
~ HIV'N+
t’f
P+ HIV)
P
Q.
PUHIV)= -0.985
™~ HIV-

SR (E R E - BFIRE] P(HIV) ~ P(=|HIV) ~ FIP(+|HIV") - kit

P(HIV") ~ P(—|HIV) » f1 P(+|HIV")?

B P | RS RATLUELL TR

P(HIV) =1 — P(HIV) = 0.85
P(=|HIV) = 1 — P(+|HIV) = 0.003
P(+|HIV) =1 — P(—|HIV') = 0.015

R KT | BT ACH A BT L AR SR R BB P(HIV 0 +) ~ P(HIV 0

=)~ P(HIV'n+) > Al P(HIV'N =) °

BPHRFAPEFRE TR .
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B HEAOT
P(HIV N +) = P(HIV) x P(+|HIV) = 0.15 X 0.997 = 0.14955
P(HIV n =) = P(HIV) x P(—|HIV) = 0.15 X 0.003 = 0.00045
P(HIV'n +) = P(HIV') x P(+|HIV') = 0.85 X 0.015 = 0.01275
P(HIV'n =) = P(HIV') x P(—|HIV’) = 0.85 X 0.985 = 0.83725
E  EENREATRE | B M DsE R EHAE T

HIV+ P(HIVN+)=0.14955
P(+IHIV)=0.997
HIV ©
P(-HIV)=0.003
P(HIV)=0.15 B HIVN- P(HIV1=0.00045
People <16
P(HIV)=0.85 HIVIN+
P(HIVN+)=0.01275

P(+|I:|_IV':|:E]’J..D15
HIV 9
P.j-iﬁ'w' y-0.985
h HIV-
P(HIVN-)=0 83725

—_—

FTLL > & —{E R A ERaE R bttt - MEAREY HIV AR R -
P(HIV|-)
_P(HIV N -)
P

P(HIV N =)
T P(HIVN—) + P(HIV' N —)

P(HIV) x P(=|HIV)
~ P(HIV) x P(—|HIV) + P(HIV') x P(—|HIV)
0.00045

~ 0.00045 + 0.83725

= 0.000537
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(L) It is known that 30% of the population was infected with certain pandemics in some
regions. There are two test results, positive and negative, for this pandemic. If we know
that among the people infected by this pandemic, 80% of the test results are positive.
We also know that among people without infection, 60% of the test results are negative.
To reduce the rate of false negatives, some experts suggest that we should test a patient
three times consecutively. Assume P represents the probability that a patient is infected
given that his/her test result is negative and P’represents the probability that a patient

is infected given that his/her results are tested negative for three consecutive times.

Which of the following items is S, closest to?
(1)712)83)94)10(5) 11

(th30) EAEHIER 30%HY NLRGHEAYR - stz Eaemny e iiels - 515
Prokfatt: WsER o EHREZARTRE & RIS TR By 80% » REARANE
¥U%B"2“F$E’JT&>_‘REU% 60% ° Ryl (REZ A ER R s A B2 R IR I - B

AR =R - HEX A R2MET > 9RadiseRRy P mEER R

SREH BT SR EIMER R P o SR — BT

-
(1)7(2)8 (3)9 (4) 10 (5) 11
(111 28 A BEEEES 5 )

Teacher: For a question like this, we also make a tree diagram to help us analyze. Let D=
people with infection, D’=People without infection, “+”’= people tested positive and
“-“=people tested negative. Find P(D), P(D"), P(+|D)and P(—|D").

Student: Because 30% of the population was infected, I getP(D) = 0.3. P(D)=1-03 =
0.7 by applying the complement rule.

This question mentions 80% of the test results are positive given people with
infection, so P(+|D) = 0.8. The sentence “60% of the test results are negative
given people without infection” tells us P(—|D") = 0.6

Teacher: Great! You read it correctly. Next, find P(—|D) and P(+|D").

Student: By applying the complement rule, P(—|D) =1 — P(+|D) = 0.2 and P(+|D") =
1—-P(—|D") =04.
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Teacher: Good job. Now, we can complete the tree diagram as follows,

P DN+
~
P(+|D)=0.8
D <
P(|D)=0.2
/ ™~
P(D)=0..3 DN
7
People 4
\
P(D _:-=<.r /// D'+
P(+|D')=0.4
~
-
D (\\‘
PLID)=0.6
\\\\\ o

To find the probability of people with infection given that their test results are

negative, we need to find P ( D] —) . From Bayes’ theorem,

P(D| -)
_P(Dn-)
P
P(DNn-)
“PON-) +P(D'Nn-)
P(D| —) x P(D)
~P(D[-) x P(D)+ P(D'|—) x P(D")
0.3 % 0.2 1
T 03%x02+07x06 8

Next, to find the probability of people with infection given that their test results are

negative three times in a row, let “—3"=people are tested negative 3 times in a row.
Assuming that the tests are independent of each other, the probability of getting
negative results three times in a row given that people are infected is 0.23 = 0.008.
The probability of getting negative results three times in a row given that people are
not infected is 0.6 = 0.216.

Apply Bayes’ theorem to find P(D| —),
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P(D|-?)
P(DNn -3
TPy
P(DNn -3
“PON-3)+P(D'n-3)
P(D|-*) x P(D)
~P(D|=3)x P(D) + P(D'|-3) x P(D")

B 0.3 x0.23 24 1
T 03x0.234+0.7x0.63 1536 64
P(D|-
Now, find the ratio of Gl .
P(D|-3)
1
) P(D|-) _ 3 _ .
Student: P 013) 6% 8, so I choose item 2

Teacher: Well done. This question also suggests a method to help reduce the rate of false
negatives. If a patient is tested negative once, we can’t be sure he/she is free of the

disease. We have to test a few more times to be more certain.

Zhl - AT DUAEHREAE R M frEEEE -
et D= YRR D=2 A BEEAYRIIRR > “+ = iebasd R A5
Mo R = imBadE R RletE
skt P(D), P(D), P(+|D)FI P(=|D")

KB 30% R FAHEE: » ATLAP(D)=0.3 - FaREER] » AT LIRE]

P(D)=1-03=07"
8 HEZ R RAH B S EHAYREE I T 80%H M ERas R Rl » ArlAFm]
DL P(+|D) = 0.8 - 55408 H 52 2“5 R 49 &5 A R f2 MR BV B2 A1 Ky
60%” » u[{G%] P(—|D") = 0.6 -

ERT - REF | IRERE R ERENE o B A il P(=|ID)RP(+|D) -

B HerEEM > s LE HP(ID)=1-P(+|D)=02 f1 P(+|D)=1-
P(—|D") =0.4-

EHT ARG | BE N AREA v LASER T & 2E (E IR E T
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P DN+
.//
P(+|D)=0.8
D <
// P["— Dy=0.2
/ ID)=0-
P(D)=0.3 oA
//
People <
N\
P(D')=0.7 - DN+
\ .-'\f //, |
P(+|D")=0.4
-
P
D i\\\
P(ID)=06
\\\\\ Dlﬁ

MEERF EBERBREENELT > ZRAEE RS LHNIERR
P(D| =) > AT LA A H IR EHETEP(D| —)AF -
P(D| -)
_P(Dn-)
P

P(DnN-)
“PON-) +P(D'N-)

P(D| —) x P(D)

“P(D[-) x P(D)+ P(D'|—) x P(D")

0.3 % 0.2 1

T 03x02+07x06 8

% BEHEERG =S H et gt - BIUREiieR k- "RE
HRAE = KRG RPN - TERERsE R A A 2R T HZRA B
{45 - A = TR BFE IR F50. 23 = 0.008. #53% R R4 9
LA — AR FoP2 IR 0. 63 = 0.216.

P E R A EP (D |- DA T« JfT e ta2 )+ .

P(D|-3)
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B 38 ol

a

P(DI-)
_P(Dn-?)
P(=)
B P(D N -3
P(DN=3)+P(D'Nn-3)
) P(DI-*) x P(D)
P(D|-3) x P(D) + P(D'|-3) x P(D")
~ 0.3 x 0.23 241
0.3%x0.234+0.7%x0.63 1536 64
%E';ﬂ3=é=8’%uﬁﬁﬁﬁﬁm°
AT KT | A E R (A LU S SR L IR - R AR
BRI - RIVERILRHERYRRRTEAGEIN - SRBEKT
DIFE RIS |
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Brxh
System of Linear Equations with Three Unknowns

=n—RAHEA

IR EE T RER T EE R

B A/S Introduction

HATER] T A e — X524 - &P AVIE(E T - MRS g =

RABH—TITREE

OB R A ARG FE PR A Y R -

B :d% Vocabulary

’-I-HEE TTZ%JHZ%FUE%EH]%

R =TGR4 - B T EHWIIRON X% > T g2E s

¥ thi BF thi
system XA apply JEH
elimination R eliminate HE
Gaussian Elimination SETHEE substitute U
substitution B yield FEE
equivalent EER interchange i
original [ transform REfA
coefficient 5B reduce Vi
entry A align R
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O The key step in this method is

#4)(1) : The Kkey step in this method is to eliminate the variable.
B TTAR RS BRI R PR -

#i14](2) - The key step in Gaussian Elimination is row reduction.

RAH AR B S IRTRE L -

O We use for

#la)(1) - We use 0 for the missing coefficient of the y-variable in the equation.
HATHZEARARR TR AR DHARE 5 -
#4)(2) : We use parentheses for grouping terms in the equation.

B TRFESRAGR e A4 -

©® Align vertically in the equations.

f4)(1) © Align the variables vertically in the equations.
RETRE U Y S H T -
#l4](2) + Align the decimal points vertically in the columns of numbers.

et B 1 o Y/ NEECRE T TR -

O Multiply by

#4](1) - Multiply one of the equations by a nonzero constant.
i E R — (TR RS E—(EIEEE L -

##147(2) - Multiply a row by a nonzero constant.
FE R — TR E—EIEE L -
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® Add to

fla)(1) © Add a multiple of one row to another row.
R TRV EBINE S —1T k-

#4](2) - Add a nonzero constant to both sides of the equation.
I EEHEBINE] F AT E -

® Substitute for

fl4)(1) : We substitute 1 for z in the beginning.
P E Skt z BH 1 -
fil4)(2) : Substitute the obtained value of x for the x-variable in the original equation to find

the corresponding y-value

RERAFHY x (EAAJRETRETHY x B8 > DR EEEry y H -

® Replace with

#l4](1) - Replace z with 1 in the equation of x — 2y +z = 4.
BHER x—2v+z=4 Wz BRI -
#14](2) - Replace the fractional coefficients with whole numbers by multiplying the entire

equation by the least common denominator.

PR T RE R LA/ N (R B P DU o B R B A T B
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B RIEEFERE Explanation of Problems

o A ®
In this section, we solve the system of equations based on the elimination method. The

elimination method will be extended to Gaussian Elimination, where we have to conduct the row

operations. Real-life problems regarding the system of equations will be mentioned as well.

The method for solving a system of three linear equations is similar to that for solving a system
of two linear equations. First, eliminate one of the variables to obtain a system of two linear
equations. Subsequently, we use the method for solving a system of two linear equations to find

its solution.

In a system of linear equations, write the constant terms of each equation on the right side of the
equals sign, while the terms containing variables are written on the left side in a fixed order, as

in the system of three linear equations shown in Figure (a).

Solve the system of equations Augmented matrix

2 3 —1 ]| 10 |« firstrow
1 2 5 |—15 |<«— second row

2x+3y —z =10 -1 1 2 —7 |<«— third row
x —2y +5z =-15 _T -
—-x+ty +2z2=-7

1st column

2nd column
3rd column
4th column

Figure(a) Figure(b)

Extract the coefficients of the variables and the constant terms from this system of equations in
order, and represent them as shown in Figure (b), which is called the augmented matrix of the
system of equations. The vertical line in the augmented matrix is used to distinguish between the

"coefficients" and the "constant terms," but it can also be omitted.
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1 a b d
Transforming the augmented matrix to triangular form ([0 1 ¢ e| is Gaussian elimination.
0 0 1f

Below are the operations needed to transform a system of linear equations into triangular form.

These operations result in an equivalent system.

® Interchange any two equations of the system.

®  Multiply (or divide) one of the equations by any nonzero real number.
® Add a multiple of one equation to any other equation in the system.
For example,

Augmented matrix

2 3 -1]10
1 -2 5§ |15
-1 1 2 |-7

Interchange the 1st and the 2nd row.

1 =2 5 |-15 j—
2 3 —1]10 |2

-1 1 2 |-7|<«<—

a.) Multiply the 1% row by (-2) and add it to the 2™ row

b.) Add the 1 row to the 3™ row

1 -2 5 |-15
0 7 —11| 40
0 -1 7 [22|<x(-1)
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Multiply (-1) to the third row.

1 =2 5 |-15
0 7 —11] 40
01 -7 22 jx(‘”

Multlply (-7) to the 3™ row and add it to the 2™ ro

1 -2 5|15
0 0 38 |-114 [ <—x(35)
~7| 22

Multiply % to the 2™ row.

1 -2 § |-15
0 0 1 |3 | <
0 1 7] 22 | <

Interchange the 2™ and 3™ row.

1 -2 5 |-15
0 1 -7 22
0O 0 1|3
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Gaussian Elimination

1. Write the augmented matrix of the system of linear equations.

2. Use row operations to rewrite the augmented matrix so that the first nonzero entry of the

first row 1s 1.

3. Use row operations to rewrite the previous augmented matrix so that the first entry of the

second row is 0.

4. Use row operations to rewrite the previous augmented matrix so that the first two entries

of the third row is 0.

w EEEENREE o

plE—

atH ¢ AEE = RTREHRE AR > m] ] DL B A MO AS -

x—2y+z=4
(FL37 ) Solve the system of equations { Ty +4z=—-17
z=1
x—=2y+z=4
(F320) Bk =rc—K 54 { Ty + 4z = —17 fi -
z=1

Teacher: In this problem, we substitute 1 for z in the beginning.

x—=2y=3

The system then becomes a system of two linear equations. { 7y = =21

I believe you are familiar with the way to solve a system of two linear equations.

Who can tell me what the next step is?
Student: Divide both sides of the second equation by 7.
It yields y = 3.
We then substitute —3 for y in the first equation.
Itleadsto x + 6 = 3.
x=-3

Teacher: Very clear explanation.
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AT ACEERIE - RPN | Az -
it - PTDUBEI— s e - | T2 20

P ERRIRZGE K e i (4 M TR Y 704 -
sERESEI R N2 ?
B K TR RE AR L T
=El y=-3"
A% Bl -3 RAFE—EITRERY y -
BE x+6=3-
g x=-3-
RN FRREEREEE -

pIE_
il AR = ROV > (EET RS — R R -

x—2y+z=4
(F£3Z) Solve the system of equations { 2x+3y+6z=-9
3x—2y+4z=1

x—2y+z=4

(F30) #oR=Jt—Z07124 { 2x+3y+6z= -9 HyfE -
3x—2y+4z=1

Teacher: This system of equations is slightly more difficult than the previous one.
The key step in solving this system is to eliminate the variables one by one.
If we want to eliminate the x-variable in the second equation, we multiply the first
equation by —2 and add the result to the second equation.
The new second equation becomes 7y + 4z = —17.
How to eliminate the x-variable in the third equation?

Student: We multiply the first equation by —3 and add the result to the third equation.

The new third equation becomes 4y +z = —11.
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Teacher: Very good.

Ty +4z = —17
4y +z=—11"

Now, we have a system of two linear equations {
We can solve it by elimination or substitution.
If we still want to apply the elimination method, which variable shall we eliminate
first?
Student: I think it is easier to eliminate the z-variable.
We multiply the new third equation (4y +z = —11) by —4 and add the result to
the new second equation (7y + 4z = —17).
We get —9y = 27.
y=-3
Teacher: After we obtain the value of y, we substitute —3 for y in the equation of
4y +z=—11.
We have —12 +z = —11
z=1
How about the value of x?
Student: Replace y with —3 and replace z with 1 in the equation of x — 2y +z = 4.
Wehave x+ 6+ 1 =4.
x = -3.
Teacher: Well done.
The key step in solving the system of multivariable equations is to eliminate the

variables one by one.

The elimination becomes easy if the coefficient of a variable is 1.

Rl TR AT RS R R
i TR HAV RSP B 12— PR -
WISRFAFTREDHEREE B ITAE Y x > BT SR S —(E TR0 DL -2 -
RRHEFR IR TRk -
HHVER (E G REA SR Ty + 4z = —17
AT BRES = (E Ay x S EE 2

B4 0 BMRe R E —(EDT R -3 MRS RN B = E e L -
S = (TR 4y + 2= —11 -
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T R o BRI —E e R E 4R 1 TR AR TR
P AT LABR B 20 A8 AT KA -
WIRBAWIIEFE R A0 » TRAMMEZ ST H PRI 2
B4 Bl RoHbR - BEEthis 5, -
HAFT AT LURERT IS = BT HE 3 (dy + 2z = —11) SRLL —4 > ZARABHE RN EHTHY
FEHERX Ty +4z=-17) L -
FE -9y =27 - HER y=-3-
ZEN TERRAIHEE y B o BT 3 RATERX v +2=—11-
BE —124+z=-11>HER z=1-
ARFE x {HYE ?
B4 IRMIRTLURE y 2k =3 0 iz ke 1 (RATTIE x =2y +z=4-
FE x+6+1=4°FHER x=-3-
ZH ISR
(eiE— Nt R T DI - A2 (BB TIRAH AV BRI B 2 22— MR
BEE o MBIV EGES 1 HRBEMEEESET -
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x—2y+z=4
(F£3Z7) (1) Write the augmented matrix corresponding to the system { 2x + 3y + 6z = —9
3x—2y+4z=1

(2) Solve the system of equations with Gaussian Elimination.

(th30) Bt =Jo— KOGt E AR ARG DA i H 25 750K 8 -

x—2y+z=4
2x+3y+6z=-9
3x—2y+4z=1

Teacher: The matrix derived from the system of equations is called the “augmented matrix”.
We align the variables of each equation vertically and then list the coefficients and
constants as the entries of the matrix.

The dimension of the augmented matrix is three by four (3 X 4).
1 -2 1 4
It is [2 3 6 —9].
3-2 4 1
Any questions about the augmented matrix?
Student: No.
Teacher: The key step of Gaussian Elimination is row reduction.
We expect the augmented matrix to be in a triangular form.

In other words, all the entries below the main diagonal are zero.

To make a,; zero, we multiply the firstrow by —2 and add the result to the second

rOW.
1 -2 1 4

The new augmented matrix becomes |0 7 4 —17|.
3 -2 4 1

How to make a3; zero?
Student: We multiply the first row by —3 and add the result to the third row.

1 -2 1 4
The new augmented matrix becomes [0 7 4 —17].
0 4 1 —-11
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Teacher: Very good.
If you compare this augmented matrix with the calculation process in the previous
question, they actually represent the same equations.

There are several ways to make the entries in the lower triangle zero.

For example, we can multiply the second row by _74 and add the result to the third

TOW.
1 - 1 4
The new augmented matrix becomes [0 7 i __197 .
0 0 — =
77

Now, the entries in the lower triangle are zeros.
Check the third row, what is the value of z?
Student: Itis 1.

Teacher: Correct.

We can multiply the third row by %7.

1 -2 1 4
The augmented matrix becomes [O 7 4 —17].
00 1 1
x—2y+z=4
The equivalent system to this augmented matrix is { Ty +4z = —17
z=1

This system is the same as the first example.
I would like to skip other steps in solving this problem.
Any questions?
Student: I’'m not good at the calculation of fractions.
Any other methods that I can use to operate the augmented matrix?

Teacher: This is a good question.

1 -2 1 4
In the augmented matrix [O 7 4 -1 7], we can multiply the third row by —2
0 4 1 —-11

and add the result to the second row.

1 -2 1 4
Wewillget [0 -1 2 5|,
0 4 1 —-11

What will be your next step?
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Student: I will multiply the second row by 4 and add the result to the third row.

1 -2 1 4
The augmented matrix becomes [0 —1 2 5|.
0 0 9 9

Teacher: It works.

R

Eh

EH

The result also tells you that z = 1.

You can solve the remaining variables with substitution.

TRHAR BN B2 B e (L B2 L A R PR Ry g RE e
Bk G E TS BE TR MR AR B RAEER TR -
TR AR R =T VUS (3 x 4)

1 -2 1 4

Rl 3 6 —9] o [FIEHTT » SHE AT (RIS ?
3-2 4 1

LA -

S HTH TR RS SRR THRRR -

TS R e 2R = AP -

BAJEEER - BRI TT R AE

Ry TIETCR an BZ > WTREFE TR -2 WS RINEEE =T -

1-2 1 4
TR R P S Ry [o 7 4 —17|°
3-2 4 1

WHEIETTE a3 AZEIE ?

LIRS TR -3 - USRI =57 -

1-2 1 4
TR A e Ry [0 7 4 —17] °
0 4 1 —11

FRHAF -

YOS ORECE IS (s AR AT T — (P RE AR T RE s - IR ol DL R th M B E
ERFTHERGER

HIF A LGE T =ATRE AT -

B > FefPTa] URFSE — 173 A _74  WRHERIIEISE =17 -

BYOEE AR EERE TR E R
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i -

R

i -

| —» 1 4
%mﬁ%%@%%k 7 4 Ul sE TEANTREEs -
0 0 7 =
R E S =T z (MEREZ/D ?
D zfEE L
TERE -

BT LB =T 5 -

1 -2 1 4
T}Eiﬁﬁﬁﬁﬁ%[o 7 4 —17]0
0 0 1 1
x—2y+z=4
5@%@@@%@%%@@%{ Ty+4z = —17 ¢
z =

S (TR SH B — (A AHIR] - PR g i (i e Ay A 2D B
BRI ISR - 3 FLA AN 2

CORERETE R

B HA 5 7A T] DU E SR AR e
B —EF R -

1-2 1 4
AE b FE [o 7 4 —17] o BT LIRSS =AToREL =2 0 RS AT
0 4 1 —11
HEFH AT
1-2 1 4
BT A2 [o -1 2 5 ‘ °
0 4 1 —11

ARIEE - AREEAS N2 BT ?

DRI LRSS —ATIR 4 FREER B =17 -

1-2 1 4
R RS Ry [0 -1 2 5] °

00 9 9
SR E A TIITA -

GREE z=1-
HefPREE A DU 8 QO AAOR L BRAT R EY -

BB B EFRETRLY HE

F%’}} ’I
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(L) Let ¢ be a real number such that the system of three linear equations has no solution.

Find the value of c.

x—y+z=0
2x+cy+3z=1
3x=3y+cz=0

x—y+z=0
(30 5% ¢ HEHEG =T —XEH {ZX +toy+3z=1 fEfF o FUEH ¢ Z(H -
3x—=3y+cz=0

M3 @2 3o H2z O3
(111 BRI 2 )

Teacher: First of all, we write the augmented matrix for this system.

I1-1 1 0
It is [2 c 3 1],
3-3 ¢ 0
We can apply the process similar to the previous problem to make a,; and a3
zZero.
Who can explain the process?
Student: To make a,; zero, we multiply the first row by —2 and add the result to the second
rOW.
To make aj; zero, we multiply the first row by —3 and add the result to the third

Tow.

The new augmented matrixis |0 2+4+c¢ 1 1

0 0 ¢—=30

I -1 10]

Teacher: Check the third row, you can find out that there will be infinitely many solutions to
the systems when ¢ —3 = 0.

We can divide the third row by ¢ — 3.
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I -1 1 0
The equivalent matrixis [0 2+¢ 1 1.
0 0 1 0

We then multiply the third row by —1 and add the result to the second row.
What is the result?

1 -1 1 0
Student: Itis [0 24+¢ 0 1},
0 O 1 0

Teacher: Check the second row, what value of ¢ will yield no solution?

Student: If 2 + ¢ = 0, the corresponding equation is Ox + 0y + 0z = 1.
There is no solution when ¢ = —2.

Teacher: Very clear explanation.
Finding the determinant of the coefficient matrix also helps figure out what value of
¢ will yield no solution.

We will leave this method to the next section.

Zh . EHY o WP HEE G REHA I R -

1-1 1 0
ﬁﬂ%[2 c 3 1]0
3-3 ¢ 0

ST LA — RN AT RN ay A ay SR 2
B RIS TR —2 > AR IR T -
A DU — (TR, -3 » WSS =57 -

1 -1 1 0
0 24c¢c 1 1
0 0 ¢—-30

Ehl : feE— TERRVEE =17 > JEZIRE S A LIS ¢ = 3 AR A IR A% -
BT LIS =1TFR Ae — 3

o

B R

1 -1 10
LEAEEFEEZ|0 2+ ¢ 1 1‘ o YIRIRICFRPEAVEE =173 A1 > fJIEIFEFEHE
00 1 0
AT > 45T ?
1 -1 10
B 2|0 24¢ 0 1]o
00 10

16 BT AREE RS TR TR



-~
3

KT INEFFRT R ENLT P % EEA

@

HEBMIE P L

a

LR AR e S (EAERAYSE AT o o (HRZ/ DR R B IR 2
B R 2+ =0 FUATARNTEE Ox+0y+0z=1-
s > EEGEAE ¢ = -2 FHEE -
EhN . ERESRIERE o STRGBOERERT Tt i IR BRI E S S -
HE R MHC S A 2 T —(E =R -

plIE=
s - AEFREARER R =T —RITIE4 » K -

(Z£37 ) Given the quadratic function f(x) satisfying f(—1) =k, /(1) = 9%, f(3) = —15k
and k£ > 0. If a is the x-coordinate for the vertex of f(x), which of the following is
true?

(A) a<—-1
(B) —1<a<l1
C)a=1

(D) 1<a<3
(E) 3<a

(30 EREGB - REHEALE f&) mef(-D=k>f(1)=9% f(3)=—15k>
Hrpk >0 - g5y = f(x) EZTEEAY x A48 Ry a » SUEEHD TERERYZEIH -
1) as—-1 (2) -1<a<l @B)a=1 @& 1<a<3 () 3<a

(110 FHLIEHF 2 )

Teacher: We can assume f(x) = ax? + fx +7.
To make the problem easier to solve, we further assume k= 1.
Who can list the corresponding system of equations based on the given
information?

a—p+y=1
Student: Itis at+f+y=9
9o +3f+y=—15

Teacher: How to solve the system of equations?
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Student: We can subtract the first equation from the second one. It yields 24 = 8.
Replace f with 4 in each equation.

aty=>5
90 +y = =27

The equivalent system is {
Teacher: What is the next step?
Student: Subtraction again. The second equation minus the first equation.

It yields 8a = —32.

Alpha (a) is —4.

Gamma (y)should be 9.
Teacher: What is the x-coordinate for the vertex of f(x) = —4x* +4x + 9.

Student: We can apply the formula x = ;—j,

) -4 1
In this case, x = ==

The correct choice is (B).
Teacher: It is easier for us to solve this problem when assuming £ = 1.
If k is another positive value, the graph of this function has a vertical translation.

It actually does not affect the value of the x-coordinate.

EET  RPTATDAMERES f(x) = o® + fx+y o
Ry | B E R SR B Eakk=1-
sERES I HRIEFT4a (5 SR tHAVRHIETH24E 2

a—pf+y=1
{ at+tp+y=9 -
90+ 3f+y=-—15
D AR (E T REAENE ?
B4 0 M DA SE R R A — e 58] 28 =28 ¢
i BB 4 (AABHETTRER S -

s, - -

ERl N EEREDERE 7
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FETREURE S —(E e - 155 8a = —32-
aFy—4 -y JEZE 9 °

T —TC TEREL () = —4x® 4+ dx + 9 AYTEES x AL By fa ?

__4_

KM EAAR x =3 FIVEEERE x == =
EET ERIE k=18 - SRS R -

M kRSB - S ER B g RS -
(BB R SRR x AT -

o

N | —
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Operations with Matrices

B T R B B R S

B A/S Introduction

eFEAS Y BRI L FAREI A B R —(EFE TR RS - BIa] P picEfE - REREAE AN T8

= PR e BN AR A e B S S P R B - B

IR -

B % Vocabulary

XERERNBUIETTER AR

Eﬂikznn %Eﬂ’ I:F'J'L,\

IE=$ il

TUARFS T 4EHE Y

B¥ g B¥ thE
matrix pil L dimension (FEFERY) PE S 425
array e %71] subscript T
row 1) column T
diagonal EapasE element (JERERY) JT 5 TR
horizontal 7KEHY vertical EEHH
corresponding HIER undefined REFEN
augmented Y coefficient HE
identity x5 55 inverse iz)Sa:e)
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determinant 175 distributive SrHCHY

associative EEr communicative AR

B HEBEQEBEERGF Sentence Frames and Useful Sentences

O® An m X n matrix is

fH4](1) © An m X n matrix is a matrix having m horizontal rows and n vertical columns.

— i m X nfEFEREE—(E BT m PSR o (8= B THYRER -

fH14J(2) * An m X n matrix is a rectangular array of numbers with m rows and 7 columns.

—flil m xn FEEMEUE—(EEA m SN n TTHVER B A -

® The element a;; represents

f54](1) © The element a;j represents the number in the ith row and jth column of the matrix.

L2 ay (RFAERERE | TS J (TR -

f54](2) * The element a@;j represents the number located at the intersection of the ith row and

the jth column within the matrix.

TLER ay (RRALHEE TS § FIEAEE j {73 RS -

® Two matrices are equal matrices if

fil](1) * Two matrices are equal matrices if they have the same dimension and corresponding

elements.

R R EFERE B A AR R RS T ZR - RIE PR SRR -

f515)(2) : Two matrices (of the same dimension) are equal matrices if their corresponding

elements at each position are equal.

& W {18 B TH E 4 Y R A A (1 B WY T R A S - AR A -
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® We add/subtract two matrices of the same dimension by

f54](1) : We add two matrices of the same dimension by adding their corresponding

elements.

HATRHAR R FE R R (B AR AT T S i R P L B R TR E R

f545](2) © We subtract two matrices of the same dimension by performing subtraction

operations on their corresponding elements.

BT R4 FE B R (EFE AR R - S B R M e i B T R TR R -

® The product of the real number &k and the m X n matrix

f514J(1) * The product of the real number k and the m X n matrix still has the dimension of

m X n.

HE kB omxn JEERERIATIAEA mXxn B4R -

{%14](2) : The product of the real number k and the m X n matrix 4 = [a;] is called a

scalar multiple of 4.

BE AR mxn JEH A = [a;] FIZRFEHTE RO A 1580 -

® To calculate the product 4B of two matrices, .

f54](1) * To calculate the product AB of two matrices, the number of columns in matrix 4

must be the same as the number of rows in matrix B.

TR R EE 4B Hysfers - FERE 4 Y5 B REEE B HUTTEAEE -

f15](2) : To calculate the product 4B of two matrices, we sum up the products of the

entries of a row of 4 and the corresponding entries of a column of B.
ST R R EE 4B Hysfers - FMTRIERE 4 #Y—1T PRy TR EEE B #YTHIES
PHYTCERAET TR - MG RS SRR -

BOOMEABEFRE TR EEAR F
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® A square matrix has

f54](1) * A square matrix has the same number of columns and rows.

— T LR A M EIAY S ISR TE -

f54](2) * A square matrix has entries a,;, a», a3; and so on in its main diagonal.

—E AR B AR ERTTRIRR Ry ay > an a3 FE e

m [5REFE#E Explanation of Problems

«3 :RAA

In this section, the fundamental operations of matrices, which include addition, subtraction,
scalar multiplication, and multiplication are covered. Matrices share several properties with real

numbers, but it is important to note that matrix multiplication is not commutative.

Arranging a group of "numbers" or "texts" into a rectangular format of m rows and » columns,
and enclosing them with the square bracket to be considered as one entity, is called an m X n

order matrix or a matrix of order m X n, as shown below.

a, &, ... 4, |Istrow
a,, a,, a,, 2nd row
A= . :
| aml amZ DR Ay i mth row
1st column
2nd column
nth column

This can be abbreviated as A = [ai j] where the element a;; located in the ith row and jth

mxn

column is called the (i,j) element of A. Furthermore, matrices are generally represented by

uppercase letters such as A, B, C, etc.
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(1) Addition or Subtraction

Let A= [ai j]mxn and B = [bl- f]mxn be matrices of the same order, defined as follows:
® A+B= [ai i+ b f]mxn (adding elements at corresponding positions);

® A-B= [ai i — by f]mxn (subtracting elements at corresponding positions).

(2) Scalar Product

Let A = [ai f]mxn and & be a real number, kA is defined as

kA = k[aij]mxn = [kaij]mxn (every element a;; is multiplied by k).
(3) Multiplication

If A= [aij] isan m X n matrix and B = [bij]nxp isan n X p matrix, then the

mxn
product of Aand B, C = [Ci j]mxp is defined as an m X p matrix satisfying
cij = (@j1bqj) + (apbyj)+... +(ambnpj)

This can be seen as the operation similar to the dot product of the it"* row of A with the

jt" column of B.
4th column
(1 OO0 OO % [
[I:I O D] 00 0O
2nd row — | @ # S 0 O O

A O
& [
(2x3) (3%5)

4th column

U [] []
0 O O @% + #* + $& [ | <2nd row

(2x5)
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BlE—
st AEEAERATINE o TR RS A R ESE A I AR B BT -

(L3 ) For the following matrices, evaluate 4 + B and C + D if possible.
2 -1 4 2
a) 4= [1 0 ]’B: [2 1]
2 -1 51 ~ 4 3
b) C= [1 0 6]’D_ [2 1]
(FS2) HRLATNHYERE » 205 mlgefdVeEs » 5T 4+ B I C+DHJH -

2 a=[; Gle=; ]

nye=[i 5 o=l il

Teacher: Before we calculate the sum of two matrices, we need to ensure that both matrices
have the same dimension.
If two matrices have different dimensions, their sum is undefined.
In the two problems mentioned here, can any of you tell me which one is undefined?
Student: The answer in part b.) is undefined because the dimension of matrix C is 2 by 3,
while the dimension of matrix D is 2 by 2. Matrices of different dimensions cannot
be added.
Teacher: Your explanation is very clear.
Now, let's solve the problem in part a).
To add two matrices of the same dimensions, we add their corresponding entries.
Can any of you provide the answer to part a)?

Student: This is an easy question.
.6 1
The answer is [3 1]'

Teacher: Well done
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YR FIEFE A A ERVERE - SRS R EFEHAT -
BRI EM MRS > 728 A PLETHI— (2R #rI0E 7

bob) YBRFEEARERN  INAERE C AYAERERE 2 X 3 MAEMRE D AUMEEZ 2 X 2

AN [E 4 R A FE P AR R AR

DORAVERREERERE o L BEIRMIER @) HURDRE o

S R (T e RE M RETAEL T > P S P R B TE AN - 0 A
SHEAE o) BT ?
& R A LA P -
savERe 5 ]

REF -

SR ¢ A (R AR -

(F30)

(0

Teacher:

Student:

Teacher:

166

Solve for X in the equation 3X + 4 = B, where 4 = ﬁ —0 1] and B = [421 ﬂ

IR X+ =B PRy mpa= Y A B=[] 1]

Matrices share several properties with real numbers.

In this problem, we aim to solve for X in terms of 4 and B, treating A, B, and X as
variables.

Can anyone tell me the answer?

To simplify the equation, we subtract B from both sides: 3X' =B — 4

Next, we divide both sides by three:

Therefore, the final result is:
1
X = g(B - A)

Very clear explanation.

We then substitute the matrix for the variable. What is the answer?
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Student: B—A4 = ﬁ ﬂ

Teacher: Well done.
Ll FEREBERCA (I EAVER I - AR S R AR H AR 4 B
X g X
HRA NREETHREZFIE ?
B4 0 B TREIE  JIHERBRE B 3X=8B-4
PETRAR - TR EABRLL 3 -
PRI » B8 AYEEIRIE

X=

W= Wik
W= —

1
X=3B-4)

bl IR -
B RITEIERE AR - SRR 2

g4 0 B—A= ﬁ ﬂ

|

X=

W= WIN
W= —

Ehh R -

o 3SR RS TR R



N R WEFEET 2 ENERT P o EMIASEHBHEFL

plE=
st ¢+ AR AEHAYRE -

— . _ 2 _1 5 _ 4 2
(L3 ) Find the product of AB and BA where A = [1 0 6] and B = [2 1].

2

(¢Y>ﬁ%ABﬁBAmﬁﬁ,g¢A=h

o dee=h il

Teacher: To calculate the product 4B of two matrices, the number of columns in matrix A4
must be the same as the number of rows in matrix B.
What are the dimensions of the two matrices?
Student: The dimension of matrix A4 is 2 by 3, and the dimension of matrix B is 2 by 2.
Teacher: By checking the dimension, can you tell which product is undefined?
Student: The product 4B is undefined because the number of columns in matrix 4 is different
from the number of rows in matrix B.
Teacher: The product 4B is undefined, while the product B4 is defined.
This explains that matrix multiplication is not commutative.
What is the dimension of the product B4?
Student: 2 by 3.
Teacher: Now, we have to sum up the products of the entries of a row of B and the
corresponding entries of a column of A4.
We need to calculate the sum of the products of the entries in a row of matrix B with
the corresponding entries in a column of matrix 4.
Can any of you tell me the answer?
Please come up to the dais and calculate the product of matrix BA.

Student: [4 2]><[2 -1 5]_ 4%x24+2%x1 4X(—1)+2%x0 4%x5+2x%6
2 1 1

0 6l [Rx2+1x1 2x(=D+1x0 2x5+1x%x6
:[10 —4 32
5 =2 16

Teacher: Mary's calculation process is very clear.

It's recommended that students, when calculating the product of matrices, first write

down the individual element calculations and then carefully evaluate them.

168 BEENEEERETRLY EEERT R



"*?ﬂf'?%TﬂﬁWﬁT? o EEASERBHRESL

T EETRMIEAERERYRIE 4B 0 FEFE 4 AYYIBUVHEIAERE B AYITEAEE -
75 0 {1 R PR Y 40 P R R 2

B4 0 FERE A BRERERE 2%3 0 TAERE B HUMEEE S 2%2 -

T BT  REES S ST ESRE R A E RS 7

B4 0 FEME AB HUSRIREARERN > RRHENE 4 (U5 SELEE B A9 THRE -

LN FEM AB WUSRRRRAERRY - (EZIEME BA HERIERAERD - B TR
fESRE RN AAACHAR -
FEfd BA HHEEEZ/D 7

B Z2X3

LN A FRAMFRERIE B fy—{THRRIH E BAER 4 AYRHIESIRYIE H RS
M - MRSt HAER B AY—1THAYIH HEERE 4 AUAEES R AYIE H Y

k& 2 A -
HIGHE N A DL S ZEE ? EnTEsEE B4 MZEE -

B [4 2]><[2 -1 5]:[4><2+2><1 4x (=) 4+2%x0 4xX54+2x%6
6 2x24+1x1 2x(-D+1%x0 2x5+1x6

:[10 —4 32
-2 16

FH  IBFIETEBRRUEE -
AT BRI TR B T AT A F I - PR LKA -
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(L) A group of three restaurants serves various dishes, each specializing in a different
cuisine. The number of dishes prepared at restaurant j for a particular cuisine i in one

day is represented by a;; in matrix 4.

100 40 320

4= [50 20 160
Determine the updated production levels when the overall production of dishes is

increased by 10%.

(th30) H=FE B —(EE At S e - Fa g8 BEEEN A ERRE RS -
FE—RPEHE j RFPerEEES @ EEISRERE R 4 0 a; FoRe

100 40 320
50 20 160

SRR RS A EE B 10%0EF  SEEE TRV A EAKE -

|

Teacher: According to the description, the number of dishes prepared at restaurant j for a
particular cuisine i in one day is represented by a;; in matrix 4.
Can any of you tell me the number of restaurants and cuisines mentioned in the
question?
Student: The dimension of matrix A4 is 2 by 3.
There are 2 rows and 3 columns. It means there are 2 cuisines and 3 restaurants.
Teacher: Assuming these two dishes are named "Xiaolongbao" and "Stinky Tofu," these
three restaurant names are "Luhe," "Haihe," and "Konghe."
Could any of you explain the meaning of entry 320 with some context?
Student: Three hundred twenty is in the first row and third column.
It means that the Konghe restaurant sold 320 " Xiaolongbao " on that day.
Teacher: Very clear explanation.
If the production of these cuisines is increased by 10%, what is the new production
level?

Student: Multiply 320 by 10%. It is 32.
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Teacher: Your answer should be the sum of 320 and 32 because the new production level
takes the original production into account. Therefore, we can calculate 320
multiplied by 110%, which is 352.
Now, let’s determine the solution to this problem using the scalar product of the
matrix.
Who would like to show the work on the board?

Student: Let me try.

100 40 320]_[110 44 352

1'lx[so 20 160l = lss 22 176

Teacher: Great.

CHT . MRIERGAC BB j E—RPRFFERSEE | EEISEREEREE 4 F8a;;
TR e
HieA Nl g (E A P IR R B B AV E 7
B JHBE A HYMEERE 2X3 -
H 2 A7H 3 Al - BN 2 fERE 3 EEE -
EHT . EEIEE A B A INERL T AEIE > ME =B ER I
FO~ TR0 FO T AER .
A NBESIfERE—T 320 VS FRIG I E—E5 =R iAvuE ?
320 Y EE—1T =51 -
B4 EFon TN BEEERENT 320 & T/NGERE -
EHN . IREEIEHIRERE -
MNP ELENEEEIT 10% » #HVEEAKEEZ/DIE ?
ERAE L 320 ELA 10% 0 B EEEZSE 32 -
EHN  IRAVEZEIEZIE 320 11 32 HYAEAT » (RRHVAEE /KSR T R GE EKF -
PRI PRI PAGTHER 320 3feLA 11096 - #1551 352 -
HAE - SRR S R (R B s g = (R -
sfERAEAE RN R AR AR e 7
B BERGEE -

100 40 320]:[110 44 352
50 20 160 55 22 176

W SR

1.1 X
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(L3 ) Arestaurant offers two dishes, pasta, and sushi, and serves them at three different tables.

The number of units of dish 7 served at table j is represented by a;; in the matrix 4.

4= [120 (1) 2]

The profit per unit for each dish is represented by the matrix B.
B=1[50 10]

Calculate the product B4 and explain its significance in terms of the restaurant's

earnings.

(FP30) — BRI ES - FAMNENIEF ]  WAE =5RA FHY R BRI -
Feon i fERTj EIRBEHVREEHIERE A THY a; TR -

A= [120 (1) 2]

FrE SRR AL R B R -
=[50 10]

=

STHEOR BA MR R BB T AT -

Teacher: This problem requires you to calculate the product of B4 and interpret its meaning.
We can begin by listing the calculation process.
Would any of you like to demonstrate the calculation process on the board?

Student: I think I can do it.

2 1 3
10 0 6

=[50x24+10%x10 S0X14+10x0 50x3+ 10 x 6]
=[200 50 210]

Teacher: For the element in the first row and first column, we are considering the revenue of

[50 10] x [

the first restaurant.
50 X 2 represents 50 dollars per pasta multiplied by 2 dishes of pasta.
10 X 10 represents 10 dollars per sushi multiplied by 10 pieces of sushi.

BOOREAREFRE TR EFRR
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The sum of these amounts gives us the total revenue received by the first restaurant.
Can any of you explain the meaning of the other elements?
Student: For the element in the first row and second column, we are considering the revenue
of the second restaurant.
50 X 1 represents 50 dollars per pasta multiplied by 1 dish of pasta.
10 X 0 represents that no sushi was sold.
50 is the total revenue received by the second restaurant.
Teacher: Your explanation is very clear.
How about the remaining element?
Student: 210 is the total revenue received by the third restaurant.
Teacher: When you think the interpretation is more difficult than the calculation, you can start

from the interpretation of a specific element.

L EEREECRIRETR BA HYSRRRI MRS
H A LIS Tt A tERE A -
TR E A NSRRI B R RsiEE ?
B 0 BRAEATLIEE -

2 1 3
10 0 6

=[50x2+10x10 50x1410x0 50x%x3+ 10 X% 6]
=[200 50 210]
RN RS AT SR ITER » TR RS R — BRI -
50 x 2 fUERErE A 50 357 > L 2 (nFe A4 -
10 x 10 (RFE D 10 25T 0 L 10 R EFEH -
ELE R RAVARRIGE ) T 58— S B BERTARUTA -
TRITE A AR DU A T R AR RS 2
B WS ATHIEE AR TR » BFIIEAESEE R BEAIA -
50 x 1 RFREIZANE 50 25T > L 1 {3 KA -
10 x 0 FrrgAaEHSFH -
50 EH R EBEHIRUA -
EHN  RAVAERREIRE R - AR —(ETTRIE ?
B4 0 210 B =B ENHEUA -
ERN B RRSRERELEE T R NS - (R AT DA R E L R AV E ARG -

[50 10] X [
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Introduction

g

B % Vocabulary

Bit+—

B PE RYfE A

Matrix Applications

AICNT e AR P e
AR (R BRI E

EbhAKLEEE

IE=$ il

- OIS - B R AV ECF R R P LAyt
IR e FRIEZSN > SRR R — (R E
M 5 TS - B IERRRE S T A A e IR B H N E B - BRI EIEE R

AL RE b A P AR e R E A FIER B h Y BRIk -

XERERNBUIETTER AR

FY AL

E¥F th3 E¥F thi
transformation kel translation ¥
combination 4HE transition L
rotation Jirdi! stability BEM
reflection wH > KE remaining Flermy
symmetry $ifE approach T
vertical EHH horizontal KSRy
map Byt image HHERY
BYEEGBEEARETREP (2 F
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yield EA stretch RE{eH
scale sth up/down NN shrink US4

m HEBGQREERAGF Sentence Frames and Useful Sentences

® Linear transformations in the plane

f54](1) © A “linear transformation in the plane” refers to a mathematical operation that takes
points from the plane and maps them to new points while preserving certain properties.
T _EAVER MR BRSSP E P HCE - A e ET E]
T RIS ] R (e B SR 1
f514](2) : Linear transformations in the plane include operations like scaling, rotation, and

reflection.

P B HYAR PSR BRI ~ BRI

(2] stretched by a factor of

f514(1) : On the coordinate plane, if point P(x, y) is stretched by a factor of h along the x-axis
(where 4> 0) and a factor of k along the y-axis (where k > 0), with the origin O as the
center, then the resulting point is P'(x’, »") is (hx, ky).
FEAAEEPHE B S LUREE O Kyl - FEBE Px,y) I x BGAIMRRE A & (K
Foh>0) Mo y BOTEMERE & (g k>0) AIFTSHTHTRLS
P(x,y) » HAMEE (hx, ky) -

f514](2) © The image was vertically stretched by a factor of 3, resulting in a taller and slimmer

appearance.

EEEAETEE T AEHIH T 3 & > FHERE S HE BRI -
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® Transform according to

f54](1) © Transform the point P(x, y) according to the linear relationship equations
x =3x—y and y =x+2y.
RIBGRMERIGE x =3x—y f y' =x+2y B Plx,y) EITEHR -

f55](2) * By applying the appropriate matrix operations, we can transform the original

coordinates according to the given linear transformation equations.

B E W FEREE - T ] DARIE Fréary S M T R 20T R A A AR 1T 5
;g\[ .

4] perform a linear transformation

f55)(1) : Using the 2 by 2 matrix to perform a linear transformation from point P to point P".
(ERENE 2 x 2 FEMUETTHER: P 2R P AYEGRMESE A

f54](2) * Using the given matrix, we can perform a linear transformation on the original

coordinates to map them onto a new set of points in the plane.
FIF%EERTHER - AT T DA AR AR TR MR S E P IR £FE_BAY
—&H TR o

(5 after (undergoing) a linear transformation by

f514J(1) : If the determinant of a 2 X 2 matrix 4 is non-zero, then a line segment after a linear
transformation by 4 will remain a line segment.
—{E PR A TN BE > RISRELRIEGE 4 BYSRIESERERT R—
1&%?\\%& °
f55)(2) : After undergoing a linear transformation by the matrix A4, the vector % exhibits

a change in both magnitude and direction.

FEACHETERE A4 HSRMESEIRIE - (M8 u AR/ RIDT A E A A -
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(6] be seen as a linear combination of

f14)(1) : The vector & can be seen as a linear combination of the vectors @ and b.
A U AR a AR b MG -

f51/5](2) * The solution to the system of equations can be represented as a linear combination

of the basis vectors.

E(ETRRHREE i) IR R R A B HVR M & -

@ rotate by an angle

f514](1) : Taking the origin O as the center, rotating point P(x,y) by an angle 6
counterclockwise yields the point P'(x',y").

DUFBE O Ryrfuts o E8E P (x, y) ST RIERE 0 AERSER: P'(x,y) -

f5]5)(2) : Taking the origin O as the center, rotating point Q(x, —y) by an angle 26 in the

counterclockwise direction results in the point P'(x’,y").

PUFES O Byrbuls > REELQ Cr, —y) Wilke St 5 R et 2 0 FfEdR 15 5P (x', ) -

O reflect across

5] a] (1) : Reflecting the point P(x,y) across the x-axis results in the symmetric point

Q(X, _y)
HREEG P(x,y) ¥ x BiETERE - SEEEE (0 —y) -

f515)(2) : When you reflect the point P(x,y) across the line y = x, it yields the point P’(y, x).
ERRIEL P(x, y) ¥y = xIVEGUETTERE - BEHVES P'(rx) »

© the relationship between and

f5147(1) * What is the relationship between the area of the new shape after a linear

transformation and the area of the original shape?

FEAC AR AR P PR 1 T o B i P2 R T R A E (T TEERE (R 2
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f515](2) : Exploring the relationship between the elements in the matrix and the resulting image

helps us understand how each element contributes to the transformation.
PR TP T R B ER B 2 TRV - BB MBI T R et H 8
EEAEHYRUR -

(10) while the remaining

f54](1) © In the urban area, 80% of people will remain in the city in the following year, while

the remaining 20% migrate to the suburbs.

AT - [ 80% MY ANATEHAES - 1Mok NHY 20% HBREFXE

f514](2) : Those who repay on time, 70% of them will continue to do so in the following

month, while the remaining 30% will have delayed repayments.

ARSI - IBAA 70% {(rGEEERHER - MHER 30% HIg R

S Ep,

=ak e

m [ERE:EEE Explanation of Problems

o8 :RAEA ®

In this section, we will apply the fundamental operations of matrices to perform linear

transformations in the plane.

Take the 2 X 2 matrix A, which is [é ﬂ, for example.

11_M 01_12 . . .
If A [0] = [3] and A [1] = [1], then it can be interpreted that point P(1,0) and Q(0,1) are
transformed by the 2 X 2 matrix A to correspond to point P'(1,3) and Q'(2,1).

+ 2y

N X x
Additionally, from A [)’] - [Bx + 1y

], we can also know that a general point R(x,y) can be

transformed by the 2 X 2 matrix A to correspond to R'(x + 2y, 3x +y).
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Givena 2 X 2 matrix, A = [é i , e = [é] and e, = [(1)]

If AQ2%; + 38;) = 248, + 3A4%; = 2e| + 3¢}, then e] = B] and e} = [ﬂ

,/' 28’1 +3 eé

after the transformation

After the transformation by the 2 X 2 matrix A, the coefficients of the vector's linear

combination remain unchanged. Therefore, we refer to it as a “linear transformation in the plane”.

» EEHEFENER o8

pIEE—
st ¢ AR AR EARRE - AT DB R IR _EAVRER]

(3L ) The transformation matrix T = [? ;] is given. Find a point Q that, after undergoing

a linear transformation by T, corresponds to the point (4, 6).

(30 4 R T=[2 1] #8685 0 - (EIAGE T HIMM SR ATEER,

(4, 6) °

X
Teacher: First of all, we arrange the coordinate of point Q in a 2 by 1 matrix [ y ]

X
According to the descriptions, the matrix equation is [? ;] X [ y] = [2]

X
Do any of you know how to solve the variable matrix [ y ]‘?
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Student: We have to find the inverse of matrix 7.

The determinant of matrix 7 is six minus five. It is one.
. 3 -1
T inverse would be [ 5 9 ]

We have to multiply the inverse to both sides of the equation.
Teacher: Do we multiply the T inverse in the front of the variable matrix or at the back?
Student: We multiply 7 inverse in the front of the variable matrix since 7 inverse is applied

to the front of 7. Let me show the work on the board as an explanation.
I A R P
te= [ 25 S 1x[5 S IxBI=l = G1=1]
Right = [ %5 5[] =[5

Teacher:  Well done. The point Q is (6, —8)

In this question, we perform the basic linear transformation on points.

Later on, we will extend this transformation to include segments and vectors.

Sep S TP Q BRI —(H 2x 1 sk [ ] - RISRER > AR TRRR

 Ax[] =18 A s [ ] e
B FPTEREERE T SN -
BT #9TAIE 6—5 = 1 - Ty 5 )]

P E R OB MR P DT REHHE -
Rl EREOERE T SR S BOERERT AT B 2R me ?
R SRAESEUEREAATE - N A RER T Esf e T AYATHE - SBRAERMR ER T

SRR -

S S R

15 SIS sIxBI=lo WxGI=1
155 SIxlEl =15

EHL SR - Q BEHVAARE (6, —8) -

Vi

e

H

i
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st ¢ AEE SR VAR EACE - FET AT LU e R B ATV _E SR e am AR PR AR
RS EIEE -

( £ 32 ) Given a linear transformation T that transforms the point (0, 1) to (1, 3) and
simultaneously transforms the point (6, —8) to (4, 6), find the corresponding 2 X 2

matrix 7.

(30 ERPREGRMESER T RERE (0, 1) BEURES (1,3) > FEIREREE: (6, —8) SRy
(4, 6) > SKESERY ZFETHH T -

Teacher: This problem is similar to the previous one.
The coordinates of a single point can be organized in a 2 by 1 matrix.
We can assemble the coordinates of two original points into a 2 by 2 matrix, and

similarly, we arrange the resulting images in another 2 by 2 matrix.

A:ﬁ —AB L d

The transformation matrix 7 is assumed as [a d]'
c

The matrix equation would be [CCZ Z] X [(1) —68] = [; 2]

How to solve this matrix equation?
Student: We have to find the inverse of matrix A.

The determinant of matrix 4 is 0—6. It is —6.

1

A inverse would be = [_ 6] ol

AN —= WA

We have to multiply the inverse to both sides of the equation.
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Teacher:

Student:

Teacher:

Eh

EH

i -

Do remember that the matrix multiplication is not commutative.
Do we multiply 4 inverse in the front of the matrix B or at the back?

We multiply 4 inverse at the back of the variable matrix since A4 inverse is applied

to the back of 4.

LA

QGreat.

AN —= WA

Here, the transformation matrix is [g ;]

S5 R B — R
B AARE AT LIRS Rl 21 HYFEFE o AT T LURE R {ERGHY AL ARAH &l
22 HYFERE - [RIfHY o AR (ARSI 2 2X2 By R

=i Sle=[3 4

R TR ¢

c d
e Y R A R P
SN o fige a2 E R e 7 A2 =C0E 2

bORMIRZETRETEN A HYEER B A BITTAIEUR 0—-6 0 FHR—6

1

amzsee 5[0 =1 |

0

DNl—= WIHs

P B OB MR E TR AT -
sCfE - AEMERIAAE A SGAY -
s [ 2 SR A 1Y R PR SR B RO AT 2B 2 fR e 7

D ORAESBUERERRE > [Ny A HISEMEAILE 4 AR -

4

} o

N = W

> e 2]
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st AR IEEIE AR G R AL - R TEEENR A A B E
HEEHBEANE -

(LX) An equilateral triangle OPQ, with the coordinates of two vertices being O(0, 0) and

P(4, 3) is given. Determine the coordinates of the vertex Q.

(th=0) EFIE=FA OPQ b THE RSy O(0,0), P(4,3) » SKIEE:E Q HYALE -

Teacher: What is the side length of this equilateral triangle?
Student: The square root of 4 squared and 3 squared is 5.
Teacher: OQ =PQ =5
If we assume the coordinate of the point Q as (x, y), we can apply the distance
equation to solve for the coordinate.
x> +3? =25
{(x—4)2+(y—3)2 =25
There is another way of solving this question by applying the rotation matrix.
At what angle can we rotate OP to obtain OQ?
Student: Sixty degrees because the interior angle of an equilateral is 60 degrees.
Teacher: Taking the origin O as the center, we can rotate OP for 60 degrees clockwise or
counterclockwise.
Therefore, there are two possible points. Let’s rotate the segment for 60 degrees
counterclockwise first.
Could any of you show the work on the board?

Student: We have to apply the rotation matrix.

cos 60° —sin60°7 _ [4] _ % %5 41 _ 4-3V3
[ ] X [3] | o X [3] =
2 2

2
4343
2

sin60°  cos 60°

Teacher: Well done. We can apply the same technique to find the other possible point.
If we rotate the segment for 60 degrees clockwise, the angle in the rotation matrix
1s —60 degrees.
Could any of you show the work to find the other possible point?
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Student:

Teacher:

i
sk -

ZH

B4

ZH

EH

EH

FRETEfRRT T o HEASEHBHES L

I can do it.
. 1 V3 4+3\/—
cos(—60°) —sin(— 600)] y [4] _l2 = [4] Y
sin( —60°)  cos(— 60°) 3 -3 1 3— 4\/—
2 2
You did a great job.

This question serves as a reminder of the practicality of using a rotation matrix.

EEFE=APNERES/V?

435003 05 o P IIIRES -

00 = PQ =5 « {IRIMERRRE Q HVALRESy (v, y) » FATRTDAREFHEERE 712X
. x*+3? =25

AR LA - {(x e +iy a7 s

A DA ¢ e e E P A A R

K OP Jefs] 00 WIAMER%/)?

60 [ - N RFE=AIPNNARZ 60 &

PAFEG O Fyrbuty > FRMATLARE OP NEHGSF St is$1 s 60 & - [RIIL > A Wi

FRERVES o Bt MO e 60 & -

AN DEARR EH T ETE B ?

b AP AT PR e R e -
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(33 ) Every Friday, the government distributes two types of lottery tickets, labeled as A and
B, to all residents in the county. Each resident can choose to receive either an A-ticket
or a B-ticket free of charge by presenting their identification card. Based on long-term
statistics, individuals who chose the A-ticket last week will have 85% of them sticking
with the A-ticket this week, while the remaining 15% will switch to the B-ticket. On
the other hand, individuals who chose the B-ticket last week will have 35% of them
switching to the A-ticket this week, while the remaining 65% will stick with the B-
ticket. The term "stability" refers to a situation where the proportions of people
receiving A and B tickets remain constant every week.

(1) Please write the transition matrix that describes the above phenomenon.
(2) Can you determine the percentage of residents choosing the A-ticket and the B-
ticket that would lead to a steady state?

(30 FEBEFEE NS EREREIT - ZWEY S > SUERE BErER
BB E I A 7 — RS F— TR MR RIS EEBEERZNREES 85%
TEARBAERFEIEH 77 ~ 15%HE L7 © MR LFNRAER 35%IEAHENEE
FAZ% ~ 65%&4EF 277 - FTafe EiRAE - AEHEUH 73 ) 227 R AR EL B E S
PRIFAEE -

(1) BA5S el b i S e Rg JE e -
(2) S H N ZFERRE G 2MERE2EE /DI - PR EIRRE ?
(106 F# )
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Teacher: A transition matrix can be used to describe the probabilities of transitions between
states.
Typically, we record the probability of transitioning to the new state from the initial
situation in the first column, and we indicate the probability of transitioning to the
new state from the second situation in the second column.
Do any of you know the transition matrix?

. J0.85 0.35
Student: Itis 0.15 0.65]'

Teacher: Assume that the percentage of residents choosing the A-ticket and the B-ticket that
X
would lead to stability is [y] Certainly, x +y = 1.

What is the equation representing stability?

SR oel<b1= 0

Teacher: Multiply the two matrices on the left, what is the result?

Student: [0.85x + 0.35y
0.15x + 0.65y

Teacher: This is actually a system of two linear equations.

{0.85x + 035y =x
0.15x + 0.65y =y

The first equation indicates the convergence of the percentage of individuals opting
for an A-ticket towards stability. The second equation demonstrates the convergence
of the percentage of individuals opting for B-ticket towards stability.

Replace y with 1 —x. We obtain 0.85x + 0.35(1 —x) = x

What is the value of x?

Student: —0'35—07
udent:. x = 05 =

Teacher: The percentage of residents choosing the A-ticket and the B-ticket is 0.7 and 0.3

respectively.

186 BRSSP EFRETREIP (EERET F



N KT ER T A R T P o EMASEHBHEFRDL

187

ERi

WA RE P F] A T IR RS 2 PR AR -

B B EIRTE IR EOIHRRRHIRER OB AE S —1T > IRFESE RIS
SRS ERIRRR AR AL SR AESE 1T -
A NI RS T e S PRI 7

B [085 0.35
0.15 0.65

| ERUVAETEIRAES - BERUARIZANRBFEWE SR )] - st

x+y=1
ABEIE iig e IR Ry TR U A HEE 2

015 0es]* [ =1

ORI R (E AR AR - EieE] ?

0.85x + 0.35y
0.15x + 0.65y
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(L3 ) Two coordinates of an equilateral triangle OAB as O(0, 0) and A(2, 1) are given.
We scale triangle OAB up by a factor of 3 along the x-axis and 4 along the y-axis, with
the origin as the center.
(1) If point 4(2, 1) transforms into point A’, determine the coordinates of 4".
(2) By what factor does the area of the transformed triangle change compared to the

area of the original triangle?

(30 E%DEAOAB I TERGAEEE Ry O(0,0) 81 A2, 1) » S LA Bty - P AOAB
T Xy B A S B EREE Ry 3 5~ 44 -
(1) i A2, 1) EHRRER A 0K AT AP
(2) BEHRAYHT =AY EE ST = AP mRay 2/ 0 2

Teacher: According to the description, the transformation matrix is 7'= [3 4],

What is the coordinate of point 4?

s 3] = ]

Teacher: We can apply the rotation matrix to find the third vertex and then find the area of
the triangle.
However, we can also assume the coordinate of point B as (p, ¢) and find the area
in terms of p and q.
What is the coordinate of B’ given that B is (p, q)?

Student: It would be (3p, 49)

Teacher: Great.
Now, let’s find the area by using the determinant.

A=1
2

a

4 |, where (ay, ay) and (b;, by) represent the vectors corresponding
2

to the sides of the formed triangle.

What is the area of the original triangle?

i

Student: 1
21

!
=512¢ = pl.
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Teacher: How about the area of the second triangle?

Student: 1|6 3p|| 1 12
5lla 4(]” =5124q = 12p| = <129 — p|.

Teacher: Try to compare the two results, we can find out that the area of the new triangle is
12 times that of the original triangle.

Actually, the ratio is the same as the determinant of the transformation matrix.

AT SR E i TSR R T= [ )
T A YRR S/

B [3 0] o [2] _ [6]
ERN P AT DU R AR S = (E TER - AR = AP
i FAF AT PUERERE B VAR Bo(p, @) » WA p M1 g IYIE =R IS -
W B 12, q) > FBIE B' HYLAARS R 2
B4 g2 B(Gp.49
ST (5o
BAE » FTHI R I R -

a=io P s i, parmRR= AR -
RERATHRR S/ ?

= 2

S ¢ ol =1ra-pt-

B B {HE AR ?

s

6 3
: p” =§I24q— 12p| =%I2q—pl °

Ehl PR MERIEGER - FAMTAT LSRR = AP AR R =AY 12 4% -
HIR L > S (EEE BB S IR AT 5 ZAHE -
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( BL3Z ) Matrices can be used to encrypt messages. Assuming a certain password, abcd, satisfies

a b

the relationship: [c ] X A = B, find the corresponding password abcd.

d

(30 SEREFTLAFIAIIEANE, - (B R ETS abed GBEMG  [¢ "] x4 =5

eaa=[7 | me=[] 7| stkietmms abed

Teacher: This is an encryption problem, yet its solution is similar to the linear transformation
between two sets of points on a plane.

What is the matrix equation according to the descriptions?

Student: [i Z x ﬁ —01] _ [421 ﬂ

Teacher: To solve this matrix equation, we have to multiply 4 inverse for both sides.
What is 4 inverse?

Student: The determinant of matrix A4 is 1.
. . 0 1
A 1nverse 1s [_1 2].

Teacher: Could any of you show the work to solve this matrix equation on the board?

Student: Let me try.

i el M R B B e

Teacher: Well done.
This question is a simple demonstration of how the matrix multiplication is applied
in encryption. We use special matrices to mix up data. To read it, the receiver needs

another matrix to unscramble it. This method helps keep information safe when

sending it on the internet.

Ehl B ENNE R o R TSR B _E R AH R AR T A
TRIBREE RO B TREZUEEY] ?

B —
Sl A B e B
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https://terms.naer.edu.tw/search/

HEE P BRERS

BB T E YRR R
https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99

%E8%AA%IE

Oak Teacher Hub

BIYNEER R B EIR 0 bR T R RRIE A HAR

https://teachers.thenational.academy/

CK-12

BN Fos B EIR 0 bR T BUERREIE A H A
https://www.ck12.org/student/

Twinkl

BN R EEIR 0 bR T BEREEF MR E > & R
B R ERAINE

https://www.twinkl.com.tw/
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https://teachers.thenational.academy/
https://www.ck12.org/student/
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Khan Academy

R MRS EB R K R

https://www.khanacademy.org/

Open Textbook (Math)

B/ N B AR E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common

[toc/toc en.html

MATH is FUN

EISNEER R o A B AR Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BN R o B #=CE RS - bR T EEEEE  BEAHEA
i
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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https://www.khanacademy.org/
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
https://www.mathsisfun.com/index.htm
https://phet.colorado.edu/
https://www.youtube.com/c/misterwootube

0N BT TR R T A G RT , EAASBEHBHEH D
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching

Worksheets

2024 FEhERBANEERAX(ESP)EENKE

RIEECETOHRBAZ - bR T BEEREIE - 28 HoAthoHs
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%IB%B8WEI%I7%ICHE6%95%II%E
6%9D%90?authuser=0

Desmos Classroom

SN ER - A B E TAE

https://teacher.desmos.com/?lang=en
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https://teacher.desmos.com/?lang=en
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