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B HEGRBEERTGF Sentence Frames and Useful Sentences

O If , then

#4)(1) : If a central angle of a circle intercepts an arc equal in length to the radius, then the
measure of that angle is 1 radian.
WIR BT O AFTEE IR SR PRIV RE » AL AR RE S 1 U -
fi4)(2) : If a point on the unit circle corresponds to an angle in the standard position, then its y-
coordinate gives the value of the sine of that angle.
WIR AL E] EH— RSB B A - ATETHY y AEEGEH TR AR IE
5Z1E

® A periodic function

#l4](1) © A periodic function repeats its values in regular intervals or periods.
—{E AV e B E e A PR e A N SR A -
#4)(2) : A periodic function displays a repetitive pattern at equal intervals of its domain.

— {85 B PR B L P S [T R T R EE AR

® A function f{(x) is said to be

#l4](1) © A function f{x) is said to be periodic if there exists a non-zero number P such that
f(x+ P) = f(x) forall values of x.
B —(EeR L f(x) - WRFEEEIEEE P EEHFANS(x +P) = f(x)
AR f(x) REHAVERE -

f47(2) : A function f{x) is said to be sinusoidal if it can be written as f(x) = a sin(bx + ¢) + d.

SEL fx) AIHEERORE f(x) = asin(bx + ¢) + d. > QLB B g IE52

o

n

[

BOOMEABEFRE TR EEAR F



-~
3

) KT FRT A R T o EMASERBHESL

® The amplitude of a sinusoidal function is

#4)(1) : The amplitude of a sinusoidal function is half the height of the wave.
TESZR R e B AR S 08 =y —=F

#4)(2) : The amplitude of a sinusoidal function f(x) = asin(bx +c¢) +d is |al.
BN TEZOR R f(x) = asin(bx + ¢) + d WET - EIRIEZal -

® The period of a sinusoidal function is

#4)(1) : The period of a sinusoidal function is the length of its domain required to complete
one full cycle.
R IE TR B ek 8y - FLAH R 5 il — (i S8 BE A HHPT 7R 0 E FRIiy &5 -

#47(2) : The period of a sinusoidal function f(x) = asin(bx +c) +d is %.

A TEROR TS f(x) = asin(bx + ¢) +d HEY - CHYEIE Z_’Tl .

® The graph of g(x) is a vertical/ horizontal stretch/shrink of the graph
of f(x) by a factor of .

f4j(1) - The graph of g(x) = 2 cosx is a vertical stretch of the graph of f(x) = cosx by a

factor of 2.

g(x) = 2cosx HJMEZ Ax) = cosx HYMEZALATE EALMH 2 [EIRAVGER -
#4J(2) - The graph of g(x) = cos 2x is a horizontal shrink of the graph of f(x) = cosx by a

factor of %

g(x) = cos2x HJEIZIE flx) = cosx MY ELHE/KPULSE 5 MIRAVER -

1
2
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® The graph of g(x) is a vertical/ horizontal shift of the graph of f{(x)
by

f43(1) - The graph of g(x) = cosx + 2 is a vertical shift of f{x) = cosx upward by 2 units.
g(x) = cosx +2 MEIFE fx) = cosx MYEIF A ETEEEIEE L 2 [EEEALZR
SR

#143(2) - The graph of g(x) = cos (x + 2) is a horizontal shift of the graph of f{x) = cosx to
the left by 2 units.
g(x) = cos (x +2) MIEIFE fix) = cosx MYEITEE/KIFE AR 2 (A AR
SR

B [EIEEE#R Explanation of Problems

o3 iR =

In this section, we will explore the real-life applications of the periodic nature of trigonometric
functions. To understand these applications, it's essential to grasp the concepts of radians and

graph transformations.

By using an online graphing calculator like Desmos, we can easily generate the graphs of sine

and cosine, as shown below in Figure (a) and Figure (b) respectively.

54

Figure (a)

According to the graph of y = sin x, we can conclude the following characteristics.
® Domain: (—o0, )

Range: [—1,1}

Amplitude: 1

Period: 2m

Symmetry: Origin symmetry

BOOMEABEFRE TR EEAR F
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sl Figure(b)

According to the graph of y = cos x, we can conclude the following characteristics.
® Domain: (—00,)

Range: [—1,1}

Amplitude: 1

Period: 21

Symmetry: y-axis symmetry

Regarding the concept of translating the graph of the sine function, we represent it with the

following flowchart, where 4 and k are positive.

h units
i k units u
graph of to the r1ght> graph of P > graph of
= si ————— y=sin(x—h) < =sin(x—h)+k
y =sinx 1 units y =sin(x ) X units down y =sin(x ) =
to the left

For example, the graph of the function y = sin(x — 2) + 3 can be obtained by translating the
graph of y = sinx 2 units to the right and then 3 units up.

Regarding the concept of stretching or compressing the sine function graph, we represent it with

the following flowchart, where a and b are positive.

Amplitude is Period is .
graph of | ,itiplied by « graph of | yuitiplied by graph of
y =sinx P y=asinx P y=asinbx

For example, the graph of the function y = 2sin(3x) can be obtained by vertically stretching

by a factor of 2 and horizontally shrinking by a factor of %

Similar logic applies to the transformation of the graphs of y = cosx.

> 3RS AREE R TR E R B
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(L3 ) Given that the radius of the circle is 6 and the arc length is 7, based on the relationship
“ratio of the arc length to the circle's radius equals the radian,”
(@) express the central angle in radians.
(b) express the central angle in degrees.
(c) find the area of the sector.
(HR0) (REZERHE R 6 - HILERy 7 18R T IlRAEERAIELBIZEE | /YEE -
(2) SFUAEERRENLA
(b) SFLAEBFREILA -
(c) TIPS

Teacher: What is the ratio of the arc length to the radius in this question?
Student: Itis 7 to 6.
Teacher: Great!

Based on the relationship “ratio of arc length to the circle's radius equals the radian,”
T .
the central angle is P radians.
How do you convert radians to degrees?
. 180 . 7 180 . 210
Student: One radian equals — degrees. Multiply p by —, we will have — degrees.

Teacher: Well done.
How do you find the area of this sector?

Student: The area of the whole circle is mr?, which is 36m.

Two hundred and ten degrees divided by pi is é of the circle.

(Seven-sixths of a radian is é of the circle.)

Therefore, the area of the circle is é X 361, which is 21.

0 FOOEEARSETRE TR EERR G
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Teacher: Your explanation is very clear.
. 1 .
We can also find the area of the sector using the formula : 4 = ETZH, where 0 is

measured in radians.
Can any of you find the area using this formula?

Student: . . . .
=X 6% % % = 21. (One-half times six squared times seven-sixths equals twenty-

N R

one.)

Teacher: As you can see, both methods yield the same results.
D EEEEH TIREPREEEE S ?
O S e VAN
RN R

R4 T REEESAYEL IS ) ARG - B AR % 5§ o

AORE I A A 2

180 210

, e rean 180 7 ey
B 15‘%%15/3\7&4;" gﬁU\T’ﬁ"@JTEC’

LRl ISR -
AR ENE (R AV ETFRE 2

" = s 210
g BEERERED e FF 36m - -

RERE —— (EE -

12m

Ce - «<FEFKE_ {E[E -)

Rt [T - x 36m + S 21 -

LD RESIRE RS |
AT LA A = —rze HIARIEIRRPHYERE - K 6 290 -
IR AR AT LA E A E RS 2

B -X 6P xI=21"

Ehl  IEMRMIFTE SR - R AE GRS 2 ERVER -
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pIRE—
i | NEEE RN = AN EAEE -

(L) Let theta be an angle in the standard position with its terminal side passing through the

point P(—35, 3). Determine the sine, cosine and tangent values for theta.

(30 a0 2 —(EfEE L EAY A HEBAUAELE P(-5, 3) - 515/ 0 HVIEX - &
SZAIIEDME

Teacher: First of all, let’s draw this angle in the coordinate plane.

6.67 [ ¥

P(-5,3)

10 1 10

-6.67

Draw a perpendicular segment from the point P to the x-axis, and then we can see a
reference triangle here.

What is the hypotenuse of this reference triangle?

o 6.67 ] v

-6.67

Student: Applying the Pythagorean Theorem, it would be v/3* + 5% (the square root of the

sum of 3 squared and 5 squared), which is /34.
Teacher: The hypotenuse, represented by r, is always positive.

3

i 2
NETS How about cosine theta?

Sine theta is y over r. It is

B AEEARE TR HERRE
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. . . -5
Student: Cosine theta is x over 7. It is NeTS
Teacher: Similarly, who knows the answer to tangent theta?
Student: Tangent theta is y over x. It is _15

Teacher: Great.

When we set an angle in the standard position on the coordinate plane, the
coordinates of any point on the angle's terminal side can be used to determine the

values of trigonometric functions

Zhl B WPMELE I EELEEAE -

6.67 [ ¥

10 1 10

“6.67

TEEE P E—REEGEE x & FM TSR —EH2FHN=/AF -
EE=mPrsiERES /D ?
| 6.671 v

-6.67

B EFRCER > V3457 V34
HET: RHER r TR BRI

sin@%y[ﬁ,{]%ur’\/z_‘}oﬁﬁcos@ﬂ}['é?

o BOOEEGRREFRE TR EERR S
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EED  [EBH > GERTE tan O HYEZEE 7

o

B4 cosOm xR

Bk an 02y Rblxo =

i OKEET -
RV L — (B BRI B » FAE0B Lo By ST ]
DARIARHE = AR -

BlE=
I AR R BB -
(3L ) Using the graph of y = sinx, sketch the graph of y = 3sin2x — 1 and determine the
corresponding period, maximum, and minimum values.

(h32) FIF y =sinx WE > B y =3sin2x — 1 EF - WRHER - SR E
m/ME

Teacher: Recall that the range of the function y = sinx extends from —1 to 1, including both
—1land 1.
What are the maximum and minimum of y = 3sinx — 1

Student: Because —1 < sinx <1, —3 —1 < 3sinx — 1 < 3 — 1. (The quantity three
times the sine of x minus one is bounded by the interval from negative three minus
one to three minus one, inclusive.)
Therefore, the maximum is 2 and the minimum is —4.

Teacher: The graph of y = sin2x is a horizontal shrink of the graph of y = sinx by a factor
1
of E
The horizontal transformation will not change the maximum and minimum.

Therefore, the maximum is still 2 and the minimum is —4.

Student: How about the period?

10 BRSSP EFRETREIP (EERET F
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Teacher: Because the length of its domain needed to complete one full cycle is halved, the
period becomes 2x divided by 2, which equals =.
To graph this function, we divide this period into four intervals, with separating

T 31
E’ T’ and .

points at 0, E,
What are the corresponding function values with respect to these separating points?

Student: They are (0,—1), (%,2), (g,—l), (%,—4) and (m, —1).

Teacher: Great.

Now, let’s connect these points with a smooth curve.

i 6.66 v

-10

= 13

-6.66

How do we graph y = 3sinx — 1 over all real numbers?
Student: Copy one period of the graph and repeat the pattern.
Teacher: Very good.

The graph of this function is as follows.

6.66 | V

ANTAR/ANNA

S ]

“6.66

11 B EEABEFRE TR EE R F
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B
4 -

B

eI

[EgH— T > eE y = sinx AYEISREEEGE -1 2] 1> &5 -1 A1 1-
y = 3sinx — IHVERKEN T/ MEZZ /D ?

D A —1<sinx<1>-3-1<3sinx—1<3-1-R I  FFAELE2 fT)H

B —4-

i v = sin2v HIEILREE v = sinx BRSPS - Bepas L o APt

NEER N ENR/IME - Hit - SRETAE 2 m/MERE —4-
e ?
DRI Ry 35 B Se il 5 B AR e SR PRk - IS 2m Y —2F > FEf e

B T @BUEE RS ROWEEEN S BIEER > SRR 07~ 7

2

3

= o LR A BB 2

emsEE 01, &2, & -1, & -9 f (n-1).

COAREF - BUE - MR GRE SR

TUERSEHEME v = 3sinx — UEFA R EATBIIE 2
M BB - RS ER -
IR - BB TR -

6.66 | vV

ANTAR/ANVARY AN

I ]

-6.66
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fIRE
st AR = A ek e B B (REE R -

(¥ ) Find the solutions for x such that cosx < % over the interval [0, 2m).

(Fpz) FEWERT [0,2m) P9 > $HHHIE cosx < S HYx fif -

Teacher: We graph y = cosx andy = % over the interval [0, 2).

What are the intersections?

3.48 [y

0.2 X
7.54

2.46

[N ]

-3.18

Student: There are two intersections. One is in the first quadrant, and the other is in the 4th

quadrant.

Teacher: Correct.

Now, let’s look for the interval so that the graph of y = cosx is below the graph

1 .
ofy = > What is the answer?

5
Student: The answer would be g <x< ?n

Teacher: Graphing is a powerful way to visualize and solve inequalities. The intersection
points of the two graphs divide the x-axis into various regions. By examining the

relative positions of the graphs, we can determine which regions satisfy the

inequality

13 B EEGBEFRETRIP EERGT F
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2l BIHEER [0,2m) B y = cosx il y = KB -

TEMRISSEEAEE ?
B SR o — RS —FRIR - S EA R R IURIR -

x=§$l] T°

COSXx =

01—

BT BT -
B » PTH (R » (8 y = cosy MIBIALY v = BB T - R
g 2

i

]‘53
3
M

ez A
EEG

&

w3

or H. st?”

Zhl - FEE R AR - SEFRE B R LSRR R A F 2 - B RI(E R
AR x Bl A [FI R I - BB BRI B - Heff a] DUEE L
IR e A

w BARE/ BREEE o
plE—
st ¢ S AR RO H A SR EL SRS R

(L) Ming rides his bicycle to school. The radius of his bicycle tire is 35 cm. When Ming
rides the bicycle at a constant speed, the angular velocity of the tire is 10
radians/second.

(a) At this speed, how many revolutions does the bicycle tire make in one second?
(b) If the linear distance traveled by the bicycle in one second is d cm, express d using
the angular velocity and the radius of the tire.

(F130) /NIHEEZA AT T TR RS - AV B THERRGHYE IR 35 Ay « E/NHL —
RS BT TR > SmAary AR 10 IE/FD
(a) FHEMEREZ T - BT E%H‘ﬁi% AR 7
(b) H/NHEs BT THEM TN ELRIEEEE d A7 S50 A EiRhany -

ko d -

14 BRSSP EFRETREIP (EERET F
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Teacher: What is the circumference of the wheel?

Student: The formula for finding the circumference is 2ar. It is 70m.

Teacher: Great. There are 2n radians in one revolution.

10

. 10 . . . 2n
Ten radians correspond to b revolutions as given by the proportion T =
Y X

) . 10 . L )
This means the tire completes - revolutions per second, which is approximately

1.59 revolutions per second. Does anyone have any questions about this?

Student: Not really.

Teacher: The linear distance (or arc length) covered by a circle when it rotates through an
angle 6 radians is given by d = r = 35 x 10 = 350.

Therefore, the distance is 350 cm.

EhN . EWiaVERES D ?
B4 RERAAZUE 2nr - HHIAGET0m -
Rl REF - fmAGSC RS2 2n 5 -

FREERG] = == 10 TGS B ERTRIEDRER . BAYE

5F) 159 [ « KA FE(RIREE 2
] P

B A -

HH AR = 0 Bt (B 0 TR IR R P MR (T
) &35 %10 =350 -
I « {TAHEELGRTERR R 350 4347 -

15 BRSSP EFRETREIP (EERET F
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pIRE—
atEH © SR IR R 2 el BB AR R A B R it Y = L -

(L3 ) The Taichung Lihpao Land Sky Dream Ferris Wheel has a height of 126 meters and a
diameter of 112 meters. It takes about 25 minutes to ride a round. Please use
trigonometric functions to represent the height variation of passengers as they ride a
round.

(132) BT SEE R BER S 126 AR » AR 112 /AR « #55F—ELE 25 7
B o BB =ARBECRERE R TR S E L -

Teacher:  What are the lowest and highest points when you take a ride on the Ferris Wheel?
Student:  The lowest point would be 14 meters and the highest point is 126 meters.
Teacher:  Great. The amplitude is half the height of the wave.

What is the amplitude?

Student: It would be 1262‘” = 56.

Teacher:  Great! If we place the center at the midpoint between the lowest and highest points,
what is the coordinate?

126+14
'

Student: The y-coordinate of the midpoint is 70, as given by

Teacher:  Correct. Now, let’s figure out the period.
The statement “It takes about 25 minutes to ride a round” describes the time it takes
to complete one full cycle. This is referred to as the "period" of the motion. 25 =

2n . 2n
—. bis —.
b 25

What is the sinusoidal function that models the height of the rider?
Student: The rider goes on the ride at the lowest point.

I would like to use y = —cosx to model the height.
y=-56 cos(i—:x) + 70.

Teacher: The choice between sine and cosine will depend on the starting point. If the rider
starts at the midline of the wheel, then a sine function might be more suitable. If the

rider starts at the highest or lowest point, then a cosine function might be better.

You’ve correctly chosen y = —cosx to represent the height in this model.

BOOMEABEFRE TR EEAR F
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ERl FEEER AR HE—{EEAE*DBﬁBf e 2
B ERESIE 14 AR BEEAE 126 A
Ehl: REF

MIRMEE R EH—F > BERLEZ/DIE ?

126-14
X . =
B4 & —

SR (R AR PO R R e R ] o AR (P8 2
gary . W sy i g AR 70 -

2
LRl g o WAL ?ﬂiﬂaﬁ%&bﬁ‘nﬁﬂ °
TR IEAYRE 25 ordE ) s )RR e B — (B e BB T AR AR o FRAMIE

Z ForEEEHy AN o 25_— BRI b E EEI;KE'Z_“

JEE K i Te o 5 FE 1Y TE 5% PR (B 2
B4 0 ESRE TR EG AL [ EE K o
A y = —cosx KiEHEEEE

=56

y = —56c0s(2x) +70 °

TRl - B EOUE R SRS A AEEL o SRR T T EE Kiimry H 4R FrLG - AP
IESZ RS S G SRS i = B (R RG - RIgRoZ b &
F vy = —cosx KFREREGNEE =T - EIEMEEERER |

17 BB EARE TR EFRRT A
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(L3 ) The time it takes for cargo ships to enter the port and unload is influenced by the depth

of the water. The water must be deep enough for ships to enter the port and unload.

Someone measured the relationship between the time ¢ (in hours) and water depth 4

(in meters) over a 24-hour period at a certain port.

The table below shows the data from midnight (0:00) to noon (12:00).
Time (¢) 0:00 3:00 6:00 9:00 12:00
Depth (#) 12.5 15.2 12.5 9.8 12.5

For instance, the water depth measured at 0:00 is 12.5 meters. Based on the table, the
water depth of this port on that day corresponds to the sine function y = asin (bf) +
12.5, where both a and b are positive numbers.

(@) Determine the values of a and b.

(b) If the cargo ship has the option to dock and unload in the afternoon, around what

time would be optimal?
(132 Eimf AR EH G G 2 BUKRAR R KSR - A Re I & - F AHIE

HUEAERIH 24 /NIRRT ¢ (RRAL - BF) BEUKO%E A (BRI - AR BEHAR - T3%
R EEHZERE 0:00 F[F4 12:00 BYE 78I -

SN G) 0:00 3:00 6:00 9:00 12:00
7K (h) 12.5 15.2 12.5 9.8 12.5

Bi4n = A 0:00 JE/KZER 125 AR - g B3R - & H BRI KEEHTE

HFR T & IEZ S vy = asin(br) + 12.5 » Hif o B b 9 51TFE -

(1) SOkt a B bHIE -

(2) WREHENHE NHFFENETENVERE - REMTERHE R A RV ?
(w111 FEHEEE B 5 12 #)

Teacher: What are the smallest and greatest water depths?

Student:  According to the table, the smallest water depth is 9.8 meters and the greatest depth
is 15.2

Teacher:  Great. The amplitude is half the height of the wave.

What is the amplitude?

18 BUPBREHBEFRETRIP (BT E
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Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

4 -
IR
T -
IR
T -

FE TR B ERT P o HEASEHBHES L

15.2-9.8

It would be =27

Great! a = 2.7.

If we plot the time against water depth on a coordinate plane, the duration from the
greatest water depth to the smallest represents half the period.

What is the period?

It takes 6 hours for the water depth to change from the greatest to the smallest.

The period is 12.

2 )
Correct. 12 = f. bis %.

Therefore, the equation to model the water depth is y= 2.7 sin ( ) +12.5

According to the question description, the water must be deep enough for ships to
enter the port and unload.

When does the water attain its greatest depth?

The water attains its greatest depth at 3:00 in the morning, and its period is 12 hours.
As a result, it will attain its greatest depth at 15:00, which is 3:00 in the afternoon
Correct.

If the cargo ship can enter the port to unload in the afternoon, the best approximate

time would be around 15:00.

IR MEFIR KRBT ARV ?
RIBRBER > i/ VKR 98 AR \AKAE 152 AR -
RAF - PRiEE R = —F - ZZ/DIE ?

RiFla=27-

WIS P AT a4 B R B/ KRN RA (% - TSR R/ KRB IR I A
ERR AR AR -

HHE%/D?

KRR AR NVEERESE 6 /NI IR 12 -

BYOEE AR EERE TR E R
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EHf TR 12=20b B T

PRIt » KRR y= 2.7 sin (F1) +12.5 -

FRESRE H il > /KZRNVRFF REBR i A E R -
IR EE R R A 2

B4 KRR b 3 BRI AR - IR 12 /N\F - AL - K& E N 3 BETE
RRE

EH BHT | RSN LUE Mg AEOE S R EAYIFE LS T 3 B h

20 3RS AREE R TR E R B



Eﬂikznn %EH%EP'D‘

N (TIEFFRTE EEET P
Zgs

Bx_ =AnNaAaNEAL

The Angle Sum and Difference Formulas in Trigonometry

IR EE T RER T EE R

B AIS Introduction
RE A =ANaaEARAR  WiEPHEH _EEEEEAK - &EERAR

AN E=AREEIR R - VB TAES - Rl BRI > MEARA

B NIAE—#E (IR S )
B :d% Vocabulary
><-|-HEE TTZ%JHZ%FUE%EH]%
B¥ g B thg
derive HeE formula N
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B HEGRBEERTGF Sentence Frames and Useful Sentences

O Using the formula for

#14)(1) = Using the formula for the angle difference formula of cosine, we can easily derive the
formula for the angle sum formula of cosine by utilizing the odd-even identities.
I ERSZAVZE A AT BefPTA] DARSRR M el Sy e B R e T ER 2 & A A
:—CQ o

f14)(2) : Using the formula for the cosine of a sum, we can easily derive the cosine formula for

a double angle.

HMIHERZAYE A AT TP ] USSRt HEE H ER 2RI B A A -

® When a line forms an angle # with , is defined as tan 6.

#14)(1) : When a line forms an angle 6 with the positive x-axis, its slope is defined as tan 6.
EEHSH x BT EIPEAEE 0 o s ESHVRERE tand
#14](2) - When a road forms an angle 6 with the horizon, its grade is defined as tand

expressed as a percentage.

EREREMPFARIP R 0 AR - HIEHIER R and > WLAH 3 EEFOR -

© rotated counterclockwise by about the origin (0, 0).

#l4](1) - What is the slope of the line x —y = 0 after it is rotated counterclockwise by 30°
about the origin (0, 0)?
EHES x—y =0 GZFE (0,0) HlFetieE 30° 218 » HREREZ/D?
f4](2) : How does the cosine curve change after it is rotated counterclockwise by 180° about
the origin (0, 0)?
EERZ NI EP SRR (0, 0) WilFEtiEE 180° 1% - EEUIEE L ?
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O® When taking the square root, pay attention to

#4)(1) - When taking the square root, pay attention to which quadrant the angle is in to
determine the sign of your result.
ECRPITIRE - sHER AT ERNRRUVEERIVIES -

#14](2) : When taking the square root, pay attention to the value under the radical to ensure
it's non-negative.

ECRPOIRE - 5HEEMRSE TV E R EZIERHT -

©® To find the , first calculate and then

#4)(1) : To find the tangent of the half-angle, first calculate the sine and cosine values and then
use their ratio.
HHIESZR Rk gy - HOEHR Sep—(E 52 B BAF FR Y E R R JEE -

#14)(2) : To find the secant of an angle, first calculate its cosine value and then take its

reciprocal.

FOR—ARVIEENE - JeatRHERZE - FRULEE -
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B RIEEFERE Explanation of Problems

8 RAA »

In this section, we'll use the angle difference and sum formulas of cosine to determine other
trigonometric values. Understanding trigonometric function identities is crucial for this

application.

B X H y C

Area of AABC = Area of AABH + Area of AACH

Therefore, %bc sin(a + B) = %ch sina + %bh sin §. Dividing both sides by %bc, we have
. ho. b .

sin(a + B) = Ssina + Zsmﬁ.

Because % = cosa and % = cos 3,
the equation above can be represented as sin(a + ) = sina cos § + cos a sin .
cos(a + ) = sin z_ (a+pB) | =sin (E - a) cos(—p) + cos (E - a) sin(—f)

2 2 2

= cosa cos S —sinasinf

Next, the trigonometric ratios of a — 3 can be further obtained through conversion formulas.
sin(a — f) = sin(a + (—f)) = sina cos(—p) + cos a sin(—f) = sina cos § — cosa sin f;
cos(a — B) = cos(a + (—p)) = cosa cos(—f) — sina sin(—f) = cosa cos f + sina sin

Therefore, we have the sum and difference formulas for sine and cosine.
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(LX) (a) Please calculate cos75° by using the angle sum formula of cosine.

(b) Please calculate cos 75° by using the angle difference formula of cosine.

(30 (a) sEEMERZAIGAAAETE cos75°
(b) SFE(EHERZAEAAHETE cos75° -

Teacher: How can 75° be expressed as the sum of two special angles?
Student: Thirty degrees plus forty-five degrees.
Teacher: Great!

Using the angle sum formula of cosine, how can we expand cos 75°?

Student: cos 75° = cos (30° + 45°) = cos 30° cos 45° — sin 30° sin 45°
VIVI 1T V-3

2 2 22 4
32 1 V2 .
Note: g . g -3 g reads as ‘“square root of three over two times square root of

two over two minus one-half times square root of two over two.”

V62

read as “the quantity of the square root of 6 minus the square root of 2,

divided by 4.”
Teacher: Well done.
How can 75° be expressed as the difference between two special angles?
Student: Let me try. It should be one hundred twenty degrees minus forty-five degrees equals
seventy-five degrees.
Teacher: Correct.
Using the angle difference formula of cosine, how can we expand cos 75°?
Student: cos 75° = cos (120° — 45°) = cos 120° cos 45° + sin 120° sin45°
_CLV2 V32 Y62
2 2 2 2 4
Teacher: As you can see, both methods yield the same result.

ERl 75 FEAMAIFROR Ry WA (E R IR A R 2
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Eh

plEE—

Y T REE

30 AL 45 & -

(EFHERZHIFIAE AT » 40 fERE cos 75°?

cos 75° = cos (30° + 45°) = co0s 30° cos 45° — sin 30° sin 45°
VI 1 VI VB2

2 2 2 2 4
SRS -
PERAR - 4y 75 RN R R ERFIR A S 72 2
st o ERZIE 120 FEJR 45 X -
{58 FHERTZAYZ= A AT > AIfa[fERE cos 75°?
cos 75° = cos (120° — 45°) = cos 120° cos 45° + sin 120° sin45°
LB 6
2 2 2 2 4
WIRAT R, - IR A AR AVSE SRS AH EY -

s+ AR E AN ER] -

FTrvEENRKT P o EemoAte

-~
3

BHBWHERLC

e . 3 . 4
(¥ ) Given g <a<m and 7” < B < 2m, if sina = cosf = > evaluate cos (a — ),

(0

Teacher

Student

Teacher

Student

26

sin(a — f) and tan(a — f).

ELAl §<a<n il 32—n<ﬂ<2n°% sina = cos ff =

W&~

sin(a — fB) fl tan(a — p) HY{H -

Do . 4 .
Given g <a<m and sina = > what is the value of cosa?

. . -3
. Refer to the triangle in the second quadrant, cos a = 5

» GOk cos(a — p),

. 3 4 . .
. Yes, that’s correct. Given f < p <2m and cospf = > what is the value of sin ?

. Refer to the triangle in the fourth quadrant, sinf = _?3

BYOEE AR EERE TR E R
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Teacher: You got it right. Now, let's use the angle difference formula of sine.
sin(a — B) = sina cos B — cos a sin B

What is the value of sin (a — £)?

4 7
Student; -z ——" —_—=—=—

Teacher: Well done. Now, let's use the angle difference formula of sine.
cos(a — ) = cosacos B+ sinasinf
What is the value of cos (a — f)?

=3

-3 -4
5

Student: 5T o5

[

4
ts
Teacher: To find the tangent of a — f, find the ratio of sine to cosine. What is the answer?

Student: Y

Teacher: Good job. By examining the values of sine, cosine, and tangent, we can determine
that a — f falls within the second quadrant.

3n

This aligns with the range E —n<a—pf<m-— >

HEH A §< a<m Fl sina =% ' cosa HIEZEZ/D?
B SERMNERRO=AT 0 cosa=2
ER 0 48 D T <p<2m Flcosp=1 sinfIERES/?

Bk S2EUEURIRAI =AY > sinf = _—

EEN O BET -
BAE » SRR A A
sin(a — B) = sina cos B — cos a sin 8
sin(a — ) HEZEZ/D?
B 44 -3 -3 16-9 7

55 5 5 25 25

A > B A eRZ A E AN

cos(a — ) = cosacosf + sinasinf

cos(a — p)MNEZEZ/D ?
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—24
25

” )
BA4 —

BT BHRE] o - WITEVIE - REIELRIIZEIEEE -

R ?

(S0 BN

4 -3
+55_

o

77
B R —
2 —24-24

Ehf - RIEE |
B MRIBIEZ ~ BRaZAIEDIHIE » BT LAHE o — B SEAES _FRIRA -

o

N S 3
BEHEE S -2m<a—f<m—TEEH -

pIRE=
SR ¢ AR E A AR A -

() Given 0<0 < g and cos@ = g, evaluate sin26 and cos 20.

(HF320) 2Al 0<e< H cos@=-> 5K sin20 81 cos26 HI{H -

Ol

Teacher: Recall that the formula for sin26 is 2 sin 6 cos 6.
We need to find the value of sin@ so that we can apply the formula.
What is the value of sin 6?

Student: Three, four, and five form a Pythagorean Triple.

) 3
sind = -=.
5

Teacher: You got it right.

What is the value of sin 26?

Student: 5 sinfeos = 2 3 4 24
sin 6 cos ><5 3553

Teacher: How about the value of cos26?

. _ 2p_1=n.10_1_7
Student; cos20 =2cos“0—1=2 v 1—25.

) 6 9 7
Teacher: Great. We can use the formula cos 20 = cos? 6 — sin” § = il

The result must be the same.
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FhER  [ERE—TT 0 sin20 AYAFIE 2sinfcosb.
FMIFR Y sind BYE - A REfEAEE AT -
sin@ HYEZEZ/D ?

B D 34 SRR AHER IR -

3,
sinfd ==
5"

Ehl . RBEET - PPl sin20 WEZEZD ?

_ 24

BiA: . 2sinfcosf = 2>< >< =%5°

ZHl : cos20 WE?
o - ’ 16 7
EA 0 cos20 =2cos 9_1=2'E_1=_0

25
i -

25 25

& TRAY ©

fIRE
st ¢ AEE A AR AE R

0 0
(TESD) Given = < 0 < 2m and cos0 = evaluate sm2 and cos .

(ths7) B4 —<9<2n H cose_- , 5k sing B cos— FIfE o

2

Teacher: What is the range of g given 3?“ <0<2n?
Student: Divide the inequality by 2, and then we will have 34—” < g <.

. . 0 0 . 36
Teacher: What are the signs of sin and cos 3 given that In <;< n?
Student: The half-angle is in the second quadrant.

.0 . . 0 . .
s 18 positive but cos 7 18 negative.

29 BB RS TR
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Teacher:

Student:

Teacher:

4 -
B
4 ¢

FE TR B ERT P S EmoAL

Now, we need to apply the half-angle formula.

1—cos® 1+cos6
s1n- and cos - =

What are the values of sm2 and cos —‘7

4
.0 I—2 1 10
s1n-=,/—= /—=—.
10
1+—
cos—

Note: read ’ > “the square root of (1 minus —) divided by 2.”

When taking the square root, pay attention to which quadrant the angle is in to

determine the sign of your result.

The half-angle is in the second quadrant, and the value of cosine is negative.

6 _ -3v10
Therefore, cos = ——.

Bl T < 0<2m RAIEREZES D 2
RS RV EERL 2 T <i<ne

W T <l < PAIERRISRIL R R R 2

N i E-FAES IR > IEZER TR > (HEeRZER S -
WAE > BRI AR -

. 0 1—cosO | 0 1+cos 6
sin> = > PLR cos; = ;

F AR IEZRERZESE S ?

’1—— 1 /1+—
Sll’l— —_ o
10

EHCFRES aa&%ﬁﬁﬁgﬁﬁf IR - Llﬁﬁﬁéﬁ%ﬂ’ﬂﬁéﬁlﬁ °
FAESRIR - NILerZE/E -

cos? = -3v10
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BlE—
st ¢ IS P B AR B IR DI EAYRBEAOR i PR B SRS A

(%37 ) Find the approximate value of the acute angle 0 formed by the intersection of the two
lines defined by the equations 3x+y =0 and x—2y =0

(30 AN 3x+y =0 f x—2y =0 FrUERAVMRER R REIER A 0
FYATEME -

Teacher: When a line forms an angle 6 with the positive x-axis, its slope is defined by tan 6.

Refer to the graph of y = —3x, what is the value of tana?

_1‘ 6.66 | ¥
I o
10 1 10
fl{,\'): 3-x
6.66
Student: The value of the tangent is the same as the slope, tana = —3

Teacher: Similarly, refer to the graph of y = g, what is the value of tanf?

= 6.66 1 v

6.66

1
Student; tanf = >
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Teacher: The angle 8, which is formed by the intersection of the two lines, is equal to a— £.

How to find the value of @ — £ using the angle difference formula of tangent?

\ 6,661y

10 \ 1 10

tano —tanp -3-05 35
l+tanatanp 1—-3-05 —0.5

Student: tan(o — B) =

-3-0.5 . . . .
Note: Y read as the quantity of subtracting negative three and negative 0.5,

divided by the quantity of one minus three times zero point five.

Teacher: Using the calculator, tan™! 7 is about 81.87 degrees.

HET BB x BTE TR 0 B 0 HAERE R EGHIRIRE tan 0 -
BEENE y = —3x A MATEEELES D
Bk EYMERRREHE > tana = =3

L FEES - BEy =S WES  MVEDIEEZZESD 2

e 1
B tanfi=sc

TEN  HMRESASC NP AE 0 FiR a—p
WA EVINEAARETRa— B HIE ?

i - _tana—tanf -3-05 35

S ane =) = T =305 =05

ZEf 0 FRETE > tan”' 7 KEUE 81.87 fE -
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(=37 ) In the Extreme Sports Park, there's a skateboard ramp with varying degrees of
inclination, depending on the skill level of the riders. Let's consider a particular ramp
designed for beginner skateboarders. This ramp's angle of inclination @ is half the
angle of a ramp designed for advanced skateboarders.

When a road forms an angle 6 with the horizon, its grade is defined as tan 6 expressed
as a percentage. If the ramp for advanced skateboarders has a grade of 120%, what is

the grade for the beginner skateboard ramp?

() EMfRES AR T - A —EEE - SR e R E TR AP A
FTATE o HE— (8 RS E et g o SEBGENENAE 0 2 &
B TR TV BE AR —F
B RSB P AP R 0 1 > HB R E R B L L ST EEFRORAY tand - ;’ID%J%
e AR TR TS B B T Ry 120% » Bl a2 26D

Teacher:  When a road forms an angle 6 with the horizon, its grade is defined as tan 6
expressed as a percentage. The ramp for advanced skateboarders has a grade of

120 6

0, —_ =2
120%. It means that tan 6 = 00 = 3

Now, we need to apply the half-angle formula of tangent.

What is the formula?

.0
1% Siny l1—cos @
Student: tan-=—3=+ .
2 COSE 1+COS(9

Teacher: Great.

Originally, we needed to consider the quadrant in which the angle lies to determine
the sign of our result.

However, since the ramp's inclination is always at an acute angle, we can take the
result to be positive.

Let’s find the value of cos @ first. What is the value of cos §?

Student: If tanf = —, cos & would be

ﬁl
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Teacher: Great!

Using the half angle formula of tangent, what is the value of tan g?

5
1__ —
Student: tanY = ’ VT Voi=s
2 l+—= V6i+5
V61

Teacher:  Using a calculator, the grade of the ramp for the beginner is about 46.84%

EAT BB G AR 0 B - I ER BLIE S IEFRRAY tan 6 «
B B aoati T aka BRI E By 120% -

120 6

i%ﬂi%tne_ﬁ=g

BUE » RAFTRIER L AIIET AR -
AT ?

e
EHN EA S BIREEER ARSI » LSRN IEATE -
B2 IR ER AR GRS - M rl DR RaS R E R -

B SRR cos O HYE - cos O HYEES/D ?

1B
HE

= 6 —n 5
ERE T AR tanf = <o cos O BLE o=

ER (R - FIFREAMIEDAS - tan] (IERZS/D

~/
-~

1 - 6
B tans =

5T \[VeT4s
475

EHN  ERIETER » VIR RNEIRIE S RATE: 46.84% -
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Bix= RERH
Exponential Function

I TR R E B S TR HIR R

n 1= Introduction

ARETTHINE RASBOREL [ (x) = a"HERREET > FIFHmEAFEEEEE o> 1
K0 <a<1FHEHBRERIME  # MREER BT - R FANKERERE © &k
EAR BB TR T HIRER o EATE M A AR TIE BB EID & - SRR AR
SE - BIE TR RN BEP AR - B s AR SR RE S A SR - SRR
A EEE Y IS A R HIRE R - mefg PAUE A B AMC (American Mathematics
Competition) JHERREANIAELLME AR ICHY 1% -

B % Vocabulary

XERERNBUIETTER AR

E¥F thi BEF thi
exponential function FEBRE domain EEE,
dot method FEREA range B3
smooth curve SRR simple interest BH|
strictly increasing S din] compound interest vyl
strictly decreasing 2 S i) principal PiNG
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3

Arbitrary EEN balance ASFIF
demonstrate YN findings £ 3]

B HEQRBEERAGF Sentence Frames and Useful Sentences

©® Connect from left to right.

4] = A line graph is a graph that uses the line segments to connect points from left to right to

demonstrate changes in value.

PraR EE R B R A TR 7 2 AR i DL B R BB R AL -

® Plot on

4] : In this section, you will see how to plot points on the coordinate plane.

FEARETT - IRAE AR e AP | -

(3] , where

4] : An exponential function is defined by f{x) = a*, where the base a is a positive real

number other than 1.

RN f) = o' [BE a B AFR T HVIEEH -

(4] are symmetric with respect to

%4 - The graphs of y = a* and y = a™ are symmetric with respect to the y-axis.
BBy =a" Ry =a" WERETER y @ -

© convert to

5] We need to solve this equation by converting all the exponents to the same base.

BT A B R S A A R A R B = (T A2 -

36 BUPBREHBEFRETRIP (BT E



N T RET T2 R o EMIAMBEHBHEHD

(6 , and vice versa.

4]+ A function f'(x) is said to be strictly decreasing if f(b) < f(a) for all b > a, and vice versa.
) B BRI ] AR ) < fla) M b>a s RZAREA -

m [EREE#E Explanation of Problems

«3 :RAEA

In this section, we will cover the exponential function f(x) = a* (or y = a*), where the base a is
a positive real number other than 1 and the exponent x is a real independent variable. The lesson
starts with using the dot method to graph the exponential functions y = ¢* whena > 1 or 0 <
a < 1. Teachers can lead students to draw and observe the graphs of the exponential functions
with different bases and introduce the concepts of strictly increasing and decreasing functions,
domain and range, and asymptotes, etc.

The second part of the lesson covers the contents of solving the exponential equations and
inequalities. Students need to change the exponents to the same base in solving the exponential
functions. And students need to note the properties of strictly increasing (base a > 1) and
decreasing functions (0 < a < 1) when solving inequalities. Finally, they will learn to solve real-

life problems which include compound interest questions.

3 OB AR EF RS TR H R



CRTIFFRT A ENRT P o EMASEHBHESDL

wESREENER o8

pIEE—
i @ ANEE SRR y = o WEE - @> 1)

(L) Find the values of the exponential function y = 2" in the table.

Then, use the dot method to graph y = 2",

(F30) FHFAGFARYREIE - W AR A R e y =27 -
X -3 ) ~1 0 1 2 3

y=2"

Teacher: Find all the values in the table now. What are they from left to right?

11
’Z’ E’ 1’2’ 4’ 8'

| —

Student:

Teacher: Yes, you are correct. [ am glad that you remember what we covered last year.
Next, draw a dot at each point from the table. Then we can use a smooth curve to
connect the dots from left to right. This method is called the dot method.

W]

3, 8)

29

Can you repeat the same steps to graph y = 3*?
Student: Yes.

Teacher: Make the table of seven different values first. What are these values of y?

,1,3,9,27.

W | —

3

o |~

1
Student: 77>

Teacher: Good. Then, plot these points and draw a smooth curve to connect them.

Compare the two graphs and tell me your findings.

38 B EEGBEFRETRIP EERGT F



L RTMEF ST LT P o EMASEHBHESL

Student: Both of them are strictly increasing. The graph of y = 3" increases faster than
y=2"
Both of the graphs pass through (0, 1).

2,9 f y=2%

/

p=B*

Teacher: Excellent. You are all correct.
The exponential functions y = 2" and y = 3" are strictly increasing.
A function is said to be strictly increasing if /' (x,) > f'(x;) for all x, > x;.
Second, the graph of y = a* passes through (0, 1) because a° = 1.
Besides, the graph of y = a* (a > 1) is always above x-axis and gets closer to the
x-axis when x becomes a smaller negative number. The x-axis is the asymptote of
the exponential function y = a*.

EHD  RHERTHRTERE - )KEEGTRES D ?

B,

RN B RERIEE - TR EERER SR MR R BN A
FET AR B EHEFRAE R AVECE 77 R4a BURCRG - ZR1% - FRAFT AT DUSE 05 i 4
5 BREGE A B R K o IETE AR R IR
{REE FIMEIEIRY D ERARE y = 3 HE 2

Bk E[D

R B BUECEREMERER - B y (VEREE?

BaA o1 1 1

EE RYF o MR - EHE RN PR R AR E A -
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s MR T - S TR R SR T EE
B4 ETEEBAS IR - tiE vy = 3% AETPIREELL vy =27 R
S EEEE EE (0, 1) -
Ehh s RES | RMEEET -
NS y = 3" f1 y = 2" HREARIENY - WREFTE x> x 0 f(xy)
HEARIA S (er) FIBFEE 2 {18 R B A oy SR A AR G e B
o B y=a Bl (0,1 ZARK =1
BEAR - BB y = a*(a > 1) %Y x Bz b HE x S/ Ny &8
T ORI x §l o x BETEReRE v = o WL -

BlE—
A AR E LR y = WEE - 0<a <)
(3232 ) Find the values of the exponential function y = (%)x in the table.

Then graph y = (%)x.

(H30) PP B - EE v = () -

X -3 =2 —1 0 1 2 3

_ 1
J/—(E)

Teacher: Find all the values in the table now. What are they from left to right?

111
Student: 8.4, 2, I’E’Z’ s

Teacher: Good.

Then, we can use the dot method to graph the function.
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(—2 Q)

79 0)
(=2. 4)
C & T

T
(29 n

X
Repeat the same steps to graph y = (%) Nnow.

Student: OK.

13 @)

Teacher: Compare the two graphs and tell me your findings.
Student: Both of the graphs of the exponential functions y = (%)x and y = (%))C are

strictly decreasing.

The graphs also pass through (0, 1).

The x-axis is the horizontal asymptote for both of the graphs.
Teacher: Well done.

Now, compare the graphs of y =2 and y = (%)x. We can find that the two

graphs are symmetric to the y-axis.
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The domain (the set of all x values) of the exponential function y = a* (a > 0) is

all real numbers and the range (the set of all y values) is y > 0.

D PRSI ERIE - IEEEETHIES D ?
B 8‘4‘2‘1‘% \\\\\

Ehf - IREF -
PAt% o Pl R] DAEE Rl f R AR S (E e BB -

EEMHFREERAGE R y —( ) -
B4 Y
ERN  EERUERI(EET - SRR ORI -
B fRERE y = ( ) Al y —( ) HEED R BRERA - BN A B 2R

(0, 1) = x HlE EMIHVKFEATER -
N ISR

SAE > ek y =27 My = (%)x YR - Pl nT LS s a8 [P SR

y ol FREENE y =o' (a> 0) HUERE (ATE x HIVES) ST EE 1M
B (TR y HIVES) 2 y>0-

plE=
st | AR KRBT A ERE

(L) Solve the following exponential equations.

OV =32y Q) 4 —9-2748=0
(F30) BOR NYIFEEOTIE R -
OV =32y Q) 4 —9-2748=0

1
Teacher: We know that V2 = 22.

Sx+1 11

S5x
Then, V2 o = 324/2 can be written as 2 2 = 27.

In an exponential equation, both of the exponents are equal when the bases are the
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Sx+1

11 )
same. [t means = What is the value of x?

Student: 2.
Teacher: Correct. Let us see the second equation: 4* —9-2"+8 =10
There are two different bases of exponential functions in this equation.
Usually, we need to convert all of the exponents to the same base.
So, 4" = (2% =2%=2"-2".
The equation can be factored as (2* — 1)(2°* — 8) = 0.
Hence, 2 =1 or 2 =8

Can you find the solutions of x?

Student: Yes, x =0 or 3.
Teacher: Very good.

Sx+1

EH BPTHEVE = 25 BTl V2 =322 EIEEER 27 =27 - fE—(EST

Fastep » BRI - WSS RtER T = 2 - A x (RS
g ?

B 2.

G ERIEER L 4 9248 = 0 S A
REBLHTIEEY - i - TRPTETA FS R A FEEB -
bl - 45 = (23 =2% =2%-2% o HREstA LIl 25— D2 —8)=0-
BRI - 2° = 157 2 =8 = k5K x -

BA . x=0 15 3-

2l IR -

BYOEE AR EERE TR E R
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(H£32) Solve the following exponential inequalities.
(1) 9 <3772 (2) =2 =8> 0

(Fp30) FOR MYEEA S AR -
(1) 9" <372 (2) 4 =2 —8>0

Teacher: First, we change all exponential functions to the functions of the same base.
Then, we get 3% < 3772 pecause 9F = 3%,
We know that y = ¢* (a > 1) is strictly increasing.
So, 2x < x> —x+2.
Solve the quadratic inequality now and tell me the solution.
Student: The solutionis x =2 or x < 1.
Teacher: Very good. Let us see the next question: 4 — 21 —8 >0
Similarly, we change 4° = 2% and 2**' =2-2%.
So, the inequality can be rewritten as (2")2 -22—-8>0.
The inequality can be factored as (2° + 2)(2° — 4) > 0.
Hence, 2 < -2 or 2' >4
Can you find the solutions of the inequality 2°< — 2?
Student: No, there is no solution because 2" is always greater than 0.
Teacher: Yes, you are correct. How about the solution of the inequality 2* > 4.
Student: The solution is x > 2.
Teacher: Excellent.
The exponential functions y = a* (a > 0) is strictly increasing.
If x; < xp, then f(x;) <f(x,); and vice versa. (If f (x;) <f(x;), then x; < x,.)
Second, the exponential functions y = a* (0 < a < 1) is strictly decreasing.
If x; < xp, then f(x;) > f(x,); and vice versa. (If /' (x;) <f(x,), then x; > x,.)
Let us do another inequality question when the base a is between 0 and 1.
O<ax<l
EE EHSL o BAPTRIFTA AR Bk B F RS ek Y -

Ehf OBEE - B 9F =37 AILEE 3F <37
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BAMRIE y =a* (a> 1) BEASIERY > ATl 2x <x* —x + 2 BEREE X
AR BT -

B E x22 5 x<1

HHG RN o BRMIET EME 4 -2 -8> 0
FIREH > FrfPfe4" sk 2% 0 2 sk 202" - I 0 BER SR TUES B

2 —=202)—8>0 -

Zhh EEAFEA USRS 2°+2)Q° -4 >0 HIiE 2" < -2 5 2" >4~
TRAEFREIA S 2" <—2 AYARIS 7 -

B4 M7 WHE 28 R 0-

EHN 288 0 IRERISE o REEAES 27 > 4 AVERETEE 7

B4 e x>20

R KT e
RIS vy = a* (a > 0) ZEASIRIEHY o AR x <xp 0 HBEE f(x)) <f(x2) 5
IR (AIR f(xy) <f(xp) > A x1 <xp) e
P fRRINEL v = a” (0 < a < 1)ZEISIRIHY -
WXy <xp 0 HIE S (x1) > f(xp) 3 RLZIRR (HIER f(x) > f(xp) > HIE
X <Xxp)e

EH B ST a AN 0 1 1 BRI RS - 0<a< 1)

45 B EEGBEFRETRIP EERGT F



CORT I ER T A R T P o EMAUEBBHEDRL

-~
3

BlEA
S - NEE KRS 0<a< 1) HYEE -
(#7) Solve the following exponential inequality.
(1) 025> 0.5 (@) (§) +2(+ 7 _3<0
(F30) BK AR TR -

X x+1
(1) 025> 057 (@ (5) +25) -3<0

Teacher: First, we rewrite the inequality to 0.5% > 0.5 because 0.25" = 0.5%.

We know that y = ¢* (0 < a < 1) is strictly decreasing.

So, 2x < x*—3.

Solve the quadratic inequality now and tell me the solution.
Student: The solutionis x >3 or x < —1.

Teacher: Correct. Next, find the solution to the second question.

Student: How to solve the inequality —3 < ( % )x < 1?

Teacher: Good question.
Because a* is always greater than zero, the inequality —3 < ( % )x is always true.
The solution of this left inequality is all real numbers.
Can you find the solutions of the other part ( % )x < 1?

Student: The solution is x > 0.

0
Teacher: Excellent. ( % )x < 1 isthe same as ( % )x <( % ) .

Since the exponential functions y =a* (0 <a < 1) is strictly decreasing, the
solution is x = 0.

The intersection of both sides of the inequality is still x > 0.

ER Y B0.255 = 057 IR SRS 5 057 > 0.5

Y = 0¥ (0 <a < 1) EERIGERA -
FlL s 2x <x* =3¢
BB~ TR SR SRR -
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BA L B x>3 Bix<—1-

S IR BT B 2 MR
s .
AR SN —3<(3) < 1°?
i 4RI

B i o st - FEst -3 < (L) IR - BEEE RS R
B

(RAE IS H5 (

B ffE x=00

Eh

X

LY <1 s 9
B (2) < 1R (D) < () - HpERE s v =@ 0 <a< D)

BEFSARIREY > BE x =0 -
A EAXMEIIRENIAE x=20-
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( L7 ) Ming deposited 2 million NT in a bank that pays 4% annual interest. What is the balance
g acp pay

after two years when the interest is compounded semiannually?

(=2 [l 200 BT S FEARTT > FEHFR 4% > FHFEFEHE—K - SFBHmRE
BRHAMM K%/ DIT ?

Teacher: The annual interest rate is 4% and the interest is compounded semiannually.
So, the semiannual interest rate is 2%, and the amount will be compounded 4 times
after 2 years.
After the end of the first half year, the balance A4
= P (initial amount) + P- 0.02 (interest)
= 1.02P
After the end of the first year, the new balance 4 = 1.02P + 1.02P- 0.02 = P- 1.022
Finally, after 2 years, the balance is 2000000 (1 + 2%)* = 2000000- 1.02*.
Now, please use a calculator to find the balance after two years.

Student: The balance is 2,164,864.

Teacher: Very good.
If an initial amount P is deposited in an account that pays interest at an annual rate
1, compounded n times per year. The balance 4 in the account after ¢ years is given

by

A=P (1+)".

Chl . BEHER - FAPRE 4% 0 I BHREEPEER R - BTl PEERFERE
2% » 1E 2 FARRHER] 4 X -
R —FFLE R 6380 A= P (P)aaed) + P 0.02 (FIE) =1.02P
T —MEAE 1% FTHYRR%E A=1.02P + 1.02P- 0.02 = P- 1.02?
RIFEAE 2 1% » BRZESE 2000000(1 + 2%)* = 2000000- 1.02* -
AT - ST R E L 2 FIRHVEREH -
B4 T BREE R 2,164,864 ©
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(BL3) For what value of x does 10 - 100%* = 1000° .
A1 (B)2 ©)3 (D) 4 (E)5
(H32) SR T FIHEE T2 F x 69(E © 10 - 100%* = 1000°
A1 B)2 ©)3 (D) 4 (E)5
(2023 AMC 10A problem 2)

Teacher: We can change all of the terms in the base of 10 to get a clear expression.
The left-hand side is 10* - 100%* = 10 - (10%)2* = 10* - 10** = 10°*.
Can you convert the right side to the same base 10?
Student: Yes, the right-hand side 10005 can be simplified to 10°.
Teacher: Excellent. So, 5x = 15 and x = 3. The answer is (C).
D BT IR E - TRRYEREIAEL 10 > S8 —EE R R ER -
FEHIEE 107 - 100%* = 107 - (10%)2* = 10* - 10* = 10°* -
IRTRT LURE BIRE b Ry B Ry 10 HYLRENE?
CiEEE %D ?
B2 0 HIRL o A5 {10005 AT LA {10 -
EET O OKEET - #5E - 5TE Sx=15,x=3 - FEZE (0.
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(L3 ) In the past 8 years, the price of Wow Burger could be approximated by the model
y=85(1.06)¢, where y is the price (NT) and t is the number of years since 2015
(t=0).
(1) What is the price of Wow Burger in 2023?
(2) If the price model still works for the following 10 years, estimate the year when

the price of Wow Burger will be over 170 NT.

(Round your answer to the nearest whole number.)

(H32) #BZ% 8 4F > Wow JEERHVES (L AT DU y = 85(1.06)° ZRAGE » Hrp y 2
GEHER CIra®) il t RonE 2015 FLRRIFE(2015 Fif t=0) ©
(1) 3R Wow 67 2023 FHY(EISE /) ?
(2) GBI AR 10 £ - FEETH—5 Wow JEEERFHEEH G
170 T ?
(AR EERUBRAZRED)

Teacher: Use a calculator to do the first question. In 2023, t=8.
What is the price of Wow Burger in 2023?
Student: 135 NT.
Teacher: Very good. Let us move on to the next question.
We can use the calculator of TI-89 to run “solve (85(1.06)¢> 150, t)” to find the
value of t. Or you can use another calculator as well.
Please find the value of t now.
Student: t=12.
Teacher: Excellent. The price will exceed 170 NT in the year of 2027 (t = 12).
RN RFAETERRES —(EMRE - £ 2023 i =8 - 2023 4 Wow ELEHE
%7
B4 Fael13siee
EED REF o SIRMESTE T/ INE -
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FMTAT LA A TI-89 SELHEET “solve (85(1.06)> 150, 0" HeHE] ¢ HIfH -
o vt T A P A B 5 -
SRTESRHL t 1 -

B t=12-

S KT - ERSEFETE 2027 25 (t=12) BUBHHAWE 170 7t -
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Bl HEEHEREE
Logarithms and Laws of Logarithms

BRI EE TSR PR HEEEAR
B RIS Introduction
RETTH NG R E R R EREARNE § B TG s SR B R AT H Hy S
SRR SE S ECERANVE NI o EENTE /40 H I E R EIN IR (R %
oA A M R AR o PR HBUER AR o R R E T S AT RS AR A R
BEHEEARG - EACSE2A I EAGARE B ER B E » g% DAE A R R B0
AR AN P BTy 1% -
B ;3% Vocabulary
XEBRIE RS IULETENER
BF th3 EF th3
logarithm $8 illustrate [
antilogarithm ¥ denote TR
common logarithm (AaEESE condense A%
logarithmic ESE ) expand =)
laws of logarithms S e
52 FOBEGREFRET ORI EE

Eﬂikznn %EH%EP’D‘

S



L ORTNFF R T R KT P o EMIASEHBESL

-~
3

B HEGRBEERTGF Sentence Frames and Useful Sentences

(1] is read as

{51 : The expression of log, 128is read as “log of 128 with base 2.”
log, 12858 " LA 2 Sy - 128 AU -

(2 denoted by

f5i15) : The exponential equation 10* = 7 has a unique real solution which can be denoted by

log7.
fREUTE=10" = 7R —FE#E - nLIHlog 740 -

©® derive

4] : How can you use properties of exponents to derive properties of logarithms?

LA P B M E AR H B BT ?

O condense

4] - Please condense the following logarithmic expressions and get the value.

sAr I BAY ST BB I K HHHAE -
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B RIEEFERE Explanation of Problems

8 A »

In this section, we will define and evaluate logarithms, then apply the laws of logarithms to
expand, condense, or simplify the logarithms, and finally evaluate logarithms with different
bases by applying the change-of-base formula. First, students will use the definition of
logarithms to rewrite logarithms in exponential form and evaluate the logarithms with different
bases. Remind students to follow the definition (If y= b*, then x = log;, y) when they have
difficulties in evaluating the logarithms. The second part of the lesson is to apply the laws of
logarithms:

1. Product Law: log, x +log,y = log, xy
2. Quotient Law: log, x —log,y = loga§

3. Power Law: klog,x = log, x*
The properties are used to perform calculations, along with expanding and condensing
logarithmic expressions. Teachers can use the properties of exponents to derive the laws of
logarithms. Finally, the change-of-base formula is introduced to evaluate the logarithms with
different bases. Logarithms with any base other than 10 or e can be written in terms of common

or natural logarithms using the change-of-base formula.
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(337 ) Evaluate each logarithm.

(1) log, 128 (2) log, 93 (3) log:125
5

(0 SR IEIEEIE -

(1) log, 128 (2) log;9V3  (3) logi 25
5

Teacher: By the definition of the logarithm: log y = x if and only if " =y.
For each logarithm log_y = x, you can rewrite its exponential form & =y to get
the value of x.
So, to evaluatelog, 128 = x, you can find the value of x by using 2* = 128.
What is the value of x?
Student: 7.
Teacher: Yes, you are correct. So, log2 128 = 7.
Let us see the next question log, 93,

Find the value of x when we convert it to the exponential form 3* = 9+/3.
5
Student: X = 3.

Teacher: Very good.
In the last question, how to rewrite the logarithm in exponential form?

Student:

X

) =25.

W | =

(

Teacher: Excellent. Then, we rewrite each side as a power of the same base 5.
1 X X 2
Then, you can get ( S ) =5 =5°.

What is the value of x?

Student: -2

Teacher: Correct. Let us move on to the next question.
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RN MRBEEHYES | 35 HiEE = yiF 0 log, y = x - B log, y = x » {REN A LA
R EHERINa =y > LORxHYE -

Eff 0 NIE > BERlog, 128 = x > {RATLUE2" = 12854k F x (U
x WEZZD?

B T

ERl - I8 o Frbllog, 128 =17 -
FERATACES 2 /NEilog, 9V3 - I EEMA RIEBIP 37 = 9V3tk K x 19(E-

B 5
X= 5 °
Ehl  IFEY o Rk —/INE > AR EE R R R R ?
BA
(3) =25
Eh

1B - 8% TR IS B A FERE 5 #IT7 - AR EE( é ) = 5 =52
x EZEZ/D ?

B 2

CET : IENE - FRPIEEE T —EfE -

BlEE—
aHA - AR E A R A E R EE - -
(3£ ) Evaluate each logarithm.
(1) log; 1 (2) log,7 (3) 107  (4) log, 49"

(32 BKTHIEEIE -
(1) log, 1 (2) log,7 (3) 10°%°  (4) log, 49"

Teacher: Instead of using the exponential form to evaluate the logarithms, you can find the
value of logs 1directly by asking yourself what power of 5 gives you 1
Student: 0.
Teacher: Good. So, we get log, 1 = 0.
And what power of 7 is 77 Then, it is easy to get log, 7 = 1.
The first two parts illustrate two special logarithmic values:
Logarithm of 1: log, 1 = 0.
Logarithm of b with base b: log, b = 1.
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So, what is the value of log,,, 20237

Student: 1.

Teacher: Yes, you are correct. Let us see the next one 10'°¢°.
log5 is a common logarithm whose base is 10.
Assume log 5 = x, then we get 10" = 5.
That means 10'°¢° = 5.
This is another property of logarithm: %% = p.

To evaluate log, 49", we can express 49 as a power with base 7.
So, log, 49" = log, (7% = log, 7.

What is the answer to the last question log, 49*
Student: 2x.
Teacher: Excellent.
This is also a property of logarithm: log, b =x.
What power of b gives you b"? It is natural that the answer is x.
EhD  AMERERIPEACREE KA DIESMEC TSN PRGER1? 5 2K
fkZllogs 1HY(H -
B 0o
RN AR o AL > Fif5Elogg 1 =0 -
AEE > 7 Y%/ DRITERY TR ? BEIRE S5 log, 7 =1
LD - AT TR T R R Y S EUE
I HYE  Tog, 1= 0
DA By# > b HYHEL : log, b= 1.
TSR R » log,,, 20230 {E RS /) 2
B ]
EHE R 48 o BB T —/\E10 -
log STEJEREL R 10 HYH FHEEL - [Baklogs = x - FNEHSEI10" =5 > e
210085 = 5.
BB S — B ¢ a%" =b -
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Ehl . HEHlog, 49" > TR LURE 49 FoRpURER 7 HIXTT

RIEL » log, 49" = log, (7% = = log, 77 FRLI s —/ N {log, 49"

B4 2x e
EEN JEEY - BEEEBIIEE L — log, bt =x
b W/ DRITERD ? EEEAEE X ©

pIRE=
R ¢ A R bR R

(#£37) Evaluate each logarithm.

(1) logg 18 + logg 12 (2) log; 9V5 — log; V45
(3) 3log6 —2log3 — log;5

(FF32) SR TI&ARVE -
(1) logs 18 + logg 12 (2) log; 9v5 — log; V45

(3) 3logb6 —2log3 — log%

Teacher: We can apply log x + log y = log, xy (Product Law) to evaluate the expression.
(1) logg 18 + logs 12 = log, 18- 12 = logg 216 = 3

And we can use a similar way to solve the second question by applying

log x —log y = logaf (Quotient Law)

What is the answer to the second part?
Student: 1.
Teacher: Excellent. By applying the law of logarithm, you can get:

logs 9v5 — logs V45 = =log;3 = 1.

log LD
3 \/—
Please do the last question with your partner.

(3 minutes later) Tell me what you get.

Student: 3
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Teacher: Great.Your answer is correct.

This question also needs to apply the Power Law klog, x = logaxk .

So, 3logb6 —2log3 — log— is condensed to log— % which is equal to 3.

N FTATLAERlog, x + log, y = log, xy (FEAEAR) 2KEE 1 {EZT -
4 1 (1) loge 18 + loge 12 = logs 18- 12 = log, 216 = 3

R YRR TS 2 /B - ilog, x — log, y = log, (R -

B4 1
EEf R - AEAEIE AR - (R DAEE

log; 95 — log; V45 = log, 37\/_?

s AR FERE—RE5E A 1% 1 /INVE - (3 7tk ) SIS EEZ /D -
B 3
fﬁﬁtﬁﬁ’%%To%ﬁ%@%ﬁ%@%ﬂ%ﬁ%’ﬂwﬁ=m&ﬂ°

=log;3=1-°

FffL > 3log6 — 2log3 — logETJo{%ﬂ:%log 25, mome 3.
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(L3 ) Evaluate each logarithm.
(1) log, 8 xlog,9  (2)log, b x log, c X log_ a
(F30) BRI =RYE -
(1) log,8 xlog,9 (2) log, bxlog, c xlog. a

Teacher: When the bases of the logarithms are different, we need to change them to the
logarithms with the same base.

b

loghb
h=-=
loga

Here is the rule for changing the base: log b = iZi or log,

log8 log9 _ 3log2  2log3
log3  log2 - log3 log?2 -

So, log, 8 X log, 9 =

Do you have any questions?
Student: No.
Teacher: OK. Then, please do the second question now.
What is the answer?
Student: 1
Teacher: Yes, you are excellent.
It is convenient to use the common logarithm (base= 10).
logb log c log a

x1 x 1 =
log, b log, ¢ xlog,a = loga logb logc

Ehl : EEBEVEECNERY > BT IR E MR R E S B -

lo logb
B RIE AT ¢ log b = gc . HCER log, b ==

IL[:’log38><log29=1°i8><1°i9=31"—“”2)(210_“53:6o

log3 " log2  log3 ~ log2
AIRAEAIHE ?

B RA -

AP SRR A 2 /N - BEREZD?

Bh 1

Rl R o ISR - REE B (RE = 10) FlEtEEERN -

logh logc loga _

log, b X log, ¢ X log_ a =

loga logh logc

w EAERE/ 2REEHEs
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(L3 ) The five terms of a real number sequence a;, a,, a3, a4, and as are all greater than

1, and one number is twice the other number in each adjacent two terms. How many

possible values are there for as if a; = log,,36?

()3 @4 G5 @H7 08

(30 HEERESa, > ay > a3 0 aq > asIVEIHARRY | HEARMHYRIES > #A
—BE S BINWIfE - e =log (36 > [l as B/ VREATRENE 7
()3 @4 G5 @&H7 )8
(110 FFELRFRBERES 2 #)

. . 1 . .
Teacher: By the given information, you can get a, = 2a; or a, = 5@ since one number is
twice the other number in each adjacent two terms.
1 1 . .
When a; = log,,36 , a, = Sa1 = Elog1036 =log,,6 is less than 1 which

contradicts the given information.

So, we have a, = 2a;.

We can use a tree diagram to show the possible values:
1

a =5a1 = 10g106(>()

ay =2a; (V)

a; (

What are the possible values for a3?
Student: 1
613:2612:4611 or a3=£a2=a1

Teacher: Correct. The tree diagram can show the answer clearly.

1
Tree diagram: a, ( >~ 297 @(v)
as = 2612 = 4‘611 (\/)

Next, find the possible values for ay.

What will you derive from a3 = 4a;?
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=2
Student: a3(= 4a,) (T2 ()
ay = 2613 = 8a; (V)

Teacher: Good. And we can also get ay = 2a; by the other condition a; = a;.

=14 —la (xX)
When a;(= a;) ( 273 T

aq = 2a3 = 2a, (V)
So, there are two possible values of a4: ay = 8a; or a4 = 2a,. Please find the

possible values of as now.

Student:  When a,(= 84,) ( — = 4a,(v)
as = 2a4 = 164, (V)

_1,
When ay(=2a,) ( %5~ 2% = @)
as = 2(14 = 4(11 (\/)

Teacher: Excellent.
So, there are 3 possible values for as (as = ay,4a;,0r 16a;). The answer is (1)
3.

N R HESEFHARIES - BE B S—BHIRIE > AP AR PR a, = 26,54

o=

a, = -ay °

N[~ j-\‘ 1 1 A
T Wa) = log, 368 » B = 34, =3log, 36 = log )6 » HIE/IN 1> BIREES

HIRF B AT & - L » B S Bar = 24, ©
BT o] DLAIEhiR 2 2 27 AT RERYAE R -
a <Cl2 = %al = 10g106 ( X )
ay =2a, (V)
o FIREREE &%/ ?

X . 1
%E - az = 2612 = 4a1_2a3 = —612 =a -

il - IEHE - FHREPRE Blas = 4015y = o FHEIFHE -
az = %az = a1(v)

as = 2612 = 4'611 (\/)

R fittla, FTRERVE

REEfEas = 4a1?’%ﬁﬁ@? ?

. . = 2a,(v)
BA
B4 ay(=4ay) (a4 _ ;a3 =84, (V)

a (

Ehl - REE o BFIE A DR S — (R (Fas = a5 ay = 24, -
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1 1
as(= ay) (472D =340

ay = 2a3 = 2a, (V)

RIEL » ayA W ATRERYME * 8a 224 -

E%fﬁﬁﬁibﬁasﬂ’ﬂﬁﬁtﬁ °
Bk Eay =8alF > ( 4a1(\/)
as = 2614 = 16611 (\/)

al(\/)

as = 2614 = 4611 (\/)
Bl AREF © FTLL > asH 3 ERTRERIME: as = 16a; » 4a; K a; « HEZE (D3«

Eaa4 = 2a,Ff > (

BlE_

SRHH - SRR R Bk -
(B3) If ab® = 10° and @*b = 10° (a >0, b > 0), then logh =?

(Write the fraction in the lowest terms.)

(30 BRETEE a b BRlab’ = 10° > &b = 10° > Hiflogh = > ({bRyi%
%80
(112 SEELAEEE A BEEGEES 13 /)

ab® = 10°

Teacher: We can take the common log of each side of the original equations {azb _ 10

logab2 =loga+2logh=>5

Then, we get { 5 .
loga® b = 2loga + logh =3

Can you find the value of log b?
Student: Yes, logh = %

Teacher: Very good.
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Tl © BTSSR RER ab® = 10° Rl o?b = 10° FE[EHUE FHSE -

s {logab =loga+2logh=5
loga® b = 2loga + logh = 3

~F
BEELH logb@Ze/ i ?

plE=
st ¢ A E T EHHRE AR

(F3L) A student used a calculator of a certain brand to find log, b (a> 1 and b> 1) by keying
in log(a,b). But the student did it in the wrong order by keying in log(b,a) and he got

the value which was 3 times the correct value. Find the relationship between a and b.
) 2= Q= 3)d*=b @) 2a=3b (5 3a=2b

(30 Felthsst Bt r s B Silog, b FRT% log(a.b) - e Hilog, b (HF a>1 H
b>1) N s B B IEREE AT « 3B o, b RIRIBAG -
) 2= Q= 3)d*=b @) 2a=3b (5 3a=2b

(111 FELHEES A BRISEREER 2 )

. . . . . : . 9
Teacher: First write an equation using the given information. log, a = Zloga b

loga _ 9 logh

log b T4 loga

Change both of them into a common logarithm.

Then, we get 4( loga)2 = 9(log b)z. So,2loga =3logh.
Student: Why 2loga # —3logb?
Teacher: Good question.
Both values of loga and logb are positive ifa>1and b > 1.
So, 2loga = —3logb is not the answer.

Can you find the relationship between a and b now?
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Student: Yes, the answer is (1) a* = b°.
Teacher: Excellent. 2loga = 3logh can be converted to loga® = log .
So, a® = b”. The answer is (1).

B s RIS E AR - PR ¢ log, @ = Zlog, b - BEEWHE AN

R e e = 2180 s s B PEE4(loga)? = 9(logb)? -

logh 4 loga
FrrlL » 2loga = 3logh -
B B2 loga = —3logh ?
EER: RAFOIREE - 205% a>1 H b>1 - HiEFlog aflllog bAVEHENEIEAT
KL > 2loga = =3 log P REEZE -
EHN C IRERAERESK tHaklb 2 A REALE 2
g Wbl BERE () d=b o
EHl  AHET - 2loga = 3 log hT] DU Blog a® = log b -
A Bl dt=b o BER (1) -

plREM

0

wtdl ¢ SRR R B R (oK A -
1 —_—
(B) If x 32 =1 and 2logy =1 (x>0, y>0), then find the value of xl—gz.

(30 %%,y BRIEER > HiErH? = 1R2logy =1, HEL =

(111 FELAIEEE B BEIERASE 13 /)

1 1 1
Teacher:  Directly multiplying x3on each side ofx 3)? = 1, you can gety? = x3and thenx =

)0

It is your turn to find the value of yfrom the other equation 2logy = 1.
Student: OK. y? = 10.
Teacher: Good. How about the value of x?

Student: x= 1000.

2
Teacher: Then, what is the value of xl—g?
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Student: ;—gf =99,

Teacher: Great.

EHT EEEG 6 TR v 0 = | EREM  ARTTBUEE] 12 = 0 SE x =6 .
AR PIAETE 2logy = 1 HHRE] y HI(E -

B Y2 =100

SET (RAT - FEx b9

B4 0 x= 1000 -

gk - e = mies
B o p

10 =99
AT ¢
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Eixh HERH
Logarithmic Functions

IR EE T RE R T FEA BRI

B AIS Introduction

ARETTHINE RBBERE Ax) = log,x HYEF KB - I fRA (BB 22 R
a>0>a#1Hx>0 FHERBHERMEN  # MG B e S B F A
SKREFRTRE § fe% B W RIS T HIER] - ZEE/ M A B T HERBHIEIPE -
e A I RS R AR BN T AR B e S AL B e BT B e R (A L T SR A A
A NPT EATAE S A P - PR AR RE PR BRI SR AY T4 5 R FHER AR
B 1% LANE F R B S A A B AR M A B TRy T -

B :@% Vocabulary

XIEREERNBIE TSN HE

EF th3 BHF th3
logarithmic function BB collinear FLARHY
contradict Bl P & format F& =
sketch =H blank Ay S
huge BERHY exponentiate Ei=t J4Im

BOOMEABEFRE TR EEAR F



D ORT TR T R E KT P EMAEEHBHAR AL

3

B HEGRBEERTGF Sentence Frames and Useful Sentences

(1] is read as

4] : log, 128 is read as “log base 2 of 128.”
log, 128 F&EIF " DL 2 RyJecsiis » 128 Ay, -

® fillin

fil4) : Please fill in your answer in the corresponding space after you find out the solution.

RHEER > FHRE R EAHAER 2R E -

© exponentiate

4] - Exponentiate each side with base 10, then you can get the equation in the exponential

form.

FF S IR R DL 10 Ry BRIk B > st il ASEITE 8O e -

O contradict

fil4] = Your solution contradicts the definition of the logarithmic function.

RAYE ZE AR B E T -

m  [5REiE#E Explanation of Problems

«8 :RAE ®

In this section, we will cover the logarithmic function f{ix) = log_x, where a>0,a # 1 and

x > 0. The lesson starts with the graphs of logarithmic functions fora>1and 0 <a<1.

The graph of the function log_x is strictly increasing when a > 1, and strictly decreasing when

0 <a < 1. The second part of the lesson involves solving logarithmic equations and inequalities.

o8 B AE EERE TR RN



CORT I ER T A R T P o EMAUEBBHEDRL

-~
3

When we are solving logarithmic equations, the logarithms can be set to the logarithms with the
same base. We should check the solutions because the domain of a logarithmic function is

positive numbers only. When solving logarithmic inequalities, log x> log y if and only if x

>y when the base a > 1. Finally, we will do some real-life problems.

wEEEENER o8

HlE—
Sl | AEE R EEeNE v = log,x HYEE (> 1)

(3£ ) Find the values of the arithmetic function y = log, x in the table.
Then, use the dot method to graph y = log, x.

(Hp30) FRHFASPHIREIE - IR ASE LR EeE v = log, x -

1
. 1 I ! I 2 4 8

8 4 2

y =log,x

Teacher: Complete the table for the given logarithmic function.
Tell me the values from left to right.
Student: —-3,—-2,—1,0,1,2, 3.

Teacher: Next, plot all the points and use a smooth curve to connect the dots from left to

right.

%9 B AR RS TR E R
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Now please repeat the same steps to sketch the graph of y = log, x in the same
coordinate plane.
(A few minutes later.)
Compare the two graphs and tell me your findings.
Student: 1. Both graphs of y = log,x and y = log, x are strictly increasing.
2. The graph of y = log, x increases slower than y = log, x.

3. Both of the graphs pass through (1, 0)

y=log,x |

e

//r’#’ 9,2)
a0/ 6

9

\

1
b &

( )
37

(52

Teacher: Excellent. You are all correct.

The logarithmic functions y = log, x and y = log, x are strictly increasing.
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Besides, you can find that the y-axis is the vertical asymptote of the logarithmic

function y = log_x.

Then, compare the graphs of y = log, x and y = 2".

We know that the exponential function and the logarithmic function are inverse

functions of each other. The graphs are symmetric with respect to the line y = x.
//

/|

/

/

/// e
]

/

Finally, the domain (the set of all x values) of the logarithmic function
y=log x (a>0,a+1) is all real positive numbers (x > 0) and the range (the
set of all y values) is all real numbers.
s E TR BN BSE R - TR G REZ /D ?
—3+ =2+ —1-~0-~1-2-35
PENZR » EHFTARE - AP RELE 2 2 A H R -
WAFFEEHEN SRR > fEE— B PE EEE v = logyx HEE -
(%orgEt% ) CLEUERIEEY - SRRl 7 e -
= log, x Ml y = log, x HYEIJLHNZRASIEIEHY -
y = log, x WETERELE y = log,x 18 -
=M E AN EE (1, 0) e
IEE4 - IRMTEEE T -
HEELEL y = log,x M y = log,x #AVERARIEIGHY - LEHN > IRATLIEEER y i
EEHEL y = log, x HYTEEHIATLR -
PNEAREEES y = log,x F1 y = 2" WIEIE o BT BB BB K
BEAYEZ L&Y - EMAVEFETERELSR y=x -
etk - HTEEREL y =log,x (a>0,a # 1) HERFRK (FrA x EVES) AT
HIEEH (x >0) - [EE (FrE v HVEES) ETEEH -

FYOBRE AR ESRETRIL (E

TRkt 23
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pIRE—
Sl ¢ AEEEHBEE y=log,x(0<a<1) WEF - -

(332 ) Find the values of the exponential function y = logi x in the table.
2

Then, use the dot method to sketch y = log; x.
2

(FF30) HHFRAS PRy EIE - M AR A IR BOR e y = logi x -

1 1

1
X — — -_—
8 4 2

y =logi x
2

Teacher: Find all the values in the table now. What are the values from left to right?
Student: 3,2,1,0,—1,—2,—3
Teacher:  pray the graph of y = logi x in the same coordinate plane with the graph of
2
y = log, x.
y=log,x
-____-—-—
--—'—"_-_'
; e
1 4,2)
GO e |
>

A _n Q-1

AN 2’ v A\l -

¢ 1 2) 4,-2)

4
— L
R s e S
Compare the two graphs and tell me your findings.
Student: , — log, x and y = logix are symmetric with the x-axis.
2

Teacher: Yes, you are correct.

2 BYORCE AR R TR RN
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Besides, the graph of y = log, x is strictly increasing and the graph of y = logi x
2

is strictly decreasing.
Both of the graphs pass through the point (1, 0) and they both have y-axis as the

vertical asymptote.
. BRI PRIFTARE - ERIE RS ?
BE 3210 =1~ =2~ =3¢

EH oy (B Ly = log,x Al y = logix BN -
LB - SRR T HE -

PR ) = log,x By = logix BFER x i -
2
R TR 0 OR8E -
FEAL 0y = log, x EEMSIEMSRE > T y = logix ZEIGIENRKEL - WI(E B
2

HhaEAEEL (1,0) - HAELL y il K EUWATSR -
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plE=

SRR - A EEEOTEFCK A -
(L) Solve each logarithmic equation.
(1) log, 2x =log, (x> —x —10)  (2) logz x +log;(2x —3) =3

(H30) FoR T EE TR -
(1) log, 2x =log, (x> —x —10)  (2) logz x +log;(2x —3) =3

Teacher: In the first question, we get 2x = x?

—x — 10 because they have the same base.
What is the answer to the quadratic equation?
Student: x =5or —2.
Teacher: Did you remember to check the solutions?
Remember that the antilogarithm b is a positive real number in the logarithm
log b.
Which of the values contradicts the definition?
Student: —2.
Teacher: Yes, you are correct. So, the solution is x = 5.
Next, we can apply the product law of logarithms to get
logz x(2x — 3) = 3.
Rewrite it with the exponential form x(2x — 3) = 27.

Then, find the solution.

(3 minutes later) What is the solution?

NS} i)

Student:

Teacher: Great. You can exclude the value x = —3 because the value of the antilogarithm
is always positive.
EET BN KR REEEAHE - RITRE 2x = ¥ —x— 10
B RTEANEERS D ?
B x=58-2-
EHl - AR AR 7
sAaclE - B log, b TPHYEEL b BIEEH - WHEATEEEEE ?
B .
D REFREE - BTl BREE x =5

74 BUPBREHBEFRETRIP (BT E



FE TR B ERT P o HEASEHBHES L

EEl . N—/NE - AT DUE RSB EER] > 155 logsx(2x —3) =3 -
REERSREBIPN x(2x —3) =27 - &KL -

(Z=ors#ft) BFREZ/D?

o

N o

Eh KRBT o MER x = -3 WAEHERVABIGEZ AT -

L
st @ ANEE B T OKRE -

(#£3Z7) Evaluate each logarithm.
(1) logs(12x — 4) < logs(25x%2 —8x)  (2) logs(—x) + log,(x + 10) > 2

(F132) K T AN IR -
(1) logs(12x — 4) < logs(25x%2 —8x)  (2) logs(—x) + log,(x + 10) > 2

Teacher: First, we get 12x — 4 < 25x% — 8x because the logarithms are of the same
base.
So, 25x2 —20x +4>0.0r (5x —2)2>0
What is the solution if (5x — 2)% > 0?

2
Student: X # E

Teacher: Good. Let’s see the second question log,(—x) + log,(x + 6) = 2.
First, you can get —6 < x < 0 because the antilogarithms are positive.
Then, combine the logarithms. log,(—x) (x + 6) = 2 = log, 16.
—x2—6x>16 or x2+6x—16 < 0.
Factor and find out the solution to the inequality now.

Student: —8 < x < 2.

Teacher: The answer is not correct because you forget to check the answer.
(=x)and (x + 6)are both greater than 0.
So, —6<x<0.
Find the intersection of the intervals —8 < x < 2and —6 < x < 0.
What is the solution?

Student: —6<x <0.
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Teacher: Yes, you are correct.

LRl B R REEAEHEEREE FTAFTAT LIER 12x — 4 < 25x% — 8x -
It 2 2542 —20x +4 >0 5(5x—2)2>0-
WHSE(5x — 2)? > OV » fRR%/ ) ?

2
X #=o
5

EEN  REF - BENARES 2/NE 0 loga(—x) +loga(x +6) =2 -

ZhN: B REDIRE] -6 <x <0 RABEEBWEEIER - A% » S0FE# -
log,(—x) (x + 6) =2 = log, 16 - 15%[|—x2 —6x>16 B x?+6x—16<0-
BAERE R » BT A -

B4 8<x<2

THT  BEAYH  RTEERE —REET -
(=x) M (x + 6)H KR 0 -
Frll > =6 <x <0 HFEEHRHER -8<x<2 I -6<x<0 HIZEE - BEE
%00

B —6<x<0

EHN B BHT -

plER
st | AR E W REOREEE E AR AT AN -

31500’ 51200

(L3 ) Compare the three numbers and 87%. List them from least to greatest.

(log2 =~ 0.3010, log3 = 0.4771)

(FF30) EEBTHI=8g 3%~ 57290 870 o By NE AP =8 -
(log2 =~ 0.3010, log3 = 0.4771)

Teacher: We can take the common logarithms when comparing the huge numbers 31300,
51200 g Q700
So, 10g3]500 = 1500 -log3 = 715.65 by the given information log3 = 0.4771.
Please find the common log of the other numbers.

Student: How to get log 5% because log5 is not listed in the given information?

Teacher: Good question.

Here we can get log5 by using log2 = 0.3010.
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Because log5 = loglz—O =log10—1log2 =1-0.3010 = 0.6990.

Now, find the value of log 5129 and log 870,
Student: log 5" = 838.8 and log 8’ = 632.1.
Teacher: Excellent. log8’% = 700 -log8 = 700 - (3log2) = 632.1.
So, we get log 87 < 10g31500 < log 5%,
Please list the numbers in order now.
Student: They are 87%°,3'°% 51200,
Teacher: Great. You are correct.
TR ERMEEE g 30, 5% 1 87 B BRI LIRS -
TR E 40T log3 = 0.4771 » BIBUGKH log3™® = 1500 - log3 = 715.65 » «
i AR A HA B R EE -
B ERETHEIRE] logSPIE 2 REEIYAYE logs B -
RN AR - EE - BT LI log2 = 0.3010 Z5K logs -

%y log5 = log = =log 10 — log2 = 1 — 0.3010 = 0.6990 -

FRAE > $H log 5% A log 8% HyfH
B 1og5'?%0 =838.8 5 log8% =632.1
EHT KT - log87% =700 1log 8 = 700 - (3log2) =632.1 -
FITLA » FAPIEE] 1og8™ < log3"*™ < log 5™ o HAEFHH/INEIAHES L =8 -

%ﬁz : 8700 R 31500 N 51200 o

ERL REE - J28E
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w EHERE / BREZ R

pIEE—
atEH ¢ SR A R ER R -

(L3 ) In a coordinate plane, the three points (3, log3), (6, log6)and (12, y) are on the same
line, then y =log  ?

(F30) ERAAEEVH E=%E (3, log3) ~ (6, log6) Bl (12, )fEE—E&R L - Al y =
log o
(107 FEEAIEEIERE A )

Teacher: If the three points (3, log3), (6, log6) and (12, y) are collinear, then the slopes
formed by any two points are the same.

__log6—log3 _ y—log6
T6-3 126

Then, we get 2(log6 — log3) =y — log6.
What is the value of y?
Student: y = 3log6 — 21log3.
Teacher: Well, your answer is not simplified because log6 = log?2 + log3.
Besides, you need to condense it in one logarithm to fit the required format.
What is the solution?
Student: y = 3log2 + log3 = log24
Teacher: Excellent. Please fill in the blank with 24.

Rl AR =AERE (3, log3)~ (6, log6) Al (12,y) &g - AR HLERIBIEEHTRER
A EY -

__log6—log3 _ y—log6
T 6-3  12-6

L > FAMHSE] 2(log 6 — log3) =y —log6 - Ky HIEHEZ D ?
BA: y=3logb6—2log3
Zafc W AERHVEZFEEIEEIREG - NRy log6 =log2 +log3 « i H. » {RFRZR
T LRGE HZORAVEHE - BB REED?
BAg . y=3log2+log3 = log24
ZEf R - SHIRFEISIE L 24 -
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(£ ) When a six-sided die is rolled twice, the outcomes of the points are shown as a and b

in order. What is the probability of log(a?) + logh > 1 ?
H: @ G @2 ©:

(P20 R — A AT WK > S EREREEUR T Ry a, b -
stiE5E log(a®) + logh > 1VHER R 2% /D

H; @ G @ O2

(109 FELHIBLBERAE 6 7H)

Teacher: By applying the product law of logarithms, log(a?) + logh > 1 is equivalent to
log(a®b) > 1.
Exponentiate each side using base 10 and get a?b > 10.
How many different outcomes of (a, b) that satisfies a?b > 10?
List them out.
Student: a=2-b=3,4,5,6
a=3-b=2,3,4,5,6
a=4-b=1,2,3,4,5,6
a=5-b=1,2,3,4,5,6
a=6-b=1,2,3,4,5,6
There are 27 outcomes.
Teacher: Good.
When you roll a six-sided die, there are 36 possible outcomes.

What is the probability?

27 = 2 The answer is 4) 2.

Student: e 2

Teacher: Excellent.
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EhN EFEEEIAEER] 0 log(a®) + logh > 1 [ log(a®h) > 1 -
FEEWERLL 10 R RIS EHER > 55] a®h > 10 -
B/ EARER (a,b) HEWE a®b > 10 IE 2 3FEFIHZK -
B g=2-b=3,4,5,6
a=3-b=2,3,4,5,6
a=4-b=1,2,3,4,56
a=5-b=1,2,3,4,56
a=6-b=1,2,3,4,56
HH 27 fEER -
Rl ARYF -
BRI —ES BT - H 36 MEAIREAVAER - RRES D ?

EBAE

FET T3 aaen@
R

fiE=

st ¢ s AR R B L R TR
(3L32) If (log 100)(log b) +10g 100 + logb = 7 with b > 0, then which of the following
statements is true?
(1) 1<b <10 (2) V10 < b < 10 (3) 10 < b < 10V10
(4) 10v10 < b < 100 (5)100 < b < 100vV10

(7)) RIEES b2 (log 100)(logh) +1og 100 + logh = 7 - 3tiseH IFRERTIEETE
(1) 1<b<+10 (2) V10 < b < 10 (3) 10 < b < 10V10

(4) 1010 < b <100  (5)100 < b < 100vV10
(108 FELHIBEBEE S S 7 )

Teacher: Simplify the given equation,we get 2logb + 2 + logh = 7.
3logh =15 or logh = 2

Find the value of 4.

Student: ¢ — 10%_

Teacher: Good. Then, choose the correct answer and explain the reason.
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Student: The answer is (4) 10v10 < b < 100.

3

3 5
Because 10v10 = 102 and 100 = 10, and b = 105 is between 102 and 10°.

Teacher: Great.

Zhh - AcfERE 4G IES BSE] 2logh+2 +logh =7 -
3logh =5 Ei& logh = g o K b HYH -

1
HE

b = 103.
HHh: REF - BETAR B RS R ERE T HEA -
B L KRR (4) 10V/10 < b < 100 -

B 10VTI0 = 107 LU 100 = 10> > b =105 S5 102 i1 10> R -
A IREE -

5 =& Y
S SR R B R R AR -
(LX) In an arithmetic sequence <a;>, the first term «@; and the common difference d are

both positive real numbers. The three terms loga;, logas, logag are also arithmetic.

Find the common difference of the sequence loga;, logas, logag.

(30 s FEEEY <a>Z EH a) LA d B /HIER > H loga), logas, logas fiRFri
REZES - SELES] loga), logas, logas HYAZE -

(1) logd (@) logZ  (3) log>  (4) log2d (5) log 3d

(111 FERHIEEE A BISEREES 4 )

Teacher: Assume a3 = a; +2d and ag = a; + 5d.
Also, logag — logas = logasy — loga, because loga;, logas, logag are also
arithmetic.

a ag a

10g— 1og—3—>—6=—3—>a1(a1+5d)=(a1+2d)2
as a a3 a

What is the relationship between a; and d?

Student: a; = 4d.
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Teacher: Very good. Then the sequence loga;, logas, logas can be rewritten as log4d,
log 6d, log9d. Then, what is the common difference of the sequence loga,
log as, logag?

Student: The common difference is log3 — log 2.

Teacher: .
CACE Great. So, the answer is (3) because log6d — log4d = log %

i E% a3 =a, +2d H ag=a; +5d° Rk loga; ~ logas ~ logag k%% » f
Ll logag —loga; = loga; —loga, -
10gz—§ = 10gz—? - Z—: = Z—? - ay(a, + 5d) = (a, + 2dy’
a; Ml d ZERBEIFREE?

B4 g =4d-

ERT - JEELT - ARIBHEF loga, ~ logas ~ logas TILLEH % Ky log4d ~ log6d ~ log 9d -
HOEE » #5151 loga; ~ logas ~ logag HIAERES/V?

B NFEE log3 —log2 e

T e log6d — logdd = log> FLUEFRE () -
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Vector Operations in the Plane

IR EE EREHREN  RIMEEEA

B A/S Introduction

REBHEWMRERPC

-~
3

RETLUIE PR EERKFNE  AENGERE - DL ~ BUEASEE R HEE AT
H FHVS R - S ERENSMESE - D5 BB A -
B = Vocabulary
XEBRIE RS LETENFER
¥ th3 7 thi
directed line segment A EREL initial point et o
terminal point oSy magnitude =
vector [EI= zero vector 21515y
x component X8 y component vy E
section formula AT resultant vector GEREE
parallelogram law PATIE A
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B HEGQEBEERETGF Sentence Frames and Useful Sentences

o be denoted by

f5i4) : The vector can be denoted by .
R ET DT 7 -

(2] is increased by a factor of

il4) © The vector is increased by a factor of 2.

AEfE AR 2 Ff -

© is twice/ triple of

f5i14) : The new vector 3u is triple the magnitude of the original vector .

i E 3u NEREFERAHNE u RIY=1F -

(4) divides in the ratio of

4]+ The point P divides AB in the ratio of 2:3
BE P AB Sy BWA4RES o SRERRAIEL R 2:3.
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B RIEEFERE Explanation of Problems

8 A »
[Definitions of vectors]
In physics, a force can cause the motion of an object and change its velocity. For example, the
forces that enable you to push a ball or pull a door, the gravitational force that pulls objects
toward each other, and the frictional force that resists motion. A force has magnitude and
direction, just as the velocity of an object also has its magnitude and direction. In this section,
we are going to introduce such quantities with magnitude and direction. In mathematics, we use
directed line segments to represent such quantities. In the following graph:

@ is a directed line segment, while P is the initial point and Q is the terminal
/ (.1 point. The arrowhead shows the direction, from P to Q, from the tail to the head.
The magnitude is the size, referring to the length of the directed line segment, and

p
can be denoted by |P—Q| This absolute value sign represents the magnitude of |@|

I draw several directed line segments here, with the same size as /v/v

PQ. Their directions are the same. Since these directed ine . /V
segments have the same magnitude and the same direction as PQ, /

they are all equivalent. The set of all these equivalent directed line segments can be denoted by
a vector u. We use the directed line segment to represent “vector”, so u = @ The direction
and the magnitude of the directed line segment @ are the direction and the magnitude of the

vector u. A vector can be denoted by a single lowercase letter, such as u, v, etc.

There is a directed line segment in this g figure. The initial point is the origin (0, 0), and the
terminal point is (3, 1). From the tail (0, 0) to the head (3, 1), the horizontal change is 3, and
the vertical change is 1. We say that u = (3, 1). 3 is the change in x, and 1 is the change in y.
The vector u can be directly represented by the coordinates of the terminal point. u = (3, 1)
looks like the coordinates on the coordinate plane, but actually they are the changes in x and y.
If the vector u has the initial point at the origin (0, 0), and the terminal point (u;, u,), then

u = (uy, up). It is the component form of a vector u. The first number is the x component of u,

which is the change in x. The second number is the y component of u, which is the change in y.
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The directed line segment whose initial point is the origin is
3.1 convenient to represent a set of the equivalent directed line

segments. This particular directed line segment is in the standard

0‘0 1 2 3 4 ! ..
f0: ) position.

What if the initial point doesn’t start at the origin?
In the left figure, the initial pointis P(p,, p,) and the terminal
pointis O(q,, g,)- We can construct a right triangle to find out

the horizontal change and the vertical change. The horizontal

change is g, — p,, the x value of the terminal point minus the
x value of the initial point. The vertical change is g, — p,, the

y value of the terminal point minus the y value of the initial point.
The component form of the vector is given by PQ = (ql — P qy— pz) = (uy, up) = u. If the

initial point is the same as the terminal point, such as PP, then there’s no horizontal or vertical
change. PP is a zero vector, denoted by 0= (0,0).

Please note that the component form represents “a family of vectors”. The vector (3,1) can be
considered a vector with the initial point (0, 0) and the terminal point (3,1) as well as a vector
with the initial point (1,1) and the terminal point (4,2), and other equivalent vectors. The
vector is not defined byan exact position, you can shift the vector around and it is still the same

vector.

The magnitude of the vector, which is the length of the vector, can be figured out by the distance
formula. The distance formula comes from the Pythagorean theorem. Two legs are q; — p; and

q, — p». The length of hypotenuse is |@| = \/(ql —p1)?2+(q, —p)% = \/ulz +u2 =|ul.

If |u|=1,wecall u the unit vector. If |u| = 0, wecall u~ the zero vector.
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[Scalar multiplication: Scale a vector] ¥
Scalar multiplication is to scale a vector: change its magnitude, or flip its 6 P
direction by 180°. ;
Let’s draw a vector u = (1,2) in the standard position. Put the initial 2 iss
point at the origin, and the terminal point at (1,2). Multiply the vector uf 2

= %o ¢ 3

by 3, and 3 is the scalar. We multiply each component by 3, and we will

have 3u = (3,6). Draw (3,6) in the standard position. The initial point
at the origin, and the terminal point at (3,6). We can tell that the direction doesn’t change, but

the magnitude changes. It is increased by a factor of 3.

SR A, Let’s try another scalar multiplication. Multiply the vector by —2. We

/ multiply each component by —2, and we will have —2u = (-2, —4).

I I Gduasl Draw the vector in the standard position and we can observe the relative
] position between u and —2u. We can tell the direction has been flipped

R by 180°, and it is in the opposite direction. They still sit on the same line.

The magnitude of the new vector is increased by a factor of 2. This is
twice the magnitude of the original vector. Therefore, please note that the negative scalar will

flip the direction by 180°

[Vector Operations: addition and subtraction]

Assume that u = (—1,3) and v = (2,—1), what would u + v be? To take the sum of two
vectors, we add up their x components to get the new x components: —1 + 2 = 1, as well as
their y components to get the new y components: 3 + (—1) = 2, and get the resulting vector
(1, 2). It would not be a problem for you to do the simple calculation. However, the geometric
meaning of adding vectors is more interesting. Let’s draw uz = (—1,3) and v = (2,—1) inthe
standard position, see figure (1). As we add v and u, we have to shift vector v over, so that its
initial point starts at vector u ’s terminal point, see figure (2). The resulting vector is going from
the initial point of % to the terminal point of v. The new vector, OB in figure (3), is called the
resultant of vector addition. It has horizontal component 1 and vertical component 2, and the
vector is (1, 2).

Follow the direction of arrowheads, the addition can be expressed as OA + AB = OB. Point 4

is the connecting point.
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(1) (2) 3)

Assume that u = (—1,3) and v = (2,—1), what would u — v be? The expression u — v can
written as u + (—V). The vector —v has the same magnitude as v, but in the opposite direction.
—v = (—2,1). Instead of 2 to the right and 1 down, we go 2 to the left and 1 up. To add —v to
u, we shift vector —v over so that its initial point starts at vector u’s terminal point, see figure
(4). We add the x components and y components correspondingly, and we will have

i+ (=) = (=1,3) + (=2,1) = (=3,4). In figure (5), the resultant vector OB = (=3, 4).

The change in x is 3 units to the left, and the change in y is 4 units up.
4 )

. A
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[Linear combination of vectors]
Given O4 and 5@, how to construct O4 + OB? We can shift OB around to

connect to the terminal point of m, like we did above. However, here’s

another method, which is called “Parallelogram Law”. We construct a

parallelogram with OA and OB as the two sides.

In the parallelogram, the opposite sides are parallel and congruent, therefore
the vectors are equivalent: OB = ;1?, OA = BP . Each pair of vectors has the same magnitude
and the same direction. Following the direction of arrowheads, OP = OA4 + AP.

Replacing AP with OB, and we have OP = OA + AP = OA + OB. The diagonal vector from
point O is OP, which is equivalent to OA + OB.

Let’s see another example. In the parallelogram below, OC = 50A4. These segments have the

b »  same direction (their arrowheads all point at the same direction),

so OC = 504. Similarly, OD = 20B. With some substitution,
we would get OP =0C + CP = 0OC + OD = 504 + 20B.

OP = O4 + OB and OP = 504 + 20B. show that OP is expressed in a linear function of
OA4 and ﬁ, and it is called the linear combination. A linear combination of vectors is a result

combining the vector using scalar multiplications. It can combine more than two vectors, but in
the textbook, we only deal with the combination of two vectors.

It is denoted by OP = am+b@, while @, OB are non-zero vectors, unparalleled,

coplanar vectors, and a, b are scalars.
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(J£37) Find the component form and magnitude of the vector v that has the initial point
(4,—7) and the terminal point (0,5).

(30 DR RAFoNEERE Ry (4, =7) K&®qRy (0,5) MYRE » MKEE -

Teacher: You can plot the points on the coordinate plane to see their relative positions. The
change in x is from 4 to 0. What is the horizontal change?

Student: 0—4 =—4

Teacher: Ok. —4 is the horizontal component, or we can say x component. What about the
vertical change? From which number to which number?

Student: From —7 to 5. The vertical change is 5 — (—7) = 12

Teacher: You have found out the x component and the y component. You can combine them
into a vector.

Student: (—4,12).

Teacher: Correct. The magnitude of the vector is the length. You can apply the Pythagorean
theorem to get it.

Student: /(—4)2+122 = /160 = 4+/10. It is the simplest form.

Teacher: Good.

D EAEPE EE SR BREMAHELE - x BYEEIE 4 5] 00 KF

BLEZD?
B 0-4=—4
R WY o —4 BV E > BEEERMA DI x 0E - EEELIE ? [EWEEE]
VAR 2

B4 e —78 5. FEHEELE 5-(-7)=12"

EED RESGRET x BN y o8 #E A EME e (EHE

B (—4,12) -

EED 2 - MENANERE > BEMASKEHREEE -

B

V(=4)?2+122 = V160 = 4V10 - ZEAAENFT -

Ehl: AREF
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(32 ) Assume that u = (4,2) and v = (0,—1), find u + 3v and sketch the resulting

vector.

(F30) & u=(42) v=(0,-1) > LRTIIIAEE u+3v LEH -

Teacher: First please draw these two vectors in the standard position. Put the initial points at
the origin.

Student: How do I draw v = (0, —1)? The x component is 0.

Teacher: The x component is 0, which means that there’s no horizontal change.
The y component is —1, which means that 1 unit down. Start from the origin, how
do you plot 1 unit down?

Student:

Like this?

Teacher: Correct. The vector v is vertically downward. You can use simple math to find out
the answer. What is 3v?

Student: 3v = (3% 0,3% (—1)) = (0,-3).

Teacher: What is the u + 3?

Student: (4,2) + (0,—3) = (4,—-1)

Teacher: Correct. Let’s sketch the vectors. 3v is triple the magnitude of v. You can extend
the vector v and triple the length.

Student: A

2

1

like this?
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Teacher: Yes. Now add 3V to u. You shift the vector 3v, so that its initial point meets the
terminal point of u. Please show me your graph.

Student:

A

Like this?

Teacher: Yes. How do you move over the vector?

Student: It is like a parallelogram. I draw a line parallel to OD, and measure the length of
3v. AE = OD

Teacher: What is the result?

Student: The result is the OF = (4,—1). Here is my graph:

A

3v

1] 2 3

-1@ B

20

29

Teacher: How do you know you are correct?

Student: In vector (4, —1), the change in x is 4 to the right, and the change in y is 1 down. It

matches the direction of OE in the graph.

Teacher: It’s always good to double check the answer with a graph.

LD B sA AR EERIERIE R o RAREARRICE R o

B REQfEE v=(0,-1)?x S7EE 0

EH o x DB 0 TP HEGAEEL oy pER -1 FToRET 1 B - R
BhBALG > BEER NE 1 B 7

B4 BIERE?
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ERi

Bk
4
sk
4

ERi

IEHE - (AR v BEEA Y (R A RAVESESE R EZE - 3v 220
UE ?
3v=(3%0,3%x(-1)) =(0,-3) *

u+3v F?

(4,2)+(0,-3)=(4,-1)

TERE - FefT—HEokE SR E - 3v BYR/INVE v =% o IRAI LR & v

M AR iy = -

- BIERE 7

DRy BERE 3V INE] v b - REEENEE 3V o (EHERIAREE v IVARIE S

BB ITMEE -

DoGaERE 7

3v

-1@-B L

20

3@

23t o (R EE(E R E ?

B4 EG—E TR - E T —RFATH OD M4 MRHE T3V IR -

BUEEHBREFRET RSN

I;IF,\F%’% ’I
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AE = OD -
il GERESD?
B GERE OF = (4,—-1) - iBERNVE :

3v

T RS R TR 2

B fERE (4-1) o x WELREG 4 By ELRET |- 2
Elhtt) OF J7— -

AT FUFIB S SR R A -
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(9537 ) Show that ¢ = (5,4) is a linear combination of u = (4,2) and v = (0,—1).

(F30) # ¢ = GHFTKAE u= (42)f v=(0,-1) AYRMLHS

Teacher: ¢ can be expressed as a linear combination of u and v, since u and v are not
parallel. We can assume the scalars as x and y. How to write ¢ as a linear function
of u and V?

Student: ¢ = xu + yv.

Teacher: Correct. So we have ¢ = x(4,2) + y(0,—1).
Please apply the scalar multiplication and addition.

Student: ¢ = x(4,2) +y(0,—1) = (4x + 0,2x — y). Is it right?

Teacher: Yes, with the scalar multiplication, we have
¢ =x(4,2) + y(0,—1) = (4x,2x) + (0,—y). Then apply the addition, add the x
components: 4x + 0, and add y components: 2x — y.
Next, ¢ = (4x, 2x —y) = (5,4). By comparing the components, we get two
equations 4x = 5 and 2x — y = 4. It is a system of linear equations written as

{2x4f ; i 4 Please solve for x and y.

Student: x = 1.25 and y = —1.5

Teacher: ¢ = 1.25u — 1.5v

ZHEl R u My AT 0 e AIDIEORRy w M1 v BYERTESEE o BT DUBGERAIE
Fo x Fy = 400K ¢ B3k u M1 v HYSRVERETE ?

BA . c=xu+tyve

il 0 IERE - JFIEE] ¢ = x(4,2) +y(0,-1) - FHEMLEFENIDE -

BA T c=x(42)+y(0,-1) = (4x + 0,2x —y) FEHNE?
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Ll e HBMEIE > 5E] c=x(42) +y(0,—1) = (4x,2x) + (0,—y)
PRIERNNE >/ x BN 4x+ 00y 2EMIN: 2x—y -
A ¢ = (4x,2x —y) = (54) - BBLLE & - BFHSEIW(E G2

. 4x =5
%=5$D%—y=4°%ﬁ@ﬁﬁﬁﬁ{hfy:4

s x A oy o
B4 x=125 fl y=-15-
HEf B¥ET o c=125u—15v

w EARE/ BREEE o

BlE—
i - AR ENLARDL HE EE -
(FL3Z ) Ahiker left the camp with a compass. He walked 3 km E and 2 km S on the first day,
2 km E and 5 km N on the second day, 4 km W and 4 km S on the third day.

At the end of the third day, the hiker got lost. With the method of vectors, please

calculate how far the hiker is from the camp.

(=0 — (BT & & Tar st EEBE = - BB —RMARE 7 3 A8 Mgk T 2 08
FORMEHRET 2408 mALET S AR B=EREEET 4 08 WEE
T ARE - BERERGRME T o (EHRENITE  sHREMEEEtEE 2 E
FEEREE -

Teacher: On the first day, the hiker walked 3 km E and 2 km S. E is the East, and S is the
south. We can plot his route on the plane. Let’s plot 1

the camp at the origin. The horizontal change is +3,

and the vertical change is —2. We usually use “+” to

(13 2

represent the East and the North, and use to
represent the West and the South. The vector of day
1 can be denoted as d—l = (3,-2).

Can you find out the vector of day 2 and day 3?
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Student: On day 2, the horizontal change is +2, and the vertical change is +35.
The vector of day 2 can be denoted as 3; = (2,5).

Student: On day 3, the vector is d; = (—4, —4).

Teacher: What is the resultant vector of dT + cTZ + dj? What does it mean?

Student: The x component is 3+2—4=1, and the y component is —2+5—4= —1.
dj + 3; + 3; = (1,—1). It means the total distance within the 3 days.

Teacher: No, it should be the displacement. The change in position is the displacement.
At the end of three days, his displacement is 1 km i
E and 1 km S since d~1+d~2+d—3=A—G=
(1,-1).

“How far is the hiker from the camp?” is asking A

the magnitude of the vector.

Student: |Z@| =V1+1=+2.

BH L SR BRI TEEETET 3 AR SEEETET 2 48  ERFEHR
S (RFeF © T AT P H A4 -
S B MRS - KPELE +3 0 BESLE —2 - mERAEH T+
AeFoREAIAL - (T — ) AFORIIRIR - B RIVEE > #Rk 4 = (3,-2)
(REEFR S 2 KADSE 3 KA R ?

B 2R KTELRE 42 EEELE 45
$2 KRR FrB &b =(2,5)

BE EIR R &= (—4—4) -

I dy + dy + dy SRR ? BRI 2

B x DEE 32-4=1 y HERE-2+5-4=—1"
dy +dy+dy = (1,-1) » RIS -

HH R BRI - i EAIE LR - SRGEH - AR 1 AR
1l ANE e dy+dy +ds =AG=(1,-1) -

S BEEEEENA SIS 2 EREMERIAN -

EHl 4G =VT+1=VZ -
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(L) M(3,4), A(—1,0), B(4,0) and P(1,0) are four points on the coordinate plane.
It is known that MP = xMA + y]\_lg, find the value of x and y.

(132) M(3,4) ~ A(—1,0)  B(4,0) ~ P(1,0) B L Y :
Push > 1 MP = xMA + yMB > K x, y 218 - :

Teacher: MP is a linear combination of MA and MB. Since we know their coordinates, we
can find out their vectors, substituted into the equations, and we will get a system of
linear equations.

Please work on your own, and later we will discuss the answer.
(few minutes later) Would any of you like to explain your process?

Student: First, I find out the three vectors. MP = (-2,-4), MA = (—4,-4),

MB = (1, —4). Then I substitute them into the equation MP = xMA + ym, and |
have (—2,—4) = x(—4,—4) + y(1,-4).

Teacher: Good. Please stop here. Does any of you want to follow up the process?

Student: I do multiplication and add up the vectors.

IThave —2 = —4x +y,and —4 = —4 — 4y. Then I get x = 0.6 and y = 0.4.

Teacher: Great. Now I would like to show you another method. The initial point of AP
starts at MA’s terminal point, so I can write MP = MA + AP . Please observe the
vectors AP and AB. How are they related?

Student: Their directions are the same, pointing east.

Student: The magnitude of AP is two-fifths of the magnitude of AB.
Teacher: How do you know g?

Student: I counted it.
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Teacher: That works. According to your inputs, I can tell that AP = %E I replace AP in the

previous equation, and I have MP = MA + AP = MA + EZE

How are AB, MA and MB related? Can you tell from the graph?

Student: They form a triangle.

Teacher: Ok, but I mean vectors. How are these vectors related?

Student: 34 + AB = MB.

Teacher: Great. 1 can say that AB = MB — MA, by subtracting MA on both sides of equal
sign.
Then, I replace AB in the previous equation, and I have

2 2 2 2
MP=MA+AP=MA+§AB=MA+§(MB—MA)=MA+§M - M4

37 | 2%,
= EMA + EMB'

MP = %m + Em is the final answer! We had x = 0.6 and y = 0.4. Do they

match?
Student: Yes.
Teacher: In the graph, the point P divides AB internally in the ratio of 2:3. Point M can be

generalized to any point on the plane. The position vector of P can be expressed by
MP = %m + Em I would like to generalize this equation.

If the point P divides internally the segment joining 4 and B in the ratio of x:y, then

the position vector of P is MP = %m + %m This is the Section Formula for

internal division of vectors.

HHl : MP % MA F1 MB HUSWEARE « DRUBRIVRIEE PIRAAE - BrUERPTar bAk
HEMINEE - AR ABIFTEEE 54 -
HRFEECE » HBRFghEE -

(465375815 ) 15 NIRRT IRITETRNG ?

B4 Hde s BT SEEE c MP = (=2,—4), MA = (—4,—4), MB = (1,—4) -
IRIEHRATTRE MP = xMA +y MB » 5% (—-2,—4) = x(—4,-4) + y(1,—4) -

Sl 0 AP SEISTEIEHE o A5 AR AT T R 9
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BUE L BREERTEEMIER AR B 2= —4x+y > fl —4=-4—4y-
gt x =06 fl y=0.4-

HH D AT o BAERIRERII A —FE % o AP HIWIMAESTE MA H94%%E » FiLIF
DIBSEG MP = MA + AP - 358228 AP 1 4B - VARG ?

Bk L T IEAEE o ES I -

g4 AP HTR/NE 4B KUY <o

T IEREAIER 27
g REUBT -
B sy sk RETLISI AP = 245 - 4§ AP = 7B AN
{E7725 » (58] MP=MA+ AP =MA +24B -
AB ~ MA W1 MB =HA (R ? (R LA E - HiAks 2
g ek A=A
T R FERNERREAE - BlmE Y EA G ?
B30 MA+ AB = MB -
TH : KAFT o BEEWIBRE MA » 155] AB = MB — MA » 345 AB A AFT—(EHY
J7fEs MP = MA + AP = MA + = AB~
4L - = . 27m 2357 _ 37771 270
=MA +7(MB~MA") = MA +_MB — :MA = -MA + _MB -
MP = 2MA +2MB BRERAVESE | FIMEE] x = 0.6 fil y =04
AT 2
Bk R
T fEET 0 P EHE AB PUERLL 2:3 (9ERGISYE] o M OBEE DU R LR
oo PR E BT R MP=ZMA+ZMB -

HACE(E G EE -
ERN YR P ORMEENE 4 M1 B HYAREZ ELIEEHT x:y AENE] > AR PRI E

_

SRt MP = 2 NMA + = MB - SRR EIN S AS

0 FOREAEEERE TR FERR
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Brxt FH@EEMNAE
The Inner Product of Two Vectors

IR EE EREHREN  RIMEEEA

B A/S Introduction

ARETT M ELISSGER R B - e TThy HhERESE - IEREREENREE
 SHIES A LA BANBRIIAZ - MELUBER ARG R EATENIE » 1L

HIEr R ER AR - WM HTIHENFRRE - KPR FAEFIRRALR AR -

B :d% Vocabulary

’-I-HEE TTZ%JHZ%FUEEIE:J%

¥ thi ¥ thi
counterclockwise ill%§t vector component HES8
inner (dot) product W orthogonal EX
projection ne:t):2 law of cosines BRo EHE
Cauchy’s inequality Fl A =
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B HEGRBEERTGF Sentence Frames and Useful Sentences

® measure counterclockwise/clockwise .

4] © An angle measured counterclockwise is positive.

PSR E R AR IR -

® decompose into .

f5i55) : Please decompose the given vector u into the sum of two vector components.
sRrEEE S u sy R (E E S SRR -

© is the projection of onto .

f5il5) - w, is the projection of v onto u.

wi & v 1E u HYIESH -

B [EEFE#E Explanation of Problems

o3 RAA =

[The angle between two vectors]

Let’s start with the angle between two vectors. There are two nonzero vectors # and v, sharing

the same initial points (as shown in the following figures). The angle between u and v is 6,

0 < 6 <. The angle is measured counterclockwise from u to v, and the value of 6 is

positive. Not only in this section, we also measure the angle counterclockwise in trigonometry.

The angle can be an acute angle, an obtuse angle, or even up to 180°. If the angle between two

vectors is 180°, then the two vectors point in the opposite direction. Can you imagine what the

vectors look like if the angle is 0°? Overlapping? Parallel? Please think about it.

FYOBEARESRETRIL

FHRAT
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If the two vectors are not connected with each other (no joint initial points), you can shift one of

them and make their initial points overlap. Now, the angle can be measured counterclockwise.

[Vector components and definition of projection]

In physics, the constant force F has a magnitude and a direction. It is just like the “vector” we
are learning now. Each force can be decomposed into two components- the component parallel
and perpendicular to the displacement.

In the figure, a constant force of 10 Newton (denoted as 10N) has been applied on an object.
The force can be decomposed into a horizontal component 6 N (parallel

to the displacement) and a vertical component 8 N (perpendicular to the — 7 =1onx
displacement). Do you see the right triangle? It is closely related to the
“decomposed” vector. e
The horizontal component describes the rightward influence of the force and the vertical
component describes the upward influence of the force. The “work™ done by the force is the
product of “the component of the force parallel to the displacement” multiplied by “the
displacement”. If this force of 10N has moved the object 3 meters to the right, what is the “work”
of the force? The object moves to the right, and this direction is parallel to the horizontal

2

component Fx The “work” of the force is 6 X 3 =18 joules (J). You will learn more

applications in physics class.
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We can decompose a vector into the sum of two vector components. Let # and v be nonzero
vectors. We can extend u, and construct a rectangle with v as the diagonal.
w; and w, are perpendicular, but we call them orthogonal especially
referring to vectors. w, overlaps u, and is longer than u. We can say that
w; is parallel to u.

v =w, + w,, where w, and w, are orthogonal. The vector w, and w,

are called vector components of V.

w; is the projection of v onto u. Pretend that u is on the ground, and the sun is directly above

. The shadow of v will be on the ground, and is the projection of v onto u. The angle between

<l

Ny

and v is 6. The length of the projection of v onto u (the length of the shadow) is one leg of
the right triangle, and its value is | v|cos@. The product |v|cosO-|u|=|v||u|cosO is
defined as the inner product of two vectors # and v. We sometimes use “dot product”.

We write “-” for “inner (dot) product,” and it is a new operation: u-v = |V || u |cos8.

Is it familiar with the work of the force? The “work™ of the force is 6 X 3 = 18 joules (J).
Please compare this equation to the formula | v |cos - | u |. You could see that | v |cos6 is the
horizontal component of the force, and | u | is equivalent to the “displacement” of the object.
The “work” is the result of the inner (dot) product. Both values of | v |cosf and |u| are real
numbers, not vectors. The product of two real numbers is also a real number. Therefore, the inner

(dot) product of two vectors is denoted by u-v = | u || v |cos8, which is a real number.

[Inner (Dot) product in terms of coordinates]

Plot u = (uy,u;) and v = (v4,v,) atthe origin, and the angle between these two vectors is 6.
We have point U (uq,u,) and V (vq,v,).

Since OV+VU=0U, VU=0U—- OV =1 —v. According to the law of cosines,

s VO’ =00 + 0V’ —20U- 0OV - cosf

Vvy,vs,) . .
v The segment squared is equivalent to the square of the

— =
u — v

7 vector’s magnitude.
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Therefore, we can have equation

lu—v2=|ul>+ |vI*=2|ul-|v]|-cosb.

U—v = (U —vy, Uy—v,), its magnitude is |z — V| = \/(u;—v,)% + (uy—v,)2.

|| =y )+ (u)?, [Vv] =y )2+ (v2)%

Meanwhile, the definition of the inner (dot) product tells that - v

|u]-|v]|-cos8.
Let’s substitute everything into the above equation. We will have
(U1=v1)% + (Up=12)* = (Ug)? + (Uz)? + (v)* + (v2)* — 2(u- V)
Simplify the equation and we will get 2u;v; + 2u,v, = 2(u - v ). Dividing each side by 2, and
we will have u-v = u v, + uyv;.
Therefore, the inner (dot) product of u = (uy,u,) and v = (vq,v,) is given by u-v=

U,V + Uyv,. That’s how we write the inner (dot) product in terms of “coordinates”.

[Projection]

We mention the projection of v onto u, and its length | v |cos6. Now we
would like to know its vector, w;.

Because w;, and u are parallel, w; is a scalar multiple of u. We can

assume w;, = cu, c is the scalar.

|
!
I
I
1
I - —_— —_— —_— - _ —_—
; v = wy + w,, and we replace w;. We have v = cu +w,
wi Then, take the inner (dot) product of each side with u.

—_

Wehave v- u=(cu+wy) - u=cu - u+w," u

Because the angle between w, and u is 90°, w,-u = | w; || u [c0s90° = 0

N

V.
a2

Therefore, v-u = c| u |*. We isolate ¢, and have ¢ =

. . N -~ . _ — ViU —
The projection of v onto u is w; = cu = (W)u.
u
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[Parallel vectors and orthogonal vectors]

If vectors are in the same direction, but vary in magnitude (different sizes), then these vectors
are parallel. If uand v are parallel, then we write u || v. Since one vector is a multiple of the
other, we can say that u = tv, while t is a non-zero real number.

Let’sassume # = (x1,y1), Vv = (x3,¥2). (x1,¥1) = t(xy,,v,), then we have

{xl = txZ
Y1 =1y

. X tx X X X . .
The ratio of y—1 can be expressed as j = y—z We have y—l = y—z , or we rewrite the equation to
1 2 2 1 2

fc—l = ;ﬁ We can conclude that if two vectors are parallel, the ratio of their x components is
2 2

. . . . . X .
equivalent to the ratio of their y components. We can use this conclusion = = %1 o examine

X2 Y2

whether the vectors are parallel or not.

For orthogonal vectors, we can use the inner (dot) product to examine whether two vectors are
orthogonal or not. If the angle betweenu = (xq,y;) and v = (x,,y,) is 90°, the inner (dot)
product u-v=|ul|v|cos90° = 0. We can conclude that if the inner(dot) product of two

vectors is 0, then these two vectors are orthogonal.

[Cauchy’s Inequality]

Let a, b be two non-zero vectors. Since —1 < cosf < 1, we multiply each term by | a || b |
We have —|5||E| < |5||E|c059£ IEI|E|

We replace |5||Z|COS€ by - b, and we have —IBI|B| <a'b < IEI|B|.

This inequality |a-b’| <|al B| is called Cauchy’s inequality. When does the equal sign
happen?

Case (1)if a=0 or b = 0: the Cauchy’s inequality becomes 0 = 0.

Case 2)if a Il b: There exists a constant t, such that a = tg, t+0

The left-hand side is | a- B| = |t5 - Z|, and the right-hand side is | @ || b | = |t b Il b |- They are

equivalent.
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Therefore, Cauchy’s inequality with equality happened if and only if
() a=0orb=0or(2) allb

Let’s assume a = (xq,y,), B = (x2,¥2),

-b=x2+ ¥y 131 =V Ty | B| = Vx? + 922

Then applying this to the Cauchy’s inequality.

%1%, + Y12l < V212 + y12 X x5 + y,2
Square both sides, and we have (x;x; + ¥172)? < (%12 + y12)( %22 + y,2).

When does the equal sign work?

Case (1) if a = (x1,y1) = (0,0) or b= (x4,¥2) = (0,0). Try to substitute in the inequality,
and see whether the equal sign happened.

Case (2) if @ || b: there exists a constant ¢, such that @ = tb, t # 0.

x1 = txz

(x1,y1) = t(x,,y,). Compare the components and we have {y =ty
1= 2

. X1 tx, X2 X1 X2
The ratio = = — ===, = = == therefore x = X,Y.
Y1 ty; 2" Vi v’ 12 21

This is when Cauchy’s inequality with equality happened.
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(T3 ) A ABC is an equilateral triangle with side 10cm. Find the dot product of
(1) AB - AC and (2) 4B - BC.

(H132) EHIA ABC RyEE 10 AHIIE=AE - KNEZE
(1) 4B+ AC (2) 4B-BC -

Teacher: A ABC is an equilateral triangle, what is the measure of each angle?
Student: 60°.
Teacher: C Let me plot 4B, AC and its angle.
The inner (dot) product 4B - AC is AB-AC = |E||ACQ|C059.

8 . What is |A—C|‘7 What is |E|’7
A

Student: Are they 10?
Teacher: Yes. |R| is the magnitude, and it is the length of the side. Please find the dot
product.

Stdent: 75| [4C|cos = 10 10 - cos60° = 1010 -2 = 50.

Teacher: Next, what is the angle between AB and BC?
Student: 60°.

Teacher: Are the initial points of these two vectors overlapped? C

Student: No. The initial point is connected to the terminal point.

Teacher: We have to shift R’, and make their initial points overlapped. Then measure the

angle counterclockwise. What is the angle?

Student: 120°

Teacher:  Find the inner product AB - BC. What is the formula?
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Student: |4B||BC|cos120° = 10-10 - cos120 = 10- 10 - (=0.5) = —50.

Teacher: Correct.

ZHl : AABC B—HEE=AF  SEANEEESD ?

B4 600

AT REN 4B - AC AT BRI -
Af AB-AC & AB-AC = |4B||4AC|cos6 -

B4 EfEE 100 2

T T R - |AC] BRI RIEBBOVER - SEHENH -

|4B||4C]cost = 10- 10 - cos60° = 1010 -~ = 50 -

AC| - [4B| 515D 2

EHT T BETOR 0 AB 1 BC ZREMVARERZS/D 2

B 600 -

RN EMEREEERESES ?

B L R o AR ERAS B -

TN RBERMESSE) BC > (e MIIRIARES - SMe eI R AR  fHE
%2

B 1 1200

EHT T $il AB - BC 1R« ATUR(TIE 2

B4 1 |4B||BC|cos120° = 10+ 10 - cos120 = 10- 10 - (=0.5) = —50

FHL IERE -
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Teacher:

Student:

Teacher:

Student:

Teacher:

Student:
Teacher:
Student:

Teacher:

Determine whether the vectors are orthogonal.

(1) % = (10,—5) and v = (4,8) (2) & = (2,—3) and v = (1,-2)

HET LA Y[R EEAIERS ?
(1) u=(10,-5) fl v=(48) (2) u=(2,-3) Al v=(1,-2)

How do we know whether the vectors are orthogonal?
Can we plot the vectors on the coordinate plane? We can see whether they are
perpendicular or not.
I want you to practice the inner (dot) product. If the vectors are orthogonal, the angle
between them is 90°. What is the value of cos 90°?
0.
Yes. The inner (dot) product v =|u || v|-0 = 0. You can find the inner (dot)
product by the formula u v = u;v; + uyv,.
(10,—5) - (4,8) =104 + (—5) - 8 = 0. They are orthogonal!
Good. What about the next one?
(2,-3)-(1,-2) =2-1+4(—3) - (—2) = 8. They are not orthogonal.
Good.
BEIERIE L B ERIER ?
HMREfE AP E FE S ES ? f DEHEMEhAEH -
HAEEIRMIGE N - AR A B IEA - B ZERYEEZE 90° - FIEE cos 90° Z
%/ ?
0o
B e NfE u-v = |ullv[-0=0-
IREJPAER AR u- v = wyvy + upv, AGETRAHE -
(10,-5)-(4,8) =10-4+(=5)-8 =0 EffE2LEXR !
R%F o N —f{E0E ?
(2,-3)-(1,-2)=2-1+(-3)-(-2) =8 EffAELEX -
EHT -

BYOEE AR EERE TR E R
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(7)) Let @ = (1,2) and b = (=3,4). Find the projection of @ onto b, and the vector

(th32) @=(1,2) fl b= (=34). & @ {£b FIVFEE RIEH b (Va A&

111

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

components of a orthogonal to b.

TTEe

You can plot the vectors in standard position. Then plot the projection of a onto b.
This is my graph. I draw a perpendicular line from point (1,2). a; is the

projection of @ onto b.

=l

The projection of a onto b is (%) b. Please find the projection by replacing the
b

exact vectors in the forms. What is your answer?

da-b=-3+8=5, |E| =49 + 16 = 5, so the projection is

7= (S5 2 e = (29)

The project of a onto b is also called as the vector components of a parallel to

b. Next question asks for the vector components of a orthogonal to b.

Can you point out this vector component?

The red dashed one?

Yes.

Let me name the vector a,. Since a; is orthogonal to a,, how do you get a,?

I only know a; * a, = 0. 1don’t know any component of a,.
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Teacher:

Focus on the small triangle. Have you noticed the directions of the arrowhead?
The graph shows that @ + a; = a;, so a, = a; — a. Can you get the answer now?

Student: Since a; = (?,i) and 2= (1,2), =a; —a = (?3 g) ~(1,2) = (_ —?6)

Teacher: Correct.

Ll AR DUR I BRI E b o ARS8 G 7 b FIIESE -

SR ERAAE - BRI, BT HREES cq £ ad fF b FERE

s G 1F D RAERHBR( f;zﬁo H AR ERE - BERS0 7

—

B G-hb=-3+8=55|b|=V9+16=5-
FIUEHERE @ = (5)b = (30 = (23) -
2l @ 15 b FHREAIES G FATHR b 5 -

T—(EREER R @ BER b 058 - (RS s 85 8 9
B BRI RAT (A 9
LG R RHETGSE @& oo BER @ - RERK @ ?
Bk WM @ @ =00 RHME @ B -
T PR NS AT o R SR T [ 2

BIHET a+a =a; 0 Fibl @ =a, —a » BAEMRASRHVE R TIE ?
s Wh o =(23) a=0 a-a=(23)-02=(T3):
S IERE -
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(H3Z) The vector m = (325,200) gives the numbers of cheeseburgers and peanut-butter
burgers sold in one week at a food stand. The vector n = (175,195) gives the

corresponding prices in NTD of a cheeseburger and a peanut-butter burger. Find the

inner (dot) product m - n and explain its meaning in the context.

(H32) m =(325, 200) Fon— i/ NIZ#— B = AV sE ST E A B E RV E
n = (175, 195)ForE EE LN A EEEAYEE - il m - n WERHAEE
HeRERER -

Student: I don’t know that the vector can represent the number of hamburgers. I thought that
vectors only show the horizontal movement and vertical movement of a point.

Teacher: Indeed. The vectors not only show movements of a point but also represent other
things. We will learn more in the following section. Here, m = (325,200) gives
the number of hamburgers, and 7 = (175,195) gives the corresponding prices.
What is the inner (dot) product?

Student: m - n = (325,200) - (175,195) = 325-175 + 200 - 195 = ---.

Teacher: What does 325- 175 mean?

Student: The number of cheeseburgers sold in one week times the price of a cheeseburger,
and the result is the money we get by selling cheeseburgers.

Teacher: What about 200 - 195?

Student: The money we get by selling peanut-butter burgers.

Teacher: Ok. Can you explain the meaning of the inner (dot) product in the context?

Student: The total value of cheeseburgers and peanut-butter burgers sold in one week.

Teacher: Good. Please calculate the answer.

Student: 95875.
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B4 IARER K EE A AR ENVEE - TR R E H R RB R /KSR a2
HiZH) -

THD . TEE - MENMERFNEIZE)  EEECREMEBY - RMTFE T KT EEFES -
B m = (325,200) (XFEENEE 11 n = (175,195) FHEEREER
{E% -
NiEE%/) ?

B4 1 e = (325,200) - (175,195) = 325 - 175 + 200 - 195 = ---

EHN: REE 325175 (CRATEEEE ?

B4 —HENE AR EEENEERER - SRS R SRR RS -

Spfi 0 HL 200+ 195 U ?

B BEICAEREEREES

TR ERY - IREERERENTRL S ER R E RS ?

24 —ENE HRREEDEENE A E RS -

CH R - BEETREE -

B/l 1 5228 95875 -
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(L3 ) Astrong man dragged a cement block with a rope tied to it with a constant force of 230

pounds at an angle of 30° with the horizontal. The block has moved the distance d.

Find the work done in terms of d. If d is 20 ft, find the work done.

(tp32) —{EsEAtag ALL 30° AYFARE - A 230 BEAY IR —RTE/KBIERATAE T FEIERS
#d » L d FoRFT{ERVL) » ARFEBIEEEERy 201t - SEREFTIEAYZI R (A 2

Teacher: First, let’s plot the question and visualize it.

Do you remember the formula of “work™? /

o210 = 30°

M

Student: The force parallel to the displacement times the displacement.

Teacher: Yes. The “work” done by the force is the product of “the component of the force
parallel to the displacement” multiplied by “the displacement”. The block has been
moved horizontally d units, so we have to find out the horizontal component of the
force.

Student: I can draw a right triangle, and the horizontal component is the leg adjacent to the
angle. 230 - cos30° = 115+/3.

Teacher: What about the work in terms of d?

Student: 115+/34.

Teacher: If d is 20 ft, then what is the answer?

Student: 115v/3d = 2300+/3. It is about 3983.6.

Teacher: The unit can be written as “lb-ft”, meaning “pound-feet”. If you use “newtons” and
“meters” as the unit of the force and the distance, then the unit of the work will be

represented as “NT-m”, meaning “NT-meter”. In the physics book, you will learn

that one NT-m is equal to one joule.
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B

o210 = 30"

B L SEATIMIBEY I LA -

ERE 288 o TIPTHEY T30 2 DTSN & DL TIES ) WUSREE - E(E
HKEHEAKERSE) T d {EEEAL > FrARRFIMEER 189K & -

BA D RETDE - EEASAR  KESEREME - 230 cos30° = 1153 -

ZE LA TR > hEZ)?

BT 115V3d -

N diE 20 PEEE?

B T 115v3d = 230013 0 495 3983.6

SRR BEAIaT DR RS- EEE TE-SEIR
WIRAR A0 B ROFoR IR B - TSIV st g2 NT-m” > B &
B T AR o ARV R ERE] 1 AH- AR ER 1 EE -

plE=
At SRE MY U

(#¥) Given x? 4+ y? = 3, maximize x + 2y, and find the value of x and 1y, respectively.
(F30) EH x*+y? =3, 3K x+2y FAHE > KR x By F -

Teacher: We will apply Cauchy’s inequality to solve this question. The Cauchy’s inequality
is (X% +¥1¥2)* < (2 + y12) (%% +¥27)
The expression x + 2y can be written as the inner (dot) product of (x,y) and
(1,2).
x+2y=(xy) (1,2) =xx; + y1¥>
Compare the coefficients, and we find that x; = x,x, =1, y; =1, y, = 2.
Then, we can create the inequality (x + 2y)? < (x2 + y2)(12 + 22). I think you

know what to do next. Please follow up.

Student: (x + 2y)? < 3 -5, then x + 2y < V/15. The maximum of x + 2y is V15.
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Teacher: The equality happens when % = 22 What is the next step?
1

V2
Student: The equality works when 3 = % By cross multiplication, y = 2x.

Teacher: Good, then we replace y = 2xin the equation x* + y? = 3. 5x? = 3.

Solve for x, and we get x = + g

Don’t forget the negative value. Now please find the answers.

Student: When x =\/%_5, y = £ When x = _‘/%_5’ y = _ZT‘/I_S
Teacher: When x = \/%_5, y = @, or x = —\/%_5, y = —%1_5, x + 2y has the maximum

V15,

ERN 0 BB AT PN S R i R
FIPERERZ (20 + y152)? < (07 +y12)(2% + y27)

EHE x+ 2y A[IDAEE (o y) 1 (1,2) HYNTE -

x+2y=(xy)(1,2) =x12; + 1y,

PRI 4 =xx =1,y =1, y,=2-
RFIHAER (c+2y)* < (x® +y2)(12 +2%) -
PABIRFIERZ R ERE AL - S5 RE & -

BE D (x+2y)2<3:50 2/ x+2y < V15 IIEAERE V15 -

A S D AA S 2 R % o TR 2

AL N 1 N/ 5 A\
gk EREOTRE §= ~ IRBAS AR > y = 2x -

2

m
ﬁ
31

I REF > B y =20 RATTE x?+y? =352 =3 fiffg x =+
%)Lﬁnaé’if@ fﬁf:%:ﬂ:!l/é:;i; °

. . L V15 215 |, V15 2v15
%i %x:%-y:Tl,E%xz—% vy:—Tl
. L V15 2v15 N V15 2v15 =t N
A %x=%’y=71’552x=—%’y=—Tl’x+2yEl’\jE§j(ﬁ),%\/1 °
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Applications of Vectors

IR EE EREHREN  RIMEEEA

BIS Introduction
RTS8 H A A ER o oM a8 BT A R &M EE > MEWEE
P H A A BR A R LB 2 R RRE R > A

R = AP IR A A AR
— RGN > MRE S A E SRR AR TR

e T HITE LR 7T

B :d% Vocabulary

XiHERIERBIE TSR E=
EF thE BF thE
determinant 1751 second-order determinant —BEFTAIE
principal diagonal FH AR secondary diagonal KEF LR
Cramer’s Rule CEAVAZ AN

FREP EFRRT F
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B HEGRBEERTGF Sentence Frames and Useful Sentences

o are interchanged.

4] : What would the determinant be if the two rows are interchanged?

ARSI SRR RS - {75 G E 0T 2

(2] formed by .

5] = Sketch the parallelogram formed by the two vectors (1,2) and (— 2, 3).
SHHEMEE (1,2) M (-2,3) FREEHTIHER -

©® Use .

%4 - Use Cramer’s rule to solve the system of linear equations.

M TCREE AT TTHE4E -

B [EEFE#E Explanation of Problems

o3 RAA =

[Second-order determinant]

In this section, we will learn the applications of vectors: the area of triangles and solving

equations. Before that, I would like to introduce a new operation, second-order determinant.

a, by

a, b, has four elements a,, a,, by, b,. There are

The second-order determinant, denoted by

two rows and two columns in this determinant. We sometimes call the dimension 2 X 2 (read as
two by two). The first row contains a; and b;, and the second row contains a, and b,. The

first column contains a; and a,, and the second column contains b; and b,.
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The diagonal from the top left corner to the bottom right corner is called the principal diagonal,
or main diagonal. The elements along the principal diagonal are a; and b,. The diagonal from
the top right corner to the bottom left corner is called the secondary diagonal. The elements
along the secondary diagonals are b; and a,.

The value of a second-order determinant is defined as the product of the elements on the principal
diagonal minus the product of the elements on the secondary diagonal, as follows:

ayy\ by
a/\ b,

= albz - b1a2

[Area of triangle using vectors]

If a triangle is formed by two vectors a and Z, how do we find the area of the triangle using

vectors?
In trigonometry, we learned that the area of the triangle is %absine.
; We replace the length with the magnitude of vectors, and we have
B %absin@ = % |a|| b |sind. The area of the parallelogram formed by a and b
- is |5||Z|Sin6.

Let’s start with the parallelogram.

S = |2||5|sin9 = \/|5|2|B|Zsin20 = \/IE|2|Z|2(1—00520)

a2 2
=J|a|2|b| —|al?|b| cos?6

Since a - b = |5|-|5|c059, S=\/|2|2|5|2—(5-5)2.

Assume that @ = (a4, a,), b = (by, by), then
-2
$?=1al’|b| = (ab)* = (a® + @")(br” + b,°) = (arhy + aby)?

Simplify and we will have
§% = (a1b, — azbh,)?
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a; by
b,

The area of parallelogram is S = |a; b, — ayb;| = , which can be expressed by the

determinant. The absolute value sign guarantees the positive value for “area”.

a; by
a, b,

. . . . .1
As long as any two adjacent vectors of a triangle are given, the area of triangle is >

Let’s apply it to an example. (—2,3) and (1,1) are vectors of two adjacent sides of a triangle.
Sketch these two vectors at the origin, and connect the point B and C. The

~ . 1 _2 1
~. area of A ABC is > | 3 1|

1 5
=2-2:1-3-D| =3

[Properties of determinants]
Here, I would like to introduce some properties of determinants. We can examine the properties
with real number examples.

(1) If both rows and columns are interchanged, then the value of the determinant remains the

same.
a; by _ _ _ |9 Q2
a, bz —a1b2 azbl— bl b2|
=2 1 _ _5_a__c. |72 3|__5_2__
S =-2-3= 5,|1 |=-2-3=-5

(2) If two rows (or two columns) of the determinant are interchanged, then the sign of the

determinant changes.

a, b _ b; a, a; b, __ e b,
a, b, b, a,|” l|a, b, a, b
=2 1] _ 11 =2l _ 0 [ o\_

3 1l 5'|1 3|_3 (=2)=5

(3) If each element of a row or a column is multiplied by a constant m, then its value of
determinant is multiplied by m.

ma; b,
ma, b,

a; by
a, b,
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The first parallelogram is formed by @ and b.

?e- / / / If we form a parallelogram by 3a and Z, the

parallelogram is enlarged. One side stays the same,

but the other side is tripled. What will happen to the
area of parallelogram? You can observe the figure and find that the area will be tripled, too.

Assume that a = (a;,a;), b~ = (by, b,). The area of new parallelogram can be expressed by

3a; b,
3a, b,

a; by

:3a2 b,

a; b
al bl represents the area of the first parallelogram.
2 2

, while

(4) If some elements of a row or a column are expressed as the sum of two terms, then the

determinant can be expressed as the sum of two determinants.

b
G by(ay + ¢1) — by(a; + c;) = (a1b; — byaz) + (c1b; — ¢2b1)
az + CZ b2
a, b1 1 bl
= a, bZ Cy bz

Let’s check the geometric meaning.

. - = . ) b
OADB is a parallelogram formed by a and b, and its area is Zl bl .
2 D2
. - - . ) b
ACED 1is a parallelogram formed by ¢ and b, and its area is il bl . The sum of the areas of
2 D2

these two parallelograms will be equivalent to the area of the

parallelogram formed by @ + ¢ and b.
OCEB = OADB + ACED . This can be described with
determinants, please see the formula above.

Can you tell that A OAC and A BDE are congruent? You can

discuss it with your classmates.
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(5) If the elements of a column are multiplied by a constant r and added to the corresponding
elements of the other column, then the value of the determinant remains the same. Similarly,
if the elements of one row are multiplied by a constant r and added to the corresponding

elements of the other row, then the value of the determinant remains the same.

a, raq + b1 _ |a1 ra1| a, bl _ |a1 a1| a, b1
a, T'a2+b2 - a, ra; a, bz - a; a; a, bZ
—0+ a; by _ % b,
a, b, a, b,
a, b, _|lax by a, by _ |a1 a1| a; by
ra, +a, vbhy+by|  |ra; rhy| " la, byl laz azl " l|a, b,
a; by a; by
a, b, a, b,

[Cramer’s rule]

We have learned some ways to solve the system of linear equations: substitution and elimination.
Here, 1 would like to introduce a new method “Cramer’s rule” to solve the equations with
determinants.

ax + bly =

yx + byy = is given. If you apply either elimination or

The system of linear equations {

. . c1by—c2b a c;—a;c .
substitution, you can find the solution x = =—2—=2=* y =221 Each denominator and
aibz—azbq aiby—azby

numerator in the solution can be expressed as a determinant.

|C1 b1| a €1
_ Cibp—c3b1 _ |c; b, _a16z—azc1 _ la, Cz‘
aiby—azby |a1 by aib;—azbq ‘al b1|'
ap bz az bZ
) a, by
We usually denote the determinant o bl 3 A(read as delta).
2 D2
1 by

is formed by using the constants ¢; and ¢, as

The numerator of x is denoted by A,. o b
2 2

replacements for the coefficients of x, which are a; and a,.

a;

c
The numerator of y is denoted by A,,. | a, c:| is formed by using the constants ¢; and ¢, as

replacements for the coefficients of y, which are b; and b,.
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. . ) a;x+byy=c
There are three cases for the solution of the system of linear equations { 1 =60
a,x + b,y =c,
a, b ) . A
(1) When A= al bl # 0, the system has exactly one solution x = AX, y = Xy.
2

(2) When A= 0, A,# 0, A, # 0, the system has no solution.
(3) When A= A,= A,= 0, the system has infinitely many solutions.

How do we explain Cramer’s rule with “vectors”?

I would like to take case (1) as an example. The coefficient of x can be written as vector a =
(aq,a;). The coefficient of y can be written as vector b= (b1, by). The constants can be written
as vector ¢ = (¢4, ¢;). If we rewrite the system of linear equations in terms of “vector”, we would
have (cy, ¢;) = (ayx + byy, azx + byy) = x(ay, az) + y(by, by)

The system of linear equations can be expressed as ¢ = ax + b y.

Does this look familiar to you? A linear combination of vectors is a result of combining the vector
using scalar multiplications. When a, b are non-zero vectors, unparalleled, coplanar vectors,
there exists only one solution (x,y), such that ¢~ = ax + by.

You can try to explain the other two cases with vectors.

w EEEENBEE o

pIEE—
st ¢ GE ] IR T AR EHE K H R E R R AP TIUE I Z AR

(¥£37 ) Find the area of the parallelogram formed by two vectors @ = (—4,5) and b= (1,2).

(30 KEAFIR a = (—4,5) B b= (1,2) BRIAEFTRLAFTIUEP EE -

The absolute

. . .|
Teacher: The parallelogram is formed by two vectors, and its area is |a1 b |
2 D2

value of the determinant. Please find the answer.

Student:

;||=|—4-2—5-1|=13.

Teacher: Good.

Student: Do I have to arrange the vectors by columns? Can I arrange the vectors by rows?

BOOMEABEFRE TR EEAR F
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Teacher: I like your idea. Why don’t we try it together?

Like this

t t: —
Studen “ 14 = |—4-2—1-5| = 13. They are the same.

Teacher: When you switch, you only change the order of numbers in the second part, from
51 to 1-5.According to the commutative property, the change in the order of two
numbers in a multiplication doesn’t change the product.

Student: Ok, I see.

A0 - EENETIER S E R =T AR B EEE @ b S =h =y M| FavEb|
SR - UV -
B 1
2||=|—4-2—5-1|=13.
A IRAF
st P EEEHER RIS ? TSR ? (i ;k

AT REBARITE - BT EE A ?

%iz‘h4 ”—|42—1ﬂ—m BRI 5 |

HHT WSS o (R TR MFIET > fE 51 B 15 - RIETAL
Sttt » BB ERFER A PHINEF R BT -

B R BT -

125 BRSSP EFRETREIP (EERET F



=i

() Assume that a cl = 10. Calculate
b d

3 fo EMALEHBAEAD

DORE TR ER

2a—c¢ 4a+ 3c
2b—d 4b+ 3dl’

(Fu0) B g Gl =100k 2276 24T i -

Teacher:

Student:

Teacher:

Student:

Teacher:

126

2b—d 4b+3d

According to the property, if some elements of a row or a column are expressed as
the sum of two terms, then the determinant can be expressed as the sum of two
determinants. We are going to rewrite the determinant. Let’s separate the first

column and keep the second column the same.

—c 4a+ 3c

2a—c 4a+ 3c :|2a 4a + 3¢
—d 4b+ 3d

2b—q 4b13dl=l2b ap13dl*
Can we separate the second column and keep the first column the same?

Yes, we can do that. You can try it later, and the answer would be the same.

Next, we are going to apply the property (5). If the elements of a column are
multiplied by a constant r and added to the corresponding elements of the other

column, then the value of the determinant remains the same.

. 2a 4a+ 3c . . )
In the determinant 2b  4b + 3d | , [ will multiply each element in the first column
2a 2a-(=2)+4a+3c|_|2a 3c
by —2, and add to the second column. 2b 2b-(=2)+4b +3d| = |2b adl’

Why do I multiply each element by —27?

It looks like you want to eliminate 4.

Indeed. I want to simplify the determinant. Now, I am going to apply property (3).
If each element of a column is multiplied by a constant m, then its value of the

2a 3c

2b 3 d|’ the scalar of the first column is 2,

determinant is multiplied by m. In

and the scalar of the second column is 3. I would like to take out these constants.

2a 3c| _, ,]@ c|_,|a ¢ a | _ .. .
Therefore, 5h  3d =2 3|b d|_6|b d|.Because |b d|—10 is given,
2a 3c| _ .. _
5h  3d =610 = 60.

—c 4a+3c
(7
Can you work on —d 4b+3dl’
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Student:
Teacher:
Student:
Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

Student:

Teacher:

FE TR B ERT P o HEASEHBHES L

Can I eliminate 3?

Which number is required to eliminate 3?

-3.

Multiply each element in the first column by 3, and add to the other column.

—c —c-3+4+4a+ 3c |
—d —-d-3+4+4b+ 3d —d 4b

Good. Now take out the scalar from each column.

o apl =g bl=tlg bl
Is |§ Z| equivalent to |0bl ccl|9

The columns are interchanged.
According to the property, if two columns of the determinant are exchanged, then
the sign of the determinant changes. Do you want to change the answer?

4a

—10. |—d apl =

@ 5l=-1r al=- =—4|; | =40

sh—a abisa =6l al+=+la 3l

—C 4a+30
d 4b+3d

What is the value of |2 b
60 + 40 = 100.
Correct. Please practice the properties of determinants more. Practice makes
perfect!

FRIBITAIAME - AR T3 a] AR Ry R (8 SR > ﬁﬁﬁﬁﬁ?ffﬁﬂ_ﬁ
AT LAYRBA R R (ET T AR » BT E B AT - a3 BsE—1T - 5217

2“2

o

2a—c 4a+ 3c |2a 4a + 3¢ —c 4a+ 3c
2b—d 4b+3d 2b 4b + 3d —d 4b + 3d

HAMg % THASE AT MORFEES TR EIE ?
AL F—-TMEECERE  BEHFAE -
%T%’&ﬁ%@%ﬁa(wow%%— T —(E w8 - WHE S —1T > 2l
TTHIAEAEE -

P . |2a 4a+ 3c USSR D 0 > SR e — =
IR |50 ap s agl 0 B (TIRLI-2  ANEIIEIE (T

2a 2a-(=2)+4a+3c| _|2a 3c
2b 2b-(=2)+4b+3d|l 12b 3d

|+
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o0 S| o m TR 2 TR R 3 - BUBSHUEERY -

2a 3c|_, @ C|_|@ ]|, N . , 2a 3c| _
Hit |5y el =23l al=6ly al-Ba [y gl=100m0 1[5 35l=
6-10 = 60 -

Ainriet |25 0T uso

B4t JAJLUHER 31 ?
ERN . FREMEE AL 3 ?

Bz =3
T RT3 EI ST -
BA Y |—=¢c —c-3+4a+3c|_|-c 4a
—d —-d-3+4b+3dl 1-d 4b
N ARG o BRI T4 E -
o . |—C 4al _ 4, 1€ a_ ¢ a]_
s |25 =14 pl=—4g pl=—%0
D€ Al gen |@ €
i |y | =0, 4 B2

Bk EMITAAT ¢
T ARSI - AR TSR - VTSI R i - P T

o
ZES

s g pl ==l al=-100 |55 G5l=—4la bl=2

2a—c¢ 4a+ 3c

H R B ) S et ag

a C C a
=6], ol +—4]g 3l
|2a —c 4a+ 3c
2b—d 4b+3d

BA 1 60+40=100 -
HEN 0 IERE o SFEMETHIRIIMEE - EE4TT |

| ot e 2
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(33 ) Determine which system of linear equations has exactly one solution.

4x —y = -2 4x — 3y = -10 x+2y=5
(D {8x—2y=—4 2) {6x+9y=12 3) —2x—4y =1

(th=0) LA BT RRsH A A -

Teacher: How do you determine which system of linear equations has only one solution?
Student: We can solve each system of linear equations, and then we would know.
Teacher: That’s one way. We can also try Cramer’s rule and the determinants.

Find A, Ay, A, in question (1).

Student: a,

_ bl
A= a, b,

S
=] T=4-(-DEv =0,

a=2 Ti=-16-(-19 =0

They are all 0.
Teacher: When A= A,= A, = 0, the system has infinitely many solutions. Now move on to
question (2).
e b _ 14 3| _Lr _
Student: A= | ! | = e o|=36-(-18) =54
_ =10 =3 _ _ _
A= | S | = —90+36 = 54,
_ 14 =10] _ 40 _
ay=|; T, | =48—(-60) = 108.
Coe =l T34 _ Ay _ 108 _ onis (—
Student: x = = =—-= 1, y= T 2. The solution is (—1,2).

Teacher: Yes. Actually, when you found that A# 0, you can tell that there exists exactly one

solution. Now move on to question (3).

2

a; 11
B |—2 —4

Student; A= by
a, b,

|=—4—(—4):0
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Student: Ax—|1 _4|_ 20— 2 =22, Ay—|_2 1|_1 (-10) = 11.
Teacher: What is the solution?

Ay

Student: X = o= _TZZ. The fraction has 0 as the denominator. It i1s undefined.

A ) .
Teacher: x =—. y = Xy = %. Both fractions are undefined, so the system of linear

equations has no solution. Question (2) has exactly one solution.

Ehh A EE R E SR SRR R (A 7

R RMTAI DABRE(E TR > MR g I

LRl R EA - PR PUE SR A AT TAI -
SRR H (DIJA ~ Ax > Ay

A=

a; by
a, b,

o} Ye-scoo

2 -1

A= |:4 —2

|=4- (D9 =0,

A= |g :i| — —16—(—16) = 0.

RO -
% A= A= A= 00 BOTIAIARERS Wi - SHEBEHQ) -

By . = a4 bl = 4 -3 = — (- =
B A a, b, |6 9 | 36 — (—18) = 54.
_ |10 =3} _ _ _

&= 9|_ 90 + 36 = —54,

=t 5] =48-(-60) = 108

Ay _ —54 Ay 108

= —_ = > - = — = 77 _
=a T -y =yEo=2 R (-12),

1B
¥
=

LR 2HY - HIRE > E{REIR A+ 0 Ko g DRIE TR -
REREHEG)

y . a, by 1 2

B = = = -4 — (— ]

. . 15 2] _ _ 11 51 _ .
g A=) f|=-20-2=-22,4,=| " 7|=1-(-10)=11
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(JL3 ) A chemist is mixing two alcohol solutions together. He has one solution containing

50% alcohol and a second one containing 20% alcohol. How much of each should be

used to make 100 liters of 44 % alcohol.

(th30) —EERFR S WA - F—TRE Ry 50% » S FRE R 20% © &5/
T VIR IR A B R A AR 100 ANTFEERE By 44%0TFHS 5 2

Teacher: A 50% alcohol solution means 50ml alcohol is dissolved in 50ml of water. Alcohol
is the solute and water is the solvent. The alcohol solution is the mixture of alcohol
and water. The amount of alcohol solution is the sum of the amount of “alcohol” and
the amount of “water”.

Student: Aren’t we in math class now? Why do I see chemistry questions?

Teacher: This question shows you how math can be applied in other fields.

Teacher: Since we have no idea about the amount of each solution, let’s assume x is the
number of liters of 50% alcohol, y is the number of liters of 20% alcohol. The total
amount will be 100 liters. How do you write the equation to describe the amount of
solutions?

Student: x + y = 100.

Teacher: Next, we are going to see the amount of alcohol in each solution. The first solution
contributes 0.5x liters of alcohol. How much alcohol does the second solution
contribute?

Student: 0.2y.

Teacher: In 100 liters of 44 % alcohol, what is the total amount of alcohol?

Student: 100 - 44% = 44.
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Teacher: Can you write the equation to describe the amount of “alcohol”?
Student: 0.5x + 0.2y = 44 is it correct?

x+y =100

Teacher: Yes. Now we have a system of linear equatlons:{ol Sx + 0.2y = 44

Now please apply the Cramer’s rule to find the solution. Find the determinants first.
Student: A= |015 012| = 0.2 — 0.5 = —0.3. It is a negative number. Am I right?

Teacher: Be confident. Let’s find out A, and A,

_ 1100

_ ) 1 100
44 02

05 44 =44 — 50 = —6.

Student: Ay =20 - 44 = —24. A,= |

They are all negative numbers.
A A ) .. . : o
Teacher: x = Xx, and y = Xy. Negative number divided by a negative number is a positive

number. Don’t worry. We are on the right track. Please find out the answer.

coe =B m24 e
Student: x = — —_0.3—80, y=- __0.3_20,

Teacher: Please double check the answer.
Student: 80 + 20 = 100, and 0.5-80 + 0.2 - 20 = 44. Both equations are satisfied.
Teacher: Great. The quantity of the first solution is 80 liters, and the second solution is 20

liters.

ZHl (i S0%EREIEIRZR 50 I HERAMAE 50 Z2THHKT © JEFEEE - K
B o E(EEEAREEENKANREEY) - EEARI &SRS 1 &
“IKHIR VAR -

B4 0 AN A LRSS ? BTEA{LEEE ?

LD Al R TR B ER A e i P > At I

LD 0 BEAFMIEA R EE SRR E - SRR Mk x 2 SO%ERHIATIE > v &
20% B ATTEL - BEE Ry 100 AT o A3 AR H A Al R & 7

B4 x+y=100-

EH: BETIK  WMEEFEERTOVERE - £ [EEKEH 0.5 ATHVER -
FAEERAE DR ?

B 02y

ZEf 0 RATE o 100 AT Ky 44%07HS > S8R ?

B T 100 44% = 44 -
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0.5x + 0.2y = 44 > EHIE 9
x+y =100

B 38 ol

sl - BUERNVE bRl - {21050 gy o BUERERI SIS A

ARHER - HietkdifThI=E -

A= |o 5 0 2| =0.2-0.5=-0.3 - BHRE (@& > HE°?

LSS - SRR AR A, -

) 100 o0 AA — _|1 100y _ ,, cn_ _
DAy ggl =204 =24 8= | =44-50=-6
[SussIst

xX=— -~ y= Afy ° WA S BAERRZE R - BHE L - T H RIREAVESEHY -

>

g PS5 -

: 80+20=100" H 0.5-80+0.2-20 = 44 - FifE HEE L
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https://terms.naer.edu.tw/search/

HEE P BRERS
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https://video.cloud.edu.tw/video/co search.php?s=%E9%9B%99
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Oak Teacher Hub
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https://teachers.thenational.academy/

CK-12
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https://www.ck12.org/student/

Twinkl
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https://www.twinkl.com.tw/
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Khan Academy
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https://www.khanacademy.org/

Open Textbook (Math)

B/ N B AR E R
http://content.nroc.org/DevelopmentalMath.HTML5/Common

[toc/toc en.html

MATH is FUN

EISNEER R o A B AR Nk

https://www.mathsisfun.com/index.htm

PhET: Interactive Simulations

BN R o B #=CE RS - bR T EEEEE  BEAHEA
i
https://phet.colorado.edu/

Eddie Woo YouTube Channel

BN
https://www.youtube.com/c/misterwootube
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https://www.khanacademy.org/
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
http://content.nroc.org/DevelopmentalMath.HTML5/Common/toc/toc_en.html
https://www.mathsisfun.com/index.htm
https://phet.colorado.edu/
https://www.youtube.com/c/misterwootube
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching
Worksheets
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https://sites.google.com/view/ntseccompetition/%E5%B0%88%E
6%A5%ADY%E8%8B%B1%E6%96%87 %ES5%AD%B8%E7%BF%92%E
8%B3%87%E6%BA%90/%E7%IB%B8WEI%I7%ICHE6%95%II%E
6%9D%90?authuser=0

Desmos Classroom
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https://teacher.desmos.com/?lang=en
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https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://math.ntnu.edu.tw/~jschen/index.php?menu=Teaching_Worksheets
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://sites.google.com/view/ntseccompetition/%E5%B0%88%E6%A5%AD%E8%8B%B1%E6%96%87%E5%AD%B8%E7%BF%92%E8%B3%87%E6%BA%90/%E7%9B%B8%E9%97%9C%E6%95%99%E6%9D%90?authuser=0
https://teacher.desmos.com/?lang=en
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A Reference Handbook for Senior High School Bilingual Teachers in

the Domain of Mathematics: Instructional Language in English

[ 11* grade 1% semester ]
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